
 
JP.571 If 𝒙, 𝒚, 𝒛 > 𝟎, 𝒙 + 𝒚 + 𝒛 = 𝟑 then find the minimum value of 

𝑷 =∑
𝒚+ 𝒛

𝒙𝟑 + 𝟐
+
𝟏

𝟐
∑𝒙𝟐 
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Solution by proposer 

Lemma: 

If 𝒙, 𝒚, 𝒛 > 𝟎, 𝒙 + 𝒚 + 𝒛 = 𝟑 then: 

𝒚 + 𝒛

𝒙𝟑 + 𝟐
≥
𝟏

𝟐
(𝒚 + 𝒛) −

𝟏

𝟔
𝒙𝟐(𝒚 + 𝒛) 

Proof: 

We have 

𝒚 + 𝒛

𝒙𝟑 + 𝟐
=
𝒚 + 𝒛

𝟐
(
𝒙𝟑 + 𝟐 − 𝒙𝟑

𝒙𝟑 + 𝟐
) =

𝒚 + 𝒛

𝟐
(𝟏 −

𝒙𝟑

𝒙𝟑 + 𝟐
) =

𝒚 + 𝒛

𝟐
(𝟏 −

𝒙𝟑

𝒙𝟑 + 𝟏 + 𝟏
) ≥
𝑨𝑮𝑴

 

≥
𝑨𝑮𝑴 𝒚 + 𝒛

𝟐
(𝟏 −

𝒙𝟑

𝟑√𝒙𝟑 ⋅ 𝟏 ⋅ 𝟏
𝟑 ) = 

=
𝒚 + 𝒛

𝟐
(𝟏 −

𝒙𝟑

𝟑𝒙
) =

𝒚 + 𝒛

𝟐
(𝟏 −

𝒙𝟐

𝟑
) =

𝟏

𝟐
(𝒚 + 𝒛) −

𝟏

𝟔
𝒙𝟐(𝒚 + 𝒛) 

with equality for 𝒙 = 𝟏. Let’s get back to the main problem. 

Using the Lemma, we obtain: 

𝑷 =∑
𝒚+ 𝒛

𝒙𝟑 + 𝟐
+
𝟏

𝟐
∑𝒙𝟐 ≥

𝑳𝒆𝒎𝒎𝒂
∑(

𝟏

𝟐
(𝒚 + 𝒛) −

𝟏

𝟔
𝒙𝟐(𝒚 + 𝒛)) +

𝟏

𝟐
∑𝒙𝟐 = 

=∑𝒙−
𝟏

𝟔
∑𝒙𝟐 (𝟑 − 𝒙) +

𝟏

𝟐
∑𝒙𝟐 = 

= 𝟑 +
𝟏

𝟔
∑𝒙𝟑 −

𝟏

𝟐
∑𝒙𝟐 +

𝟏

𝟐
∑𝒙𝟐 ≥

𝑯𝒐𝒍𝒅𝒆𝒓
𝟑 +

𝟏

𝟔
⋅
(∑𝒙)𝟑

𝟗
= 𝟑 +

𝟏

𝟔
⋅
(𝟑)𝟑

𝟗
=
𝟕

𝟐
 

It follows that 𝑷 =
𝟕

𝟐
 and the minimum is touched for (𝒙, 𝒚, 𝒛) = (𝟏, 𝟏, 𝟏). 

 


