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PROBLEMS FOR JUNIORS

JP.5711fx,y,z > 0,x + y + z = 3 then find the minimum value of

y+z
x3+2 2

xZ

Proposed by Marin Chirciu — Romania
Solution by proposer
Lemma:

Ifx,y,z>0,x+y+ z=3then:

y+z 1,
x3+2_2(y+2) x*(y +2z)
Proof:
We have
y+z y+z(x3+2-x3\ y+z x3 y+z x3 AGM
= = 1- = 1- >
x34+2 2 x34+2 2 x34+2 2 x3+1+1

>

AGMy+z<1 x3 )

-2 33x3-1-1/)

_y+tz ¥\ y+z ¥\ 1 1,
== (1 3x>_ 5 <1 3)—Z(y+2) sy +2)

with equality for x = 1. Let’s get back to the main problem.

Using the Lemma, we obtain:

y+z 2Lemmaz: 1 1 ) 12 2
> —_— —_—— —_— =
x3+2 3 > <2(y+z) 6x (y+2) +2 X
1 1
Teiieo il

1 Holder (Zx)3 1 (3)3 7
=345 % "Z" +ZZ —9 3tg 9 T2

It follows that P = %and the minimum is touched for (x,y,z) = (1,1, 1).
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JP.5721Ifa,b,c,d > 0 then:

a b c d
—+b d|——=>2
a\]a3 + 3bcd + ‘/b?’ +3cda+c\J c3 + 3dab + ,/d3 + 3abc

Proposed by Daniel Sitaru — Romania

Solution by proposer
3Inx 1 ’ _ 3 3
Let be £(0, ) - R; f(x) = 16 + Vi+3x’ f(x) = 16x  2(1+3x)V1+3x

1 1
f(X)=0=>a=(1+—3x)3=>\/(1+3.X)3—8x=0

Let be g: (0,) » R; g(x) =/ (1 + 3x)3 — 8x
9 9 3
'"@X)==v1+3x-8, g'(x) == ———>0
g()zv g()221+3x

g’ (x) strictly increasing = g’ - injective

g'(x) = g'(1) = 0 = x = 1 the unique solution f'(x) =0>x=1

Ifx<1thenf’(x)<0} 1
> = —
Ifx>1thenf'(x)>0) > f@=fW) =3
31nx+ 1 >1 (Vx>0
= =, X
16 V1+3x 2
3 bc 1 1
Forx =2 = 2n (20) + —m2; W
a3

By adding (1); (2); (3); (4):
3 bcd cda dab abc 1 1
(et e )y
2
cyc

| .
16 '\ B & & 3bcd

4 39-RMM WINTER EDITION 2025-SOLUTIONS
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1n1+zﬂla3+3bcd_ Z \]a3+3bcd_

cyc

Equality holds for:a =b =c =
JP.573Ifa,b,c > 0and A > Zthen:

b
a b

Proposed by Marin Chirciu — Romania

a+b+c
a+b b+c c+a

+,1( )> 24+ 1)

Solution by proposer

a b c

With the substitution (x,y,z) = (b =

) we have xyz = 1,

a a X X 1
a+b_b(%+1)_x+1_x+xyz_1+yz

b ¢ a 1
—+—+—=—+
a b ¢ x

1 xy+yz+zx xy+yz+zx
+;= yry DTy =xy+yz+zx

1
y Xyz 1

The problem can be reformulated:
Ifx,y,z>0,xyz=1and 4 > %then:

1 1
1+yz+1+zx+1+xy

3
+ Alxy + yz + zx) = E(ZA+ 1).

Proof:

Denoting (yz, zx, xy) = (m,n,p) we obtain

ot T, tAm et ntp) 224+ 1)

1+m 1+n

which follows from:

1 1 1 cs (1+1+1)>2

A
1+m+1+n+1+p+ (m+n+p)= "m+n+p+3

+Am+n+p) =

3
- > —
m+n+p+3+/1(m+n+p) > 2(2)L+1),

m+n+p=t

where (1) & +tAm+n+p) 2321+ & Ziau2ir+ne

+n+p+3

S22 —3t+9—-181> 0 (t —3)(2At + 64 — 3) 20,truefromt23and/12i,
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seet=m+n+p=xy+yz+zx >33 (xyz)? =3V12 = 3.

Equality holds ifand only if a = b = c.

