
 
UP.574  If 𝟎 ≤ 𝒂 ≤ 𝒃 ≤ 𝟏 then: 
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Proposed by Daniel Sitaru – Romania  

Solution by proposer 

Let be 𝒇: [𝟎, 𝟏] → ℝ; 𝒇(𝒙) =
𝟏

√𝟏+𝒆𝟑𝒙
 

𝒇′(𝒙) =
−𝟑𝒆𝟑𝒙

𝟐(𝟏 + 𝒆𝟑𝒙)√𝟏 + 𝒆𝟑𝒙
; 

𝒇′′(𝒙) =
−𝟑𝒆𝟑𝒙(𝟐𝒆𝟑𝒙 − 𝟏)

𝟒(𝟏 + 𝒆𝟑𝒙)𝟐√𝟏 + 𝒆𝟑𝒙
< 𝟎; 𝒙 ∈ [𝟎, 𝟏] 

𝒙 ∈ [𝟎, 𝟏] ⇒ 𝟎 ≤ 𝒙 ≤ 𝟏 ⇒ 𝟎 ≤ 𝟑𝒙 ≤ 𝟑 ⇒ 𝟏 ≤ 𝒆𝟑𝒙 ≤ 𝒆𝟑 

𝟐 ≤ 𝟐𝒆𝟑𝒙 ≤ 𝟐𝒆𝟑 ⇒ 𝟏 ≤ 𝟐𝒆𝟑𝒙 − 𝟏 ≤ 𝟐𝒆𝟑 − 𝟏 

𝟐𝒆𝟑𝒙 − 𝟏 ≥ 𝟏 ⇒ 𝟐𝒆𝟑𝒙 − 𝟏 > 𝟎 ⇒ −𝟑𝒆𝟑𝒙(𝟐𝒆𝟑𝒙 − 𝟏) < 𝟎 

𝒇′′(𝒙) < 𝟎 ⇒ 𝒇 concave. By Jensen’s inequality: 

𝒇(𝒂) + 𝒇(𝒃) + 𝒇(𝒄) ≤ 𝟑𝒇 (
𝒂 + 𝒃 + 𝒄

𝟑
) 

𝟏
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+

𝟏

√𝟏 + 𝒆𝟑𝒄
≤

𝟑

√𝟏 + 𝒆𝒂+𝒃+𝒄
 

Denote: 𝒙 = 𝒆𝒂; 𝒚 = 𝒆𝒃; 𝒛 = 𝒆𝒄 ⇒ 
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𝟑

√𝟏 + 𝒙𝒚𝒛
 

∫ ∫ ∫ (
𝟏

√𝟏 + 𝒙𝟑
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𝒅𝒙 𝒅𝒚 𝒅𝒛 ≤ 𝟑 ∫ ∫ ∫
𝒅𝒙 𝒅𝒚 𝒅𝒛
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𝟑(𝒃 − 𝒂)𝟐 ∫
𝒅𝒙
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Equality holds for 𝒂 = 𝒃. 


