
 
UP.576  Find a closed form: 

∫
𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)

√𝒙𝟏𝟎 + 𝟏
𝟓

∞

𝟎

𝒅𝒙 

Proposed by Vasile Mircea Popa – Romania  

Solution by proposer 

Let us denote: 𝑨 = ∫
𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)

√𝒙𝟏𝟎+𝟏
𝟓

∞

𝟎
𝒅𝒙. 

We also consider the integral: 𝑩 = ∫
𝐚𝐫𝐜𝐜𝐨𝐭(𝒙)

√𝒙𝟏𝟎+𝟏
𝟓

∞

𝟎
𝒅𝒙. 

We have: 

𝑨 + 𝑩 = ∫
𝐚𝐫𝐜𝐭𝐚𝐧(𝒙) + 𝐚𝐫𝐜𝐜𝐨𝐭(𝒙)

√𝒙𝟏𝟎 + 𝟏
𝟓

∞

𝟎

𝒅𝒙 =
𝝅

𝟐
∫

𝟏

√𝒙𝟏𝟎 + 𝟏
𝟓

∞

𝟎

𝒅𝒙 

We are going to calculate the integral: 

𝑪 = ∫
𝟏

√𝒙𝟏𝟎 + 𝟏
𝟓

∞

𝟎

𝒅𝒙. 

We use the following definition of Euler’s Beta function: 

𝑩(𝒑, 𝒒) = ∫
𝒚𝒑−𝟏

(𝟏 + 𝒚)𝒑+𝒒

∞

𝟎

𝒅𝒚. 

In the 𝑪 integral we make the following variable change: 𝒙𝟏𝟎 = 𝒚. 

We obtain: 

𝑪 =
𝟏

𝟏𝟎
∫

𝒚−
𝟗
𝟏𝟎

(𝟏 + 𝒚)
𝟏
𝟓

∞

𝟎

𝒅𝒚. 

For 𝒑 =
𝟏

𝟏𝟎
 and 𝒒 =

𝟏

𝟏𝟎
 we can write: 

𝑪 =
𝟏

𝟏𝟎
𝑩 (

𝟏

𝟏𝟎
,
𝟏

𝟏𝟎
). 

We use the known relationship: 

𝑩(𝒑, 𝒒) =
𝚪(𝒑)𝚪(𝒒)

𝚪(𝒑+𝒒)
, where 𝚪(𝒂) is the Euler’s Gamma function. 

We can write: 



 

𝑪 =
𝟏

𝟏𝟎

𝚪𝟐 (
𝟏
𝟏𝟎)

𝚪 (
𝟏
𝟓)

. 

So we can write: 

𝑨 + 𝑩 =
𝝅

𝟐𝟎

𝚪𝟐 (
𝟏
𝟏𝟎)

𝚪 (
𝟏
𝟓)

. 

In the 𝑩 integral we make the variable change 𝒙 =
𝟏

𝒕
 and we immediately obtain 

𝑩 = 𝑨. 

So we have:  

𝟐𝑨 =
𝝅

𝟐𝟎

𝚪𝟐 (
𝟏
𝟏𝟎

)

𝚪 (
𝟏
𝟓)

. 

We obtain the value of the integral required in the problem statement: 

𝑨 =
𝝅

𝟒𝟎

𝚪𝟐 (
𝟏
𝟏𝟎)

𝚪 (
𝟏
𝟓)

. 

Thus, the problem is solved. 


