
 
SP.577  Find all 𝒏 ∈ ℕ∗ such that: 

∫ (𝐬𝐢𝐧 𝒙)𝟐𝒏−𝟐
𝟏

𝟎

⋅ (𝐜𝐨𝐬 𝒙)𝟐𝒏𝒅𝒙 ≥
𝟏

𝟒𝟏𝟎𝟏𝟏
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Solution by proposer 

𝟏

𝟒𝟏𝟎𝟏𝟏
≤ ∫ (𝐬𝐢𝐧 𝒙)𝟐𝒏−𝟐

𝟏

𝟎

⋅ (𝐜𝐨𝐬 𝒙)𝟐𝒏𝒅𝒙 = 

= ∫ (𝐬𝐢𝐧𝟐 𝒙)𝒏−𝟏
𝟏

𝟎

⋅ (𝐜𝐨𝐬𝟐 𝒙)𝒏𝒅𝒙 = ∫ 𝐜𝐨𝐬𝟐 𝒙
𝟏

𝟎

⋅ (𝐬𝐢𝐧𝟐 𝒙 ⋅ 𝐜𝐨𝐬𝟐 𝒙)𝒏−𝟏𝒅𝒙 = 

= ∫ 𝐜𝐨𝐬𝟐 𝒙
𝟏

𝟎

⋅ (𝐬𝐢𝐧𝟐 𝒙 (𝟏 − 𝐬𝐢𝐧𝟐 𝒙))
𝒏−𝟏

𝒅𝒙 ≤
𝑨𝑴−𝑮𝑴

 

≤ ∫ 𝐜𝐨𝐬𝟐 𝒙
𝟏

𝟎

⋅ ((
𝐬𝐢𝐧𝟐 𝒙 + 𝟏 − 𝐬𝐢𝐧𝟐 𝒙

𝟐
)

𝟐

)

𝒏−𝟏

𝒅𝒙 = 

= ∫ 𝐜𝐨𝐬𝟐 𝒙
𝟏

𝟎

⋅
𝟏

𝟐𝟐(𝒏−𝟏)
𝒅𝒙 =

𝟏

𝟒𝒏−𝟏
∫ 𝐜𝐨𝐬𝟐 𝒙𝒅𝒙
𝟏

𝟎

<
𝟏

𝟒𝒏−𝟏
⋅ ∫ 𝒅𝒙

𝟏

𝟎

=
𝟏

𝟒𝒏−𝟏
 

𝟏

𝟒𝟏𝟎𝟏𝟏
<

𝟏

𝟒𝒏−𝟏
⇒ 𝟒𝒏−𝟏 < 𝟒𝟏𝟎𝟏𝟏 ⇒ 𝒏− 𝟏 < 𝟏𝟎𝟏𝟏 

⇒ 𝒏 < 𝟏𝟎𝟏𝟐 ⇒ 𝒏 ∈ {𝟏, 𝟐, 𝟑,… , 𝟏𝟎𝟏𝟏} 


