
 
SP.579  If 𝒇: [𝒂, 𝒃] → ℝ; 𝟎 < 𝒂 ≤ 𝒃; 𝒇 – continuous then: 

𝒃𝟒𝟎𝟒𝟕 − 𝒂𝟒𝟎𝟒𝟕

𝟒𝟎𝟒𝟕
+∫ 𝒇𝟐(𝒙𝟐𝟎𝟐𝟒)

𝒃

𝒂

𝒅𝒙 ≥
𝟏

𝟏𝟎𝟏𝟐
∫ 𝒇(𝒙)
𝒃𝟐𝟎𝟐𝟒

𝒂𝟐𝟎𝟐𝟒
𝒅𝒙 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

(𝒙𝟐𝟎𝟐𝟑 − 𝒇(𝒙𝟐𝟎𝟐𝟒))
𝟐

≥ 𝟎 ⇒ ∫ (𝒙𝟐𝟎𝟐𝟑 − 𝒇(𝒙𝟐𝟎𝟐𝟒))
𝟐

𝒅𝒙
𝒃

𝒂

≥ 𝟎 

∫ 𝒙𝟒𝟎𝟒𝟔
𝒃

𝒂
𝒅𝒙 + ∫ 𝒇𝟐(𝒙𝟐𝟎𝟐𝟒)

𝒃

𝒂
𝒅𝒙 − 𝟐∫ 𝒙𝟐𝟎𝟐𝟑

𝒃

𝒂
𝒇(𝒙𝟐𝟎𝟐𝟒)𝒅𝒙 ≥ 𝟎        (1) 

For the integral ∫ 𝒙𝟐𝟎𝟐𝟑
𝒃

𝒂
𝒇(𝒙𝟐𝟎𝟐𝟒)𝒅𝒙 denote: 

𝒚 = 𝒙𝟐𝟎𝟐𝟒 ⇒ 𝒅𝒚 = 𝟐𝟎𝟐𝟒𝒙𝟐𝟎𝟐𝟑𝒅𝒙 

If 𝒙 = 𝒂 ⇒ 𝒚 = 𝒂𝟐𝟎𝟐𝟒 

If 𝒙 = 𝒃 ⇒ 𝒚 = 𝒃𝟐𝟎𝟐𝟒 

∫ 𝒙𝟐𝟎𝟐𝟑
𝒃

𝒂
𝒇(𝒙𝟐𝟎𝟐𝟒)𝒅𝒙 = ∫ 𝒇(𝒚)

𝒃𝟐𝟎𝟐𝟒

𝒂𝟐𝟎𝟐𝟒
⋅

𝟏

𝟐𝟎𝟐𝟒
𝒅𝒚 =

𝟏

𝟐𝟎𝟐𝟒
∫ 𝒇(𝒙)
𝒃𝟐𝟎𝟐𝟒

𝒂𝟐𝟎𝟐𝟒
𝒅𝒙      (2) 

Replacing (2) in (1): 

∫ 𝒙𝟒𝟎𝟒𝟕
𝒃

𝒂

𝒅𝒙 + ∫ 𝒇𝟐(𝒙𝟐𝟎𝟐𝟒)
𝒃

𝒂

𝒅𝒙 − 𝟐 ⋅
𝟏

𝟐𝟎𝟐𝟒
∫ 𝒇(𝒙)

𝒃𝟐𝟎𝟐𝟒

𝒂𝟐𝟎𝟐𝟒
𝒅𝒙 ≥ 𝟎 

𝒃𝟒𝟎𝟒𝟖 − 𝒂𝟒𝟎𝟒𝟖

𝟒𝟎𝟒𝟖
+ ∫ 𝒇𝟐(𝒙𝟐𝟎𝟐𝟒)

𝒃

𝒂

𝒅𝒙 ≥
𝟏

𝟏𝟎𝟏𝟐
∫ 𝒇(𝒙)

𝒃𝟐𝟎𝟐𝟒

𝒂𝟐𝟎𝟐𝟒
𝒅𝒙 

Equality holds for 𝒂 = 𝒃. 

 


