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Proposed by Marin Chirciu – Romania  

Solution by proposer 

We have the sum of the geometric progression: 

𝟏 + 𝒙 + 𝒙𝟐 + ⋯ + 𝒙𝒏 =
𝒙𝒏+𝟏 − 𝟏

𝒙 − 𝟏
, 𝒙 ≠ 𝟏. 

We derive the equality above: 

𝟏 + 𝟐𝒙 + 𝟑𝒙𝟐 + ⋯ + 𝒏𝒙𝒏−𝟏 = (
𝒙𝒏+𝟏 − 𝟏

𝒙 − 𝟏
)

′

=
𝒏𝒙𝒏+𝟏 − (𝒏 + 𝟏)𝒙𝒏 + 𝟏

(𝒙 − 𝟏)𝟐
. 

Multiplying by 𝒙, 𝒙 ≠ 𝟎, the above equality: 

𝒙 + 𝟐𝒙𝟐 + 𝟑𝒙𝟑 + ⋯ + 𝒏𝒙𝒏 =
𝒏𝒙𝒏+𝟐 − (𝒏 + 𝟏)𝒙𝒏+𝟏 + 𝒙

(𝒙 − 𝟏)𝟐
. 

Replacing 𝒙 =
𝟏

𝝀
 we obtain: 

∑
𝒌 + 𝟏

𝝀𝒌

𝒏

𝒌=𝟎

=
𝟏

𝝀𝒌
=

𝟏

𝝀
+

𝟏

𝝀𝟐
+

𝟑

𝝀𝟑
+ ⋯ +

𝒏

𝝀𝒏
=

𝒏
𝝀𝒏+𝟐 −

𝒏 + 𝟏
𝝀𝒏+𝟏 +

𝟏
𝝀

(
𝟏
𝝀

− 𝟏)
𝟐 . 

Because 
𝒏

𝝀𝒏+𝟐 → 𝟎 and 
𝒏+𝟏

𝝀𝒏+𝟏 → 𝟎 it follows that 
𝒏

𝝀𝒏+𝟐−
𝒏+𝟏

𝝀𝒏+𝟏+
𝟏

𝝀

(
𝟏

𝝀
−𝟏)

𝟐 →
𝝀

(𝝀−𝟏)𝟐 

Then: 

∑
𝟏

𝝀𝒌

𝒏

𝒌=𝟎

= 𝟏 +
𝟏

𝝀
+

𝟏

𝝀𝟐
+ ⋯ +

𝟏

𝝀𝒏
=

𝟏 −
𝟏

𝝀𝒏+𝟏

𝟏 −
𝟏
𝝀

→
𝝀

𝝀 − 𝟏
 

We obtain 𝐥𝐢𝐦
𝒏→∞

∑
𝒌

𝝀𝒌
𝒏
𝒌=𝟎 =

𝝀

(𝝀−𝟏)𝟐 and 𝐥𝐢𝐦
𝒏→∞

∑
𝟏

𝟏𝟎𝒌
𝒏
𝒌=𝟎 =

𝝀

𝝀−𝟏
 so 

𝐥𝐢𝐦
𝒏→∞

∑
𝒌 + 𝟏

𝝀𝒌

𝒏

𝒌=𝟎

= (
𝝀

𝝀 − 𝟏
)

𝟐

 

 


