
 
UP.571 Prove that is the least value of the constant 𝒌 > 𝟐 such that: 

(𝒂𝒌 + 𝒃𝒌 + 𝒄𝒌) (
𝟏

𝒂
+

𝟏

𝒃
+

𝟏

𝒄
) ≥ 𝟗 

for any positive real numbers 𝒂, 𝒃, 𝒄 with at most one of them less than 𝟏 and 

𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 = 𝟑 

Proposed by Vasile Cîrtoaje – Romania  

Solution by proposer 

By choosing 𝒃 = 𝟏, 𝒄 ∈ (𝟎, 𝟏] and 𝒂 = √𝟐 − 𝒄𝟓𝟓
, the constraints are satisfied, and the 

inequality is equivalent to 𝑬(𝒄) ≥ 𝟎, where 

𝑬(𝒄) = (𝒂𝒌 + 𝒄𝒌 + 𝟏) (
𝟏

𝒂
+

𝟏

𝒄
+ 𝟏) − 𝟗. 

Note that 𝒄 = 𝟏 implies 𝒂 = 𝟏. From 𝒂𝟓 + 𝒄𝟓 = 𝟐, we get 

𝒂′(𝒄) =
−𝒄𝟒

𝒂𝟒
,    𝒂′(𝟏) = −𝟏, 

𝒂′′(𝒄) =
𝟒𝒄𝟒𝒂′

𝒂𝟓
−

𝟒𝒄𝟑

𝒂𝟒
,    𝒂′′(𝟏) = −𝟖, 

and  

𝑬′(𝒄) = 𝒌(𝒂𝒌−𝟏𝒂′ + 𝒄𝒌−𝟏) (
𝟏

𝒂
+

𝟏

𝒄
+ 𝟏) + (𝒂𝒌 + 𝒄𝒌 + 𝟏) (

−𝒂′

𝒂𝟐
−

𝟏

𝒄𝟐
), 

𝑬′′(𝒄) = 𝒌[(𝒌 − 𝟏)𝒂𝒌−𝟐(𝒂′)𝟐 + 𝒂𝒌−𝟏𝒂′′ + (𝒌 − 𝟏)𝒄𝒌−𝟐] (
𝟏

𝒂
+

𝟏

𝒄
+ 𝟏) 

+𝟐𝒌(𝒂𝒌−𝟏𝒂′ + 𝒄𝒌−𝟏) (
−𝒂′

𝒂𝟐
−

𝟏

𝒄𝟐
) + (𝒂𝒌 + 𝒄𝒌 + 𝟏) (

−𝒂′′

𝒂𝟐
+

𝟐(𝒂′)𝟐

𝒂𝟑
+

𝟐

𝒄𝟑
). 

We have 𝑬(𝟏) = 𝟎, 𝑬′(𝟏) = 𝟎 and 

𝑬′′(𝟏) = 𝟑𝒌(𝒌 − 𝟏 − 𝟖 + 𝒌 − 𝟏) + 𝟎 + 𝟑(𝟖 + 𝟐 + 𝟐) = 𝟔(𝒌 − 𝟐)(𝒌 − 𝟑). 

Since 𝑬(𝟏) = 𝑬′(𝟏) = 𝟎, the condition 𝑬′′(𝟏) ≥ 𝟎 is necessary to have 𝑬(𝒄) ≥ 𝟎 for  

𝒄 ∈ (𝟎, 𝟏]. This condition implies 𝒌 ≥ 𝟑. To show that 𝟑 is the least value of the constant 

𝒌. we need to show that 𝑭 ≥ 𝟎, where 

𝑭 = (𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑) (
𝟏

𝒂
+

𝟏

𝒃
+

𝟏

𝒄
) − 𝟗. 



 
Let 

𝒂 ≥ 𝒃 ≥ 𝟏 ≥ 𝒄. 

For fixed 𝒂, assume that 𝒄 and 𝑭 are functions of 𝒃. By differentiating the equality 

constraint, we get 

𝒃𝟒 + 𝒄𝟒𝒂′ = 𝟎,      𝒄′ = −𝒃𝟒𝒄−𝟒, 

therefore  

𝑭′(𝒃) = 𝟑(𝒃𝟐 + 𝒄𝟐𝒄′) (
𝟏

𝒂
+

𝟏

𝒃
+

𝟏

𝒄
) + (𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑) (

−𝟏

𝒃𝟐
+

−𝒄′

𝒄𝟐
) 

= 𝟑(𝒃𝟐 − 𝒃𝟒𝒄−𝟐) (
𝟏

𝒂
+

𝟏

𝒃
+

𝟏

𝒄
) + (𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑) (

−𝟏

𝒃𝟐
+ 𝒃𝟒𝒄−𝟔). 

We will show that 𝑭′(𝒃) ≥ 𝟎. Denoting 𝒙 =
𝒃

𝒄
, we have 

𝑭′(𝒃) = −𝟑𝒄𝟐(𝒙𝟒 − 𝒙𝟐) (
𝟏

𝒂
+

𝟏

𝒃
+

𝟏

𝒄
) + 𝒃−𝟐(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)(𝒙𝟔 − 𝟏). 

