
 
SP.576 If 𝒂, 𝒃, 𝒄 ≥ 𝟏, then: 

√
𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑

𝟑

𝟑

−
𝒂 + 𝒃 + 𝒄

𝟑
≥

√
𝟏

𝒂𝟑 +
𝟏

𝒃𝟑 +
𝟏
𝒄𝟑

𝟑

𝟑

−

𝟏
𝒂

+
𝟏
𝒃

+
𝟏
𝒄

𝟑
 

Proposed by Vasile Mircea Popa – Romania 

Solution by proposer 

Without loss of generality, we may assume that 𝒄 ≥ 𝒃 ≥ 𝒂 ≥ 𝟏. 

We write the inequality in the form 𝑬(𝒂, 𝒃, 𝒄) ≥ 𝟎, where: 

𝑬(𝒂, 𝒃, 𝒄) = √𝟗(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)
𝟑

− (𝒂 + 𝒃 + 𝒄) − √𝟗 (
𝟏

𝒂𝟑
+

𝟏

𝒃𝟑
+

𝟏

𝒄𝟑
)

𝟑

+ (
𝟏

𝒂
+

𝟏

𝒃
+

𝟏

𝒄
) 

We shall prove that: 𝑬(𝒂, 𝒃, 𝒄) ≥ 𝑬(𝒂, 𝒙, 𝒙) ≥ 𝟎, where: 

𝑬(𝒂, 𝒙, 𝒙) = √𝟗(𝒂𝟑 + 𝟐𝒙𝟑)
𝟑

− (𝒂 + 𝟐𝒙) − √𝟗 (
𝟏

𝒂𝟑
+

𝟐

𝒙𝟑
)

𝟑

+ (
𝟏

𝒂
+

𝟐

𝒙
) 

and 𝒙 = √𝒃𝒄 ≥ 𝒂; 

a. We will prove the inequality: 𝑬(𝒂, 𝒃, 𝒄) ≥ 𝑬(𝒂, 𝒙, 𝒙). 

The inequality can be written as follows: 

𝑨 − 𝑩 ≥ 𝑪 − 𝑫, where:   𝑨 = √𝟗(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)𝟑
− √𝟗(𝒂𝟑 + 𝟐𝒙𝟑)𝟑

; 

𝑨 =
𝟗(𝒃√𝒃 − 𝒄√𝒄)

𝟐

(√𝟗(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)𝟑
)

𝟐
+ √𝟗(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)𝟑

√𝟗(𝒂𝟑 + 𝟐𝒙𝟑)𝟑
+ ( √𝟗(𝒂𝟑 + 𝟐𝒙𝟑)𝟑

)
𝟐 

𝑨 ≥
𝟗(𝒃√𝒃 − 𝒄√𝒄)

𝟐

(√𝟗(𝒙𝟑 + 𝒃𝟑 + 𝒄𝟑)𝟑
)

𝟐
+ √𝟗(𝒙𝟑 + 𝒃𝟑 + 𝒄𝟑)𝟑

𝟑𝒙 + 𝟗𝒙𝟐
 

𝑩 = 𝒂 + 𝒃 + 𝒄 − (𝒂 + 𝟐𝒙) = 𝒃 + 𝒄 − 𝟐𝒙 = (√𝒃 − √𝒄)
𝟐

 

𝑪 = √𝟗 (
𝟏

𝒂𝟑
+

𝟏

𝒃𝟑
+

𝟏

𝒄𝟑
)

𝟑

− √𝟗 (
𝟏

𝒂𝟑
+

𝟐

𝒙𝟑
)

𝟑

 



 

𝑪 =
𝟗(𝒃√𝒃 − 𝒄√𝒄)

𝟐

𝒙𝟔 ((√
𝟏

𝒂𝟑 +
𝟏

𝒃𝟑 +
𝟏
𝒄𝟑

𝟑
)

𝟐

+ √𝟗 (
𝟏

𝒂𝟑 +
𝟏

𝒃𝟑 +
𝟏
𝒄𝟑)

𝟑
√𝟗 (

𝟏
𝒂𝟑 +

𝟐
𝒙𝟑)

𝟑
+ (√𝟗 (

𝟏
𝒂𝟑 +

𝟐
𝒙𝟑)

𝟑
)

