
 
JP.572. If 𝒂, 𝒃, 𝒄, 𝒅 > 𝟎 then: 

𝒂√
𝒂

𝒂𝟑 + 𝟑𝒃𝒄𝒅
+ 𝒃√

𝒃

𝒃𝟑 + 𝟑𝒄𝒅𝒂
+ 𝒄√

𝒄

𝒄𝟑 + 𝟑𝒅𝒂𝒃
+ 𝒅√

𝒅

𝒅𝟑 + 𝟑𝒂𝒃𝒄
≥ 𝟐 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

Let be 𝒇(𝟎, ∞) → ℝ; 𝒇(𝒙) =
𝟑 𝐥𝐧 𝒙

𝟏𝟔
+

𝟏

√𝟏+𝟑𝒙
,     𝒇′(𝒙) =

𝟑

𝟏𝟔𝒙
−

𝟑

𝟐(𝟏+𝟑𝒙)√𝟏+𝟑𝒙
 

𝒇′(𝒙) = 𝟎 ⇒
𝟏

𝟖𝒙
=

𝟏

(√𝟏 + 𝟑𝒙)
𝟑 ⇒ √(𝟏 + 𝟑𝒙)𝟑 − 𝟖𝒙 = 𝟎 

Let be 𝒈: (𝟎, ∞) → ℝ; 𝒈(𝒙) = √(𝟏 + 𝟑𝒙)𝟑 − 𝟖𝒙 

𝒈′(𝒙) =
𝟗

𝟐
√𝟏 + 𝟑𝒙 − 𝟖,   𝒈′′(𝒙) =

𝟗

𝟐
⋅

𝟑

𝟐√𝟏 + 𝟑𝒙
> 𝟎 

𝒈′(𝒙) strictly increasing ⇒ 𝒈′ - injective 

𝒈′(𝒙) = 𝒈′(𝟏) = 𝟎 ⇒ 𝒙 = 𝟏 the unique solution  𝒇′(𝒙) = 𝟎 ⇒ 𝒙 = 𝟏 

𝑰𝒇 𝒙 < 𝟏 𝒕𝒉𝒆𝒏 𝒇′(𝒙) < 𝟎

𝑰𝒇 𝒙 > 𝟏 𝒕𝒉𝒆𝒏 𝒇′(𝒙) > 𝟎
 } ⇒ 𝒇(𝒙) ≥ 𝒇(𝟏) =

𝟏

𝟐
 

𝟑 𝐥𝐧 𝒙

𝟏𝟔
+

𝟏

√𝟏 + 𝟑𝒙
≥

𝟏

𝟐
; (∀)𝒙 > 𝟎 

For 𝒙 =
𝒃𝒄𝒅

𝒂𝟑 ⇒
𝟑

𝟏𝟔
𝐥𝐧 (

𝒃𝒄𝒅

𝒂𝟑 ) +
𝟏

√𝟏+
𝟑𝒃𝒄𝒅

𝒂𝟑

≥
𝟏

𝟐
   (1) 

For 𝒙 =
𝒄𝒅𝒂

𝒃𝟑 ⇒
𝟑

𝟏𝟔
𝐥𝐧 (

𝒄𝒅𝒂

𝒃𝟑 ) +
𝟏

√𝟏+
𝟑𝒃𝒄𝒅

𝒃𝟑

≥
𝟏

𝟐
    (2) 

For 𝒙 =
𝒅𝒂𝒃

𝒄𝟑 ⇒
𝟑

𝟏𝟔
𝐥𝐧 (

𝒅𝒂𝒃

𝒄𝟑 ) +
𝟏

√𝟏+
𝟑𝒅𝒂𝒃

𝒄𝟑

≥
𝟏

𝟐
     (3) 

For 𝒙 =
𝒂𝒃𝒄

𝒅𝟑 ⇒
𝟑

𝟏𝟔
𝐥𝐧 (

𝒂𝒃𝒄

𝒅𝟑 ) +
𝟏

√𝟏+
𝟑𝒂𝒃𝒄

𝒅𝟑

≥
𝟏

𝟐
     (4) 

By adding (1); (2); (3); (4): 

𝟑

𝟏𝟔
𝐥𝐧 (

𝒃𝒄𝒅

𝒂𝟑
⋅

𝒄𝒅𝒂

𝒃𝟑
⋅

𝒅𝒂𝒃

𝒄𝟑
⋅

𝒂𝒃𝒄

𝒅𝟑
) + ∑

𝟏

√𝟏 +
𝟑𝒃𝒄𝒅

𝒂𝟑
𝒄𝒚𝒄

≥
𝟏

𝟐
⋅ 𝟒 



 

𝟑

𝟏𝟔
𝐥𝐧 𝟏 + ∑ √

𝒂𝟑

𝒂𝟑 + 𝟑𝒃𝒄𝒅
𝒄𝒚𝒄

≥ 𝟐,           ∑ 𝒂√
𝒂

𝒂𝟑 + 𝟑𝒃𝒄𝒅
𝒄𝒚𝒄

≥ 𝟐 

Equality holds for: 𝒂 = 𝒃 = 𝒄 = 𝒅. 