JP.574 In AABC the following relationship holds:

27< (a+b+c)? >27R
8 (a+b)(b+c)(c+a)  16r

Proposed by Marin Chirciu — Romania

Solution by proposer

Lemma: In AABC:

(a+b+c)3 3 4p?
(a+b)(b+c)(c+a) p?+712+2Rr
Proof:
(a+b+c) B (2p)? 3
(a+b)(b+c)(c+a) Yadbc—abc
8p3 4p?

- 2p(p? + 12 + 4Rr) — 4RTD - p?+1r?+2Rr
Let’s get back to the main problem.Using the Lemma we obtain:
Right hand inequality:

(a+b+c)3 B 4p? (2 27R
(a+b)(b+c)(c+a) p2+r2+2Rr ~— 167

2
where (1) & - ° 27K o »2(27R — 167) + 27Rr(2R + 1) > 0.

p2+r242Rr — 167
We distinguish the cases:
Case 1. If (27R — 167r) > 0 the inequality is obvious.
Case 2. If (27R — 161) < 0 the inequality can be rewritten:
27Rr(2R + 1) = p%(16r — 27R), which follows from Gerretsen’s inequality:
p? < 4R% + 4Rr + 372,
It remains to prove that:
27Rr(2R + 1) = (4R* + 4Rr + 3r*)(161r — 27R) &
54R3 — 47R%*r — 74Rr? — 9613 > 0

6 39-RMM WINTER EDITION 2025-SOLUTIONS
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< (R — 2r)(54R? + 61Rr + 481?%) > 0, see R > 2r, (Euler).

Equality holds if and only if the triangle is equilateral.

Left hand inequality:

(a+b+c)3 3 4p? (;) 27
(a+b)(b+c)(c+a) p?:+r2+2Rr - 8’
2
where (2) © L A AP 5p? = 27r(2R + r), which follows from Gerretsen’s

p%+r2+2Rr — 8
inequality: p? > 16Rr — 57r2. It remains to prove that:
5(16Rr — 51r%) > 27r(2R + 1) © 26R > 54r & R > 2r, (Euler).
Equality holds if and only if the triangle is equilateral.
JP.575 Find x, y € R such that:

Va2 +y2 +J(x -2+ (y—32+/(x -2 +y> +/x2 + (y —3)2 =10
Proposed by Daniel Sitaru — Romania
Solution 1 by Marin Chirciu-Romania
Using Minkowski inequality we obtain:
\/x2+y2+\/(x—4)2+(y—3)2 =\/x2 +y2+\/(4—x)2+(3—y)2 >
> Jx+4-x)2+(@y+3-y)2=5

. 4-
with equal for =2
y 3-y

Jax—02+y2+x2+(y-3)2=J@—-x)2+y2+/x2+(3-y)2 >
>J@4-x+x)?2+(@y+3-y)2=5

. 4—x x
with equal for — = —.
y 33—y

Adding the two equalities we obtain:

V2 +y2 +(x—4)2+ (¥ —-3)2+J/(x—4)2+y2 +/x2 + (y—3)2 =10

i X_dx o qbx o x _ (23
with equal for: 5= and =35 S (xy) = (2,2).

We deduce that the solution of the equationis (x,y) = (2;)

Remark: The problem can be developed. Let be 4 > 0 fixed. Being x,y € R such that:

7 39-RMM WINTER EDITION 2025-SOLUTIONS
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V2 + 2+ (x =402+ (y — 302+ (x — 412 + y2 + /22 + (y — 31)2 = 101

Marin Chirciu

Solution: Using Minkowski inequality we obtain:

V2 +y2+J(x— 402+ (y—302 =22 +y2 + /(41— x)2 + (31— y)2 =

. Y
> \/(x + 44— x)2 + (y + 34— y)? = 54, with equal forg = ;_;.

Ja—4D2 +y2 +x2+ (y—30)2 = (42— 22 +y2 +/x2 + BA—y)Z =
2\/(4A—x+x)2+(y+31—y)2= 51,

4A-x _ x
- 3i-y"

Va2 +y2 +J(x =402 + (y =302 +/(x — 402 + y2 + /22 + (y — 31)2 > 104

. X _ 4i-x 4A-x _ x _ 3_/1
with equal for; =315 and = sy s (xy) = (21, 2 )

with equal for

Adding the two equality we obtain:

We deduce that the solution of the equation is (x,y) = (21, 3?/1)

Note: For A = 1 we obtain Problem JP.575 from RMM Number 39, Winter 2025.
JP.575. Find x, y € R such that:

