
 

SP.573 Let 𝝀 ≥
𝟏

𝟐
 fixed. If 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂 + 𝒃 + 𝒄 ≤ 𝟒 then find the maximum 

value of 

𝑷 =
√𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)
−

𝝀

𝒄(𝒂 + 𝒃)
 

Proposed by Marin Chirciu – Romania  

Solution by proposer 

Lemma 1: If 𝒂, 𝒃, 𝒄 > 𝟎 then: 

√𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)
≤

𝟏

𝟐√𝒂 + 𝒃 + 𝒄
 

Proof: 

Using means inequality we obtain: 

(𝒂 + 𝒃)(𝒃 + 𝒄) = 𝒃𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒃(𝒂 + 𝒃 + 𝒄) + 𝒂𝒄 ≥
𝑨𝑮𝑴

𝟐√𝒃(𝒂 + 𝒃 + 𝒄) ⋅ 𝒂𝒄 = 

= 𝟐√𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄), with equality for 𝒃(𝒂 + 𝒃 + 𝒄) = 𝒂𝒄. 

Lemma 2: If 𝒂, 𝒃, 𝒄 > 𝟎 then: 

𝟏

𝒄(𝒂 + 𝒃)
≥

𝟒

(𝒂 + 𝒃 + 𝒄)𝟐
. 

Proof: 

With means inequality we obtain: 

𝒄 + (𝒂 + 𝒃) ≥
𝑨𝑮𝑴

𝟐√𝒄(𝒂 + 𝒃), with equality for 𝒄 = 𝒂 + 𝒃,so 𝒂 + 𝒃 + 𝒄 ≥ 𝟐√𝒄(𝒂 + 𝒃) ⇒ 

⇒ (𝒂 + 𝒃 + 𝒄)𝟐 ≥ 𝟒𝒄(𝒂 + 𝒃) ⇒ 𝒄(𝒂 + 𝒃) ≤
(𝒂 + 𝒃 + 𝒄)𝟐

𝟒
⇒

𝟏

𝒄(𝒂 + 𝒃)
≥

𝟒

(𝒂 + 𝒃 + 𝒄)𝟐
. 

Let’s get back to the main problem. Using the above Lemmas, we obtain: 

𝑷 =
√𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
−

𝝀

𝒄(𝒂 + 𝒃)
≤

𝟏

𝟐√𝒂 + 𝒃 + 𝒄
−

𝟒𝝀

(𝒂 + 𝒃 + 𝒄)𝟐
 

Denoting √𝒂 + 𝒃 + 𝒄 = 𝒕 we have 𝟎 < 𝒕 ≤ 𝟐 and 𝑷 ≤
𝟏

𝟐𝒕
−

𝟒𝝀

𝒕𝟒
. 

Considering the function 𝒇: (𝟎, 𝟐] → ℝ, 𝒇(𝒕) =
𝟏

𝟐𝒕
−

𝟒𝝀

𝒕𝟒
. 



 

We have 𝒇′(𝒕) =
𝟑𝟐𝝀−𝒕𝟑

𝒕𝟓
> 𝟎, 𝟎 < 𝒕 ≤ 𝟐, 𝝀 ≥

𝟏

𝟐
. It follows that the function 𝒇 is strictly 

increasing on (𝟎, 𝟐], so 𝒇(𝒕) ≤ 𝒇(𝟐) =
𝟏

𝟒
−

𝝀

𝟗
 

It follows 𝑷 ≤
𝟏

𝟐𝒕
−

𝟒𝝀

𝒕𝟒
= 𝒇(𝒕) ≤ 𝒇(𝟐) =

𝟏−𝝀

𝟒
. 

From 𝑷 ≤
𝟏

𝟒
−

𝝀

𝟗
, with equality for 𝒂 + 𝒃 + 𝒄 = 𝟒, 𝒃(𝒂 + 𝒃 + 𝒄) = 𝒂𝒄, 𝒄 = 𝒂 + 𝒃, 

namely for (𝒂, 𝒃, 𝒄) = (
𝟒

𝟑
,
𝟐

𝟑
, 𝟐), we deduce that 𝐦𝐚𝐱𝑷 =

𝟏−𝝀

𝟒
 and the maximum is 

attained for (𝒂, 𝒃, 𝒄) = (
𝟒

𝟑
,
𝟐

𝟑
, 𝟐). 


