
 
SP.580  If 𝒂 ∈ ℝ;𝒎, 𝒏 ≥ 𝟏 then: 

(𝟐 + 𝐜𝐨𝐬 𝒂)𝒎+𝒏 + (𝟑 + 𝐜𝐨𝐬𝒂)𝒎 + (𝟑 + 𝐜𝐨𝐬 𝒂)𝒏 ≤ (𝟑 + 𝐜𝐨𝐬 𝒂)𝒎+𝒏 + 𝟏 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

Lemma 1: If 𝒙 > 𝟏;𝒑 ≥ 𝟏 then: 

(𝒙 − 𝟏)𝒑 ≤ 𝒙𝒑 − 𝟏     (1) 

Proof. 

Let be 𝒇: (𝟏,∞) → ℝ; 𝒇(𝒙) = (𝒙 − 𝟏)𝒑 − 𝒙𝒑 + 𝟏 

𝒇′(𝒙) = 𝒑(𝒙 − 𝟏)𝒑−𝟏 − 𝒑𝒙𝒑−𝟏 = 𝒑((𝒙 − 𝟏)𝒑−𝟏 − 𝒙𝒑−𝟏) < 𝟎 

because 𝒙 − 𝟏 < 𝒙; (∀)𝒙 > 𝟏 

𝒇 decreasing on (𝟏,∞) 

𝐬𝐮𝐩
𝒙>𝟏

𝒇(𝒙) = 𝐥𝐢𝐦
𝒙→𝟏
𝒙>𝟏

𝒇(𝒙) = 𝐥𝐢𝐦
𝒙→𝟏
𝒙>𝟏

((𝒙 − 𝟏)𝒑 − 𝒙𝒑 + 𝟏) = 

= (𝟏 − 𝟏)𝒑 − 𝟏𝒑 + 𝟏 = −𝟏 + 𝟏 = 𝟎 

𝒇(𝒙) ≤ 𝟎; (∀)𝒙 > 𝟏 ⇒ (𝒙 − 𝟏)𝒑 − 𝒙𝒑 + 𝟏 ≤ 𝟎 

(𝒙 − 𝟏)𝒑 ≤ 𝒙𝒑 − 𝟏 

Equality holds for 𝒑 = 𝟏. 

Lemma 2: If 𝒙 > 𝟏;𝒎, 𝒏 ≥ 𝟏 then: 

(𝒙 − 𝟏)𝒎+𝒏 + 𝒙𝒎 + 𝒙𝒏 ≤ 𝒙𝒎+𝒏 + 𝟏       (2) 

By (1): 

(𝒙 − 𝟏)𝒎 ≤ 𝒙𝒎 − 𝟏       (3) 

(𝒙 − 𝟏)𝒏 ≤ 𝒙𝒏 − 𝟏   (4) 

By multiplying (3); (4): 

(𝒙 − 𝟏)𝒎 ⋅ (𝒙 − 𝟏)𝒏 ≤ (𝒙𝒎 − 𝟏)(𝒙𝒏 − 𝟏) 

(𝒙 − 𝟏)𝒎+𝒏 ≤ 𝒙𝒎+𝒏 − 𝒙𝒎 − 𝒙𝒏 + 𝟏 

(𝒙 − 𝟏)𝒎+𝒏 + 𝒙𝒎 + 𝒙𝒏 ≤ 𝒙𝒎+𝒏 + 𝟏 

Back to the problem: 

We take 𝒙 = 𝟑 + 𝐜𝐨𝐬𝒂 > 𝟏 in (2): 

(𝟑 + 𝐜𝐨𝐬𝒂 − 𝟏)𝒎+𝒏 + (𝟑 + 𝐜𝐨𝐬𝒂)𝒎 + (𝟑 + 𝐜𝐨𝐬𝒂)𝒏 ≤ (𝟑 + 𝐜𝐨𝐬 𝒂)𝒎+𝒏 + 𝟏 

(𝟐 + 𝐜𝐨𝐬 𝒂)𝒎+𝒏 + (𝟑 + 𝐜𝐨𝐬𝒂)𝒎 + (𝟑 + 𝐜𝐨𝐬𝒂)𝒏 ≤ (𝟑 + 𝐜𝐨𝐬 𝒂)𝒎+𝒏 + 𝟏 



 
Equality holds for 𝒎 = 𝒏 = 𝟏: 

(𝟐 + 𝐜𝐨𝐬 𝒂)𝟐 + (𝟑 + 𝐜𝐨𝐬𝒂)𝟏 + (𝟑 + 𝐜𝐨𝐬𝒂)𝟏 = (𝟑 + 𝐜𝐨𝐬𝒂)𝟐 + 𝟏 

𝟒 + 𝟒𝐜𝐨𝐬𝒂 + 𝐜𝐨𝐬𝟐 𝒂 + 𝟔 + 𝟐𝐜𝐨𝐬 𝒂 = 𝟗 + 𝐜𝐨𝐬𝟐 𝒂 + 𝟔 𝐜𝐨𝐬𝒂 + 𝟏 

𝐜𝐨𝐬𝟐 𝒂 + 𝟔𝐜𝐨𝐬𝒂 + 𝟏𝟎 = 𝐜𝐨𝐬𝟐 𝒂 + 𝟔𝐜𝐨𝐬𝒂 + 𝟏𝟎 