V2 +y2 +(x—4)2+ (y—3)2+/(x—4)2 +y2 +/x2 + (y — 3)2 = 10.
Daniel Sitaru — Romania

Solution 2 by proposer
Let be A(4,0); B(0,3);C(4,3);0(0,0)

8 39-RMM WINTER EDITION 2025-SOLUTIONS
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MO =/x% + y2; MC = \/(x — 4)? + (y — 3)2
AB =+/42 +32 =5 MA =\/(x—4)2+y2

MB =[x+ (y—3)%C0 =42+32=5
InAMOC: MO + MC > 0C

InAMAB: MA+ MB = AB

By adding:
MO+ MC+ MA+ MB =>0C+ AB

By adding:
MO+ MC+ MA+ MB =>0C+ AB

V242 +J(x -2+ (-3 +/(x—42+y2 + /22 + (y —3)2=10

MO+ MC+ MA+ MB =0C+ AB

Equality holds for {M} = OC n AB

xA+xB_yA+yB>_(4+0_O+3)_( 3) .3
M(z’ 2 )T\ )T \Bg) 7=y =,

JP.5761fa,b,c > 0,a+b+c=3and 0 < A < 3 then:
a’? b*> c? Aabc A+6

+—+—+ >
bc ca ab a?b+ b%c + c?a + abc 4

Proposed by Marin Chirciu — Romania

Solution by proposer

a?cs Xa) Ya’+2Ybc Ya?MA+6 Aabc
LHS=Z—Z = =2+ = + = RHS
bc — ) bc > bc > bc 4 Y a?b + abc
3 a? A+6 Aabc 3 a? A-2 Aabc
where (1) S22+ ﬁ = T T Y a?b+abc > bc = T T Y a2b+abc’

which follows from:
Lemma: Foranya,b,c > 0,a + b + c = 3 then:
a’b + b%c + c’a + abc < 4
WLOG, we can suppose that (b —a)(b—c¢) <0 © b? < ab + bc — ac

9 39-RMM WINTER EDITION 2025-SOLUTIONS
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It suffices to prove that: a?b + (ab + bc — ac)c + c*a + abc < 4 © b(a + ¢)? < 4,

which follows from AM-GM:

a+c a+c\3
b(a+c)? = a+c at+c _[(bt—H—+— _(a+b+c>3_(3)3_1

= <
4 2 2 3 3 3

It remains to prove that:

Ya? A1-2 Aabc
> +
Ybc~ 4 4

which follows from:

a?
=1
It suffices to prove that:
1>/1;2+Aabc®1_1—2>Aabc@6—l>labc@6—/1>abc
4 4 4 — 4 4 — 4 A

which follows from:

0<A<3 3 AGM
6—-1 a+b+c
1= (2222e) "2 gpe

Equality holds if and onlyifa = b = ¢ = 1.
JP.5771fx,y,z > 0,xyz = 1 and n € N* then:

x2n+1
Z —2>1
x+y+1
Proposed by Marin Chirciu — Romania
Solution by proposer

Lemma:If x,y,z > 0,xyz = 1 and k € N then:

Z Xt > z ok
Using Chebyshev’s inequality we obtain:

Chebyshev 1 AGM
Zx"“:Zx-x" > §szxk > i/x_yz-z.x":w-z:x":z:x"

Proof:

10 | 39-RMM WINTER EDITION 2025-SOLUTIONS
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with equality for x = y = z = 1. Let’s get back to the main problem.

Using Lemma we obtain:

x2n+1 x2n+2 cs (Z xn+1)2 (Z xn+1)2 (D
LHS = Z— = Z > = >
x+y+1 x2+xy+x Y2 +xy+x) XxZ+Yxy+Xx
(1) xn+1 2 xn+1 2 xn+1 (1)
S < ) _ 0 ) _ X > 1 — RHD
an+1 + an+1 + Z xn+1 3 2 xn+1 3

where (1) © Y x"1 > Y x2, Y ax"1 > Y a2 > Y xy, X a1 > Y x, Y 2" > 3, see
Lemma. Equality holdsifand onlyif x =y =z = 1.

Note.