𝟐

)

 

𝑪 ≤
𝟗(𝒃√𝒃 − 𝒄√𝒄)

𝟐

𝒙𝟔 (( √𝟗 (
𝟏
𝒙𝟑 +

𝟏
𝒃𝟑 +

𝟏
𝒄𝟑)

𝟑
)

𝟐

+ √𝟗 (
𝟏
𝒙𝟑 +

𝟏
𝒃𝟑 +

𝟏
𝒄𝟑)

𝟑 𝟑
𝒙

+
𝟗
𝒙𝟐)

 

𝑪 ≤
𝟗(𝒃√𝒃 − 𝒄√𝒄)

𝟐

𝒙𝟐 ((√𝟗(𝒙𝟑 + 𝒃𝟑 + 𝒄𝟑𝟑
)

𝟐
+ √𝟗(𝒙𝟑 + 𝒃𝟑 + 𝒄𝟑)𝟑

𝟑𝒙 + 𝟗𝒙𝟐)
 

𝑫 =
𝟏

𝒂
+

𝟏

𝒃
+

𝟏

𝒄
− (

𝟏

𝒂
+

𝟐

𝒙
) =

𝟏

𝒃
+

𝟏

𝒄
−

𝟐

𝒙
=

(√𝒃 − √𝒄)
𝟐

𝒙𝟐
 

To prove the inequality 𝑬(𝒂, 𝒃, 𝒄) ≥ 𝑬(𝒂, 𝒙, 𝒙) it is enough to prove that: 

𝟗(𝒃√𝒃 − 𝒄√𝒄)
𝟐

(√𝟗(𝒙𝟑 + 𝒃𝟑 + 𝒄𝟑)𝟑
)

𝟐
+ √𝟗(𝒙𝟑 + 𝒃𝟑 + 𝒄𝟑)𝟑

𝟑𝒙 + 𝟗𝒙𝟐
− (√𝒃 − √𝒄)

𝟐
≥ 

𝟗(𝒃√𝒃 − 𝒄√𝒄)
𝟐

𝒙𝟐 ((√𝟗(𝒙𝟑 + 𝒃𝟑 + 𝒄𝟑)𝟑
)

𝟐
+ √𝟗(𝒙𝟑 + 𝒃𝟑 + 𝒄𝟑)𝟑

𝟑𝒙 + 𝟗𝒙𝟐)
−

(√𝒃 − √𝒄)
𝟐

𝒙𝟐
 

Or: 

(√𝒃 − √𝒄)
𝟐

(
𝟗(𝒃 + 𝒄 + √𝒃𝒄)

𝟐

(√𝟗(𝒙𝟑 + 𝒃𝟑 + 𝒄𝟑)𝟑
)

𝟐
+ √𝟗(𝒙𝟑 + 𝒃𝟑 + 𝒄𝟑)𝟑

𝟑𝒙 + 𝟗𝒙𝟐
− 𝟏) ≥ 

(√𝒃 − √𝒄)
𝟐

(
𝟗(𝒃 + 𝒄 + √𝒃𝒄)

𝟐

𝒙𝟐 ((√𝟗(𝒙𝟑 + 𝒃𝟑 + 𝒄𝟑𝟑
)

𝟐
+ √𝟗(𝒙𝟑 + 𝒃𝟑 + 𝒄𝟑)𝟑

𝟑𝒙 + 𝟗𝒙𝟐)
−

𝟏

𝒙𝟐
) 

For 𝒃 = 𝒄 this relationship it is true (case of equality). For 𝒃 ≠ 𝒄 we will show that: 

𝟗(𝒃 + 𝒄 + √𝒃𝒄)
𝟐

(√𝟗(𝒙𝟑 + 𝒃𝟑 + 𝒄𝟑)𝟑
)

𝟐
+ √𝟗(𝒙𝟑 + 𝒃𝟑 + 𝒄𝟑)𝟑

𝟑𝒙 + 𝟗𝒙𝟐

(𝟏 −
𝟏

𝒙𝟐
) ≥ 𝟏 −

𝟏

𝒙𝟐
 

𝟗(𝒃 + 𝒄 + √𝒃𝒄)
𝟐

≥ (√𝟗(𝒙𝟑 + 𝒃𝟑 + 𝒄𝟑)
𝟑

)
𝟐

+ √𝟗(𝒙𝟑 + 𝒃𝟑 + 𝒄𝟑)
𝟑

𝟑𝒙 + 𝟗𝒙𝟐 



 