Since 𝒙 ≥ 𝟏 and 𝒂 ≥ 𝒃, we have 

𝑭′(𝒃) = −𝟑𝒄𝟐(𝒙𝟒 − 𝒙𝟐) (
𝟐

𝒃
+

𝟏

𝒄
) + 𝒃−𝟐(𝟐𝒃𝟑 + 𝒄𝟑)(𝒙𝟔 − 𝟏), 

hence  

𝑭′(𝒃)

𝒄
≥ −𝟑(𝒙𝟒 − 𝒙𝟐) (

𝟐

𝒙
+ 𝟏) + (𝟐𝒙 +

𝟏

𝒙𝟐
) (𝒙𝟔 − 𝟏) 

=
(𝒙𝟐 − 𝟏)(𝟐𝒙𝟕 + 𝟐𝒙𝟓 − 𝟐𝒙𝟒 − 𝟒𝒙𝟑 + 𝒙𝟐 + 𝟏)

𝒙𝟐
 

=
(𝒙𝟐 − 𝟏)(𝒙 − 𝟏)(𝟐𝒙𝟔 + 𝟐𝒙𝟓 + 𝟒𝒙𝟒 + 𝟐𝒙𝟑 − 𝟐𝒙𝟐 − 𝒙 − 𝟏)

𝒙𝟐
≥ 𝟎. 

From 𝑭′(𝒃) ≥ 𝟎, it follows that 𝑭(𝒃) is increasing and has the minimum value when 𝒃 is 

minimum, hence when 𝒃 = 𝟏. Thus, it suffices to prove the desired inequality for 𝒃 = 𝟏. 

We need to show that 

(𝒂𝟑 + 𝒄𝟑 + 𝟏) (
𝟏

𝒂
+

𝟏

𝒄
+ 𝟏) ≥ 𝟗 

for 𝒂 ≥ 𝟏 ≥ 𝒄 > 𝟎 such that 𝒂𝟓 + 𝒄𝟓 = 𝟐. Let 𝑺 =
𝒂+𝒄

𝟐
>

𝟏

𝟐
 and 𝒑 = 𝒂𝒄. From the known 

inequality 𝒂𝟓 + 𝒄𝟓 ≥ 𝟐𝑺𝟓, we get 𝑺 ≤ 𝟏, and from 

𝟐 = 𝒂𝟓 + 𝒄𝟓 = (𝒂𝟐 + 𝒄𝟐)(𝒂𝟑 + 𝒄𝟑) − 𝒂𝟐𝒄𝟐(𝒂 + 𝒄) = (𝟒𝑺𝟐 − 𝟐𝒑)(𝟖𝑺𝟑 − 𝟔𝑺𝒑) − 𝟐𝑺𝒑𝟐, 



 
we obtain 

𝟓𝑺𝒑𝟐 = 𝟐𝟎𝑺𝟑𝒑 − 𝟏𝟔𝑺𝟓 + 𝟏,   𝒑 = 𝟐𝑺𝟐 − √
𝟒𝑺𝟓 + 𝟏

𝟓𝑺
. 

We claim that 

𝒑 ≤
𝟓𝑺𝟐 − 𝟏

𝟒
, 

that is 

√
𝟒𝑺𝟓 + 𝟏

𝟓𝑺
≥

𝟑𝑺𝟐 + 𝟏

𝟒
. 

By squaring, the inequality becomes 

𝟏𝟔(𝟒𝑺𝟓 + 𝟏) ≥ 𝟓𝑺(𝟑𝑺𝟐 + 𝟏)𝟐,    𝟏𝟗𝑺𝟓 − 𝟑𝟎𝑺𝟑 − 𝟓𝒔 + 𝟏𝟔 ≥ 𝟎, 

(𝑺 − 𝟏)𝟐(𝟏𝟗𝑺𝟑 + 𝟑𝟖𝑺𝟐 + 𝟐𝟕𝑺 + 𝟏𝟔) ≥ 𝟎 

Write now the desired inequality as follows: 

(𝟖𝑺𝟑 − 𝟔𝑺𝒑 + 𝟏) (
𝟐𝑺

𝒑
+ 𝟏) ≥ 𝟗,   𝟑𝑺𝒑𝟐 + 𝟐(𝟐 + 𝟑𝑺𝟐 − 𝟐𝑺𝟑)𝒑 − 𝑺(𝟖𝑺𝟑 + 𝟏) ≤ 𝟎, 

𝟑(𝟐𝟎𝑺𝟑𝒑 − 𝟏𝟔𝑺𝟓 + 𝟏)

𝟓
+ 𝟐(𝟐 + 𝟑𝑺𝟐 − 𝟐𝑺𝟑)𝒑 − 𝑺(𝟖𝑺𝟑 + 𝟏) ≤ 𝟎, 

𝟒𝟖𝑺𝟓 + 𝟒𝟎𝑺𝟒 + 𝟓𝑺 − 𝟑 ≥ 𝟏𝟎(𝟒𝑺𝟑 + 𝟑𝑺𝟐 + 𝟐)𝒑. 

Since 𝒑 ≤
𝟓𝑺𝟐−𝟏

𝟒
, we have 

𝟒𝟖𝑺𝟓 + 𝟒𝟎𝑺𝟒 + 𝟓𝑺 − 𝟑 − 𝟏𝟎(𝟒𝑺𝟑 + 𝟑𝑺𝟐 + 𝟐)𝒑 ≥ 

≥ 𝟒𝟖𝑺𝟓 + 𝟒𝟎𝑺𝟒 + 𝟓𝑺 − 𝟑 −
𝟓(𝟒𝑺𝟑 + 𝟑𝑺𝟐 + 𝟐)(𝟓𝑺𝟐 − 𝟏)

𝟐
 

=
𝟒 + 𝟏𝟎𝑺 − 𝟑𝟓𝑺𝟐 + 𝟐𝟎𝑺𝟑 + 𝟓𝑺𝟒 − 𝟒𝑺𝟓

𝟐
=

(𝟏 − 𝑺)𝟐(𝟒 + 𝟏𝟖𝑺 − 𝟑𝑺𝟐 − 𝟒𝑺𝟑)

𝟐
≥ 𝟎. 

For 𝒌 = 𝟑  the equality occurs when 𝒂 = 𝒃 = 𝒄 = 𝟏. 


