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SP.580 If a € R;m,n > 1 then:
(2+cosa)™" + (3 +cosa)™+ (3 +cosa)" < (3+cosa)™™" +1

Proposed by Daniel Sitaru — Romania

Solution by proposer

Lemmal:Iif x > 1;p = 1 then:
(x—1P<xP-1 (1)
Proof.
Letbe f: (1,0) > R; f(x) = (x—1)P —x? + 1
f)=p—1DP ! —pa~t =p((x— D' —2"1) <0
becausex —1 < x; (V)x > 1
f decreasing on (1, )

sup f(x) =lim f(x) =lim((x —1)? —xP + 1) =
>1 x-1 x-1
x>1 x>1

=(1-1P-1P4+1=-14+1=0
fO<0(Mx>1=>x—-—1)P—xP+1<0
(x—1)P<xP-1
Equality holds forp = 1.
Lemma2:if x > 1;m,n > 1 then:
(x—1)mtn 4 xm 4 x" < xmt" 1 (2)
By (1):
x—1)m<xm—1 (3)
x—1D"<x"-1 (4)
By multiplying (3); (4):
x—1D" - (x—1)"<(x™-1)(ax"—-1)
(x — 1)min < xymin _ pm _ x4 1
(x — )M 4 xMm 4 x™ < x™t + 1
Back to the problem:
We take x =3 + cosa > 1in(2):
(3+cosa—1)"*""+ (3+cosa)™+ (3 +cosa)* < (3+cosa)™™+1
(2+cosa)™™ + (3+cosa)™+ (3+cosa)® < (3+cosa)™m™+1
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Equality holds form = n = 1:
2+cosa)’+B+cosa)l +(3+cosa)! =3 +cosa)? +1
4+4cosa+cos’a+6+2cosa=9+cos’a+6¢cosa+1

cos’a+6cosa+ 10 =cos?a+ 6¢cosa+ 10