𝟗(𝒃 + 𝒄 + √𝒃𝒄)
𝟐

≥ ( √𝟗(𝒃𝒄√𝒃𝒄 + 𝒃𝟑 + 𝒄𝟑)
𝟑

)

𝟐

+ √𝟗(𝒃𝒄√𝒃𝒄 + 𝒃𝟑 + 𝒄𝟑)
𝟑

𝟑√𝒃𝒄 + 𝟗𝒃𝒄 

Let us denote:  𝒚 =
𝒃

𝒄
; 𝟎 < 𝒚 ≤ 𝟏 

The previous inequality is written in the equivalent form: 

𝟗(𝒚 + 𝟏 + √𝒚)
𝟐

≥ ( √𝟗(𝒚√𝒚 + 𝒚𝟑 + 𝟏)
𝟑

)

𝟐

+ √𝟗(𝒚√𝒚 + 𝒚𝟑 + 𝟏)
𝟑

𝟑√𝒚 + 𝟗𝒚 

But, we have for any 𝒚, 𝟎 < 𝒚 ≤ 𝟏:     𝟗(𝒚√𝒚 + 𝒚𝟑 + 𝟏) ≤ (
𝟗

𝟏𝟎
𝒚 +

𝟐𝟏

𝟏𝟎
)

𝟑
 

Indeed, we calculate: 

(
𝟗

𝟏𝟎
𝒚 +

𝟐𝟏

𝟏𝟎
)

𝟑

− 𝟗(𝒚√𝒚 + 𝒚𝟑 + 𝟏) = 

=
𝟗

𝟏𝟎𝟎𝟎
(𝟏 − √𝒚)(𝟏𝟑𝟓𝟐𝒚 + 𝟗𝟏𝟗𝒚𝟐 + 𝟐𝟗√𝒚 + 𝟑𝟓𝟐𝒚√𝒚 + 𝟗𝟏𝟗𝒚𝟐√𝒚 + 𝟐𝟗) ≥ 𝟎 

Returning to the main inequality, it suffices to prove: 

𝟗(𝒚 + 𝟏 + √𝒚)
𝟐

≥ (
𝟗

𝟏𝟎
𝒚 +

𝟐𝟏

𝟏𝟎
)

𝟐

+ (
𝟗

𝟏𝟎
𝒚 +

𝟐𝟏

𝟏𝟎
) 𝟑√𝒚 + 𝟗𝒚 

𝟏𝟎𝟎(𝒚 + 𝟏 + √𝒚)
𝟐

− (𝟑𝒚 + 𝟕)𝟐 − 𝟏𝟎(𝟑𝒚 + 𝟕)√𝒚 − 𝟏𝟎𝟎𝒚 = 

= 𝟏𝟓𝟖𝒚 + 𝟗𝟏𝒚𝟐 + 𝟏𝟑𝟎√𝒚 + 𝟏𝟕𝟎𝒚√𝒚 + 𝟓𝟏 ≥ 𝟎 

Then, the inequality 𝑬(𝒂, 𝒃, 𝒄) ≥ 𝑬(𝒂, 𝒙, 𝒙) is proved. 

b. We will prove the inequality: 𝑬(𝒂, 𝒙, 𝒙) ≥ 𝟎.  We have to show that: 

√𝟗(𝒂𝟑 + 𝟐𝒙𝟑)
𝟑

− (𝒂 + 𝟐𝒙) ≥ √𝟗 (
𝟏

𝒂𝟑
+

𝟐

𝒙𝟑
)

𝟑

− (
𝟏

𝒂
+

𝟐

𝒙
) 

The inequality is successively written in the following equivalent forms:  

𝟗(𝒂𝟑 + 𝟐𝒙𝟑) − (𝒂 + 𝟐𝒙)𝟑

( √𝟗(𝒂𝟑 + 𝟐𝒙𝟑)𝟑
)