For n = 2 we obtain the Proposed problem by Kostantinos Geronikolas in Mathematical

Inequalities 2/2022: If x,y,z > 0,xyz = 1 then:
x5
IREIE
x+y+1

Konstantinos Geronikolas - Greece

JP.5781f x,y,z>0andn € N,n > 2,in AABC holds:

xnaZn—l \/§
2
—(y n Z)n > a (61‘ )n

Proposed by Marin Chirciu — Romania

Solution by proposer

Lemma:

Ifx,y,z>0andn € N,n > 2, in AABC holds:
x"a?*"1 9 2F\"
- 2 _
y+2)"  2p <\/§)

Proof:

X 2 n X 2 " n
xtq2n-1 (ma ) Holder (Zy + Za ) Tsintsifas (2\/§F)
—_ = —_— = T on—2V%\ = 3n-2 .9y,
O+ Z a = 3n-2Y q = 3n-2.2p

_ 9 (z\/§F>" 9 (2F>"
“2p\ 3 ) " 2p\y3

11 39-RMM WINTER EDITION 2025-SOLUTIONS
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Let’s get back to the main problem. Using the Lemma we obtain:

LHS = ZxZna2n+1 Lergma 9 (ZF) 9 2np rn 9 ann 1
y+22» = 2p\y3/ " 2p 3)" 2 (\/g)”

Mitrinovic 9 Zn(3\/§1‘)n_ r"
> _.

2 (V3)"
32 2n(3r)n 1y 34/3 2n.3nynlpn (/3 V3
=_. (3n) = : =—.6" 12" 1 = __(6r2)" = RHS
2 V3 2 3 2 2r

Equality holds if and only if the triangle is equilateral. We have used above:
Lemma Tsintsifas:

If x,y,z > 0 then in AABC holds:

Za2 > 2v/3F
Proof:
Bergstrom
X _ i _ 2 _ x+y+z 2
Zy+z _Z(y+z+1 1)(1 =YX y+z -Xa =
> e i = v — 2 _ —
_(x+y+z)2(y+z) a (x+y+z)2(x+y+z) 2(p* —1r* —4Rr)

=2p?—2(pP*—-1r*—4Rr) =2(r> + 4Rr) = 2r(4R + 7).
We have used above the known identities in the triangle:
Ya=2pand) a® = 2(p?> — %> — 4Rr)
It remains to prove that: 2r(4R + 1) > 2V3S © r(4R+ 1) >/3rp © 4R + r > pV/3,

which is Doucet’s inequality.Equality holds if and only if the triangle is equilateral.

JP.579 Solve for real numbers:

(xy(x3 —y3) + yz(y? — 23) + zx(23 — x3)
xy(x—y) +yz(y — z) + zx(z — x)

X x3+y3+23=99

xy(x® —y3) +yz(y3 — 23) + zx(z3 — x3) 55
\xy(x? — y2) + yz(y? — z%2) + zx(z* — x?) ~ 9

=55

12 39-RMM WINTER EDITION 2025-SOLUTIONS
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Proposed by Daniel Sitaru — Romania

Solution by proposer
Denote: S =x+y+ 28, =xy+yz+zx;S3 = xyz.

xy(x® —y®) + yz(y® — 2°) + zx(z° — x°)

xy(x—y)+yz(y—z) + zx(z — x) =55

(x -y -2)z-x)x*>+y*+ 2> +xy+yz+2x)
x—-y)y—-2)(z—x)
x>+y*+z>+xy+yz+zx=55  S3-285,+S5,=55=>52+5,=55

55

xy(x3 —y3) + yz(y? — 23) + zx(2® — x3) 55
xy(x? — y2) + yz(y? — z2) + zx(z2 —x2) 9

x*+y?+z*+xy+yz+zx 55

xX+y+z 9

s¢-S8, 55 55 55
=—>—=—=>5,=9

S1 9 S1 9

§2-8,=55=>92-5,=55=>81-5,=55=>5, =26
¥ +y3+22=99, §,(52-3S,)+35; =99
9(81—-3-26) +35; =99 =9(81—-78) +35; =99
3§5;=99-27=5;=33-9=5; =24
Let be the equation with roots x, y, z:
w—SuP+S,u—5;=0
ud —9u? +26u—25=0
u-2)u-3)(u—-4)=0=>u; =2;u, =3;u; =4

Solutions: (x,y, z) = (2, 3,4) and permutations.
IP.5801fa, b > 0;x € (0, g) then:

[2¢ + sin? x] + [2® + cos? x| [2P +sin?x] + [2€ + cos®x] [2€ + sin®x] + [2% + cos? x] -
[22 + 2P] [2b + 2¢] [2€ + 29] -

[*] — great integer function.

