
 

JP.573 If 𝒂, 𝒃, 𝒄 > 𝟎 and 𝝀 ≥
𝟏

𝟒
 then: 

𝒂

𝒂 + 𝒃
+

𝒃

𝒃 + 𝒄
+

𝒄

𝒄 + 𝒂
+ 𝝀(

𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
) ≥

𝟑

𝟐
(𝟐𝝀 + 𝟏) 

Proposed by Marin Chirciu – Romania  

Solution by proposer 

With the substitution (𝒙, 𝒚, 𝒛) = (
𝒂

𝒃
,
𝒃

𝒄
,
𝒄

𝒂
) we have 𝒙𝒚𝒛 = 𝟏, 

𝒂

𝒂 + 𝒃
=

𝒂

𝒃(
𝒂
𝒃
+ 𝟏)

=
𝒙

𝒙 + 𝟏
=

𝒙

𝒙 + 𝒙𝒚𝒛
=

𝟏

𝟏 + 𝒚𝒛
 

𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
=
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
=
𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙

𝒙𝒚𝒛
=
𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙

𝟏
= 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 

The problem can be reformulated: 

If 𝒙, 𝒚, 𝒛 > 𝟎, 𝒙𝒚𝒛 = 𝟏 and 𝝀 ≥
𝟏

𝟒
 then: 

𝟏

𝟏 + 𝒚𝒛
+

𝟏

𝟏 + 𝒛𝒙
+

𝟏

𝟏 + 𝒙𝒚
+ 𝝀(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) ≥

𝟑

𝟐
(𝟐𝝀 + 𝟏). 

Proof: 

Denoting (𝒚𝒛, 𝒛𝒙, 𝒙𝒚) = (𝒎,𝒏, 𝒑) we obtain 

 
𝟏

𝟏+𝒎
+

𝟏

𝟏+𝒏
+

𝟏

𝟏+𝒑
+ 𝝀(𝒎+ 𝒏 + 𝒑) ≥

𝟑

𝟐
(𝟐𝝀 + 𝟏) 

which follows from: 

𝟏

𝟏 +𝒎
+

𝟏

𝟏 + 𝒏
+

𝟏

𝟏 + 𝒑
+ 𝝀(𝒎+ 𝒏 + 𝒑) ≥

𝑪𝑺 (𝟏 + 𝟏 + 𝟏)𝟐

𝒎+𝒏+ 𝒑 + 𝟑
+ 𝝀(𝒎+ 𝒏 + 𝒑) = 

=
𝟗

𝒎+ 𝒏 + 𝒑 + 𝟑
+ 𝝀(𝒎+ 𝒏 + 𝒑) ≥

(𝟏) 𝟑

𝟐
(𝟐𝝀 + 𝟏), 

where (1) ⇔
𝟗

𝒎+𝒏+𝒑+𝟑
+ 𝝀(𝒎+ 𝒏 + 𝒑) ≥

𝟑

𝟐
(𝟐𝝀 + 𝟏) ⇔

𝒎+𝒏+𝒑=𝒕 𝟗

𝒕+𝟑
+ 𝝀𝒕 ≥

𝟑

𝟐
(𝟐𝝀 + 𝟏) ⇔ 

⇔ 𝟐𝝀𝒕𝟐 − 𝟑𝒕 + 𝟗 − 𝟏𝟖𝝀 ≥ 𝟎 ⇔ (𝒕 − 𝟑)(𝟐𝝀𝒕 + 𝟔𝝀 − 𝟑) ≥ 𝟎, true from 𝒕 ≥ 𝟑 and 𝝀 ≥
𝟏

𝟒
, 

see 𝒕 = 𝒎+ 𝒏 + 𝒑 = 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 ≥ 𝟑√(𝒙𝒚𝒛)𝟐
𝟑

= 𝟑√𝟏𝟐
𝟑

= 𝟑. 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄. 