𝟐
+ √𝟗(𝒂𝟑 + 𝟐𝒙𝟑)𝟑 (𝒂 + 𝟐𝒙) + (𝒂 + 𝟐𝒙)𝟐

≥ 

≥
𝟗 (

𝟏
𝒂𝟑 +

𝟐
𝒙𝟑) − (

𝟏
𝒂

+
𝟐
𝒙

)
𝟑

(√𝟗 (
𝟏

𝒂𝟑 +
𝟐
𝒙𝟑)

𝟑
)

𝟐

+ √𝟗 (
𝟏

𝒂𝟑 +
𝟐
𝒙𝟑)

𝟑
(

𝟏
𝒂

+
𝟐
𝒙

) + (
𝟏
𝒂

+
𝟐
𝒙

)
𝟐

 



 
𝟐(𝟒𝒂 + 𝟓𝒙)(𝒂 − 𝒙)𝟐

( √𝟗(𝒂𝟑 + 𝟐𝒙𝟑)𝟑
)

𝟐
+ √𝟗(𝒂𝟑 + 𝟐𝒙𝟑)𝟑 (𝒂 + 𝟐𝒙) + (𝒂 + 𝟐𝒙)𝟐

≥ 

≥

𝟏
𝒂𝟑𝒙𝟑 𝟐(𝟓𝒂 + 𝟒𝒙)(𝒂 − 𝒙)𝟐

𝟏
𝒂𝟐𝒙𝟐 ((√𝟗(𝒙𝟑 + 𝟐𝒂𝟑)𝟑

)
𝟐

+ √𝟗(𝒙𝟑 + 𝟐𝒂𝟑)𝟑 (𝒙 + 𝟐𝒂) + (𝒙 + 𝟐𝒂)𝟐)
 

𝟐(𝟒𝒂 + 𝟓𝒙)(𝒂 − 𝒙)𝟐

( √𝟗(𝒂𝟑 + 𝟐𝒙𝟑)𝟑
)

𝟐
+ √𝟗(𝒂𝟑 + 𝟐𝒙𝟑)𝟑 (𝒂 + 𝟐𝒙) + (𝒂 + 𝟐𝒙)𝟐

≥ 

≥
𝟐(𝟓𝒂 + 𝟒𝒙)(𝒂 − 𝒙)𝟐

𝒂𝒙 ( √𝟗(𝒙𝟑 + 𝟐𝒂𝟑)𝟑
)

𝟐
+ 𝒂𝒙√𝟗(𝒙𝟑 + 𝟐𝒂𝟑)𝟑 (𝒙 + 𝟐𝒂) + 𝒂𝒙(𝒙 + 𝟐𝒂)𝟐

 

The last inequality holds because: 

a. 𝟒𝒂 + 𝟓𝒙 ≥ 𝟓𝒂 + 𝟒𝒙, equivalent to: 𝒙 ≥ 𝒂. 

b. 𝒂𝒙 (√𝟗(𝒙𝟑 + 𝟐𝒂𝟑)𝟑
)

𝟐
≥ (√𝟗(𝒂𝟑 + 𝟐𝒙𝟑)𝟑

)
𝟐

, equivalent to: 

𝒂𝟑(𝒙𝟗 − 𝒂𝟑) + 𝟒𝒙𝟔(𝒂𝟔 − 𝟏) + 𝟒𝒂𝟑𝒙𝟑(𝒂𝟔 − 𝟏) ≥ 𝟎 

c. 𝒂𝒙√𝟗(𝒙𝟑 + 𝟐𝒂𝟑)𝟑 (𝒙 + 𝟐𝒂) ≥ √𝟗(𝒂𝟑 + 𝟐𝒙𝟑)𝟑 (𝒂 + 𝟐𝒙), results from inequalities b and d 

d. 𝒂𝒙(𝒙 + 𝟐𝒂)𝟐 ≥ (𝒂 + 𝟐𝒙)𝟐, equivalent to: 

 𝒂(𝒙𝟑 − 𝒂) + 𝟒𝒙𝟐(𝒂𝟐 − 𝟏) + 𝟒𝒂𝒙(𝒂𝟐 − 𝟏) ≥ 𝟎 

Thus, the inequality 𝑬(𝒂, 𝒙, 𝒙) ≥ 𝟎 is proved. 

So, the inequality in the statement: 𝑬(𝒂, 𝒃, 𝒄) ≥ 𝟎 is also proved. 

 