Proposed by Daniel Sitaru — Romania

Solution by proposer

13 | 39-RMM WINTER EDITION 2025-SOLUTIONS
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2% +sin?x — 1 < [2% + sin? x]

2% + cos?x — 1 < [2° + cos? x]
By adding:
2% + 2b + sin? x + cos? x — 2 < [2% + sin? x] + [2? + cos? x|
20+ 20 +1—2 < [2% + sin? x] + [2? + cos? x]
2% + 2% — 1 <[22 + sin? x] + [2® + cos? x|
[2¢+2b —1] < [[2“ + sin? x] + [2® + cos? x]]
[2¢ + 2b] < [2® + sin? x] + [2° + cos? x]

[2%+sin? x|+[2P +cos? x]
[2a+20] =1 (1)

Analogous:

[2P+sin? x]+[2€ +cos? x|
[2b+2°] =1 (2)

c a2 a 2
[2€+sin? x]+[2%+cos? x] >1 3)
[2¢+29]

By adding (1); (2); (3):

[22 + sin? x] + [2? + cos? x] N [2P + sin? x| + [2¢ + cos? x]
[22 + 2P] [2b 4 2¢]
[2€ + sin? x] + [2% + cos? x] S 3
2° + 2] =

JP.581If x,y,z = 0 then:
[3*]-[3”] [3°]-[3%] [3”]-[3"]
[3x+y] + [3y+Z] + [3z+x] S

[+] - great integer function.
Proposed by Daniel Sitaru — Romania

Solution by proposer

Lemma: If a,b € [0, ©) then:
[a] - [b] <[a-b] (1)

14 | 39-RMM WINTER EDITION 2025-SOLUTIONS
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Proof:

[al < a;[b] <b=[a]-[b] <ab=|[[a][b]] <[a-b]=[a]-[b] <[a-b]
Back to the problem:
Wetakein(1):a =3%b =37

3X7.[3Y
[34]- (3] < [3*-3"] = B <1 (2)

Analogous:
[37]-[3%]
4] <1 (3)
[3%][3%]
[3z+x] S 1 (4)

By adding (2); (3); (4):
[3¥]-[3”] [3”]-[3%]  [37]-[37]
[3x+y] + [3y+z] [3z+x] =

Equality holds for x,y,z € N.

JP.582 In acute AABC; AA', BB’, CC' - altitudes; H — orthocenter;

m,, my,, m,.— medians; 1 —inradii. Prove that:

m? .\ m2 N m? - 81r%(tan 4 + tan B + tan C)
HA' HB' HC' = hi,tanAhp,tanB + h.tanC

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

. s + 4Rr + r? s? — 14Rr + r?
Flrstly,z m, > Z h, = —9r+9r = +9r

2R 2R
cyc cyc
s2 —16Rr + 5r2 + 2r(R — 2r)
= 2R +9r > 9r

Gerretsen Euler
( s?—16Rr+5r? > Oand2r(R-2r) > 0) Z m, > 9r - (1)
cyc
4R? sin B sin C

Now,HA’ = AA' — AH = h, — 2RcosA = R — 2R cos A

= R(cos(B—C) —cos(B+C)) —2RcosA = R(cos(B—C) + cosA) —2Rcos A
= R(cos(B—C) —cosA) = R(cos(B—C) + cos(B+ C)) = 2RcosBcosC ..

15 39-RMM WINTER EDITION 2025-SOLUTIONS
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HA' = 2R cos B cos C and analogs = HA' + HB’ + HC' = ZRZ cosBcosC - (2)

cyc

[IeycsinA
81r?(tanA + tanB +tanC) 81r’.tanAtanBtanC _ [leyc cos A

"h,tanA + h,tanB + h.tanC e (ZRZr_s - sin g) " rs YeyeC0sBcosC
sin A" cos

81r?

Again

R JlgccosA

4Rrs

_ 811'2. 8R3 _ 811"2
% } chc cos B cosC 2R2cyc cosBcosC
81r%(tan A + tan B + tan C) 81r?

R — 3 df. ll ’
h,tanA + hy tanB + h tan C ZchchOSBcosC_)( ) and finally

2
2 2 2 i
m? my m? Bergstrom (chc ma) via (1) and (2)

>
HA’  HB’' HC' - HA’ + HB' + HC’ -
81r? via(3) 81r?(tanA + tanB + tan C)
2RYccosBcosC ~ h,tanA+ hytanB + h.tanC

- m? N m? N m?  81r%(tanA + tanB + tan C)
"HA’ HB’' HC' ~ h,tanA + hytanB + h.tanC
" =""iff A ABC is equilateral (QED)

v A ABC,

Solution 2 by proposer

A'B =ABcosB = ccosB

m(£BHA') = m(ZAHB') = 90° — m(£A'AC) = 90° — (90° — m(C) ) = m(C)

tan(£BHA") A'B tan C A'B A A'B ccosB 2RsinC-cosB
= = = — = = = -
an HA' ~ Y T Ha tanC _ tanC sin C
cosC
1 2R sin Bsin C
HA' =2RcosBcosC, HA' = 2R = - -
1 sinBsinC
cosBcosC cosBcosC
2RsinBsinC 2RasinBsinC 2R -2RsinA -sinBsinC
HA' = = , HA' =

tanBtan C atanBtan C atanBtan C
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HA' = 2 - 2R? sin A sin B sin C 2F
atan B tan C atanBtanC
2. a 'Zha h
HA' = 2
atan B tan C tanBtan C
h h
HB' = b ' <

tanctana’ "¢ " anAtanB

mZ mi m? BERGSTROM (m, + my, + m.)?
HA' HB' HC(C o HA'+ HB' + HC'
(m, + my +m,)?

hll + hb + hC
tanBtanC tanCtanA  tanAtan B

_(mg +my, + m,)?-tanAtan BtanC 6otMAN  (97r)% - tan Atan Btan C 3
h,tanA + h,tan B + h.tan C ~ hgtanA+hytanB + h.tanC

B 81r%(tanA + tan B + tan C)
" hy,tanA + hytanB + h tan C

Equality holds fora = b = c.
JP.583 In AABC, a, b, c - sides, h,, hy, h, — altitudes, s — semiperimeter, the

following relationship holds:

h% .\ h N h? s (1 1 1 N 1)
b2+ c%  ¢% + a? a2+b2_ b ¢
Proposed by Daniel Sitaru — Romania

Solution 1 by Tapas Das-India

(a+ b+ )( +1+1>C;S9 (1+1+1) ) (1)
a ¢ b - or, b c a+b+c

Z h2 Z 22b2+202—a Z
b? + %~ b2+c2 4 b? + c? 4 b2+c2

6 1 a? \Nesbit6 13 9
4 4aL\p2+c? 4 4’2 8

9
2s

AN

< ==
T4 42

S 9 (é)s<1+1+1>
4°'a+b+c 4\a b
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Equality holds for an equilateral triangle.

Solution 2 by Marin Chirciu-Romania

LHS = AM- GM h? h? 1 sr 1 s 1 Fuler
-0 _ <
Z:b2+cZ - 2bc 2Z.bc 2 R a 2R -
Euler § /1 1 1
< ( ) RHS.
a b
We have used above:
4 2
a _ 4pr _ a 4F2 1 452y2 1 _ sr l
Z B Z' ez z:b _abcz _4Rrs2 _Rza

Equality holds if and only if the trlangle is equilateral.Remark: The problem cand be
strengthened and developed.

In AABC:
9r? h? Fmla 1 1
S Yt el
2R? b?% + c2 2R\a b
Marin Chirciu
Solution: Right hand inequality
AM_GM h2 1~xh? 1 sr~1 sr 1 Euler
LHS = Z < _INha _1srrl srrlBg
b2+c2 2bc 2 bc 2 R a 2R.Z.a
Euler § /1 1 RHS.
< -
- 4<a b )
We have used above:
hZ 4 1 h% art 4
a_ rry 1 he _ v oZ _ 4Pyl _4sfri1_ sr
ZE_ Rza'seezbc_zbc_abc2 _4Rrsz - 2

Equality holds if and only if the triangle is equilateral.

Left hand inequality

Z AM_GM 3 h2 [1h2 3 729716 _9r?
b? + c? = b2 r ez 1‘[(b2 + ¢2) = 216R® R2  2R?

We have used above:

2.2 Cosnita & Turtoiu

1.[1h% > 72971, see [ h, = ZTRS > 2713;

2. [1(b? + ¢?) < 216R®
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see [[(b? + ¢?) = 2[p® + p*(r? — 12Rr) + p*r?*(40R* + 8Rr —1r*) —r3(4R +1)3] <

< 216R®
Note: The right-hand inequality strengthens Problem JP.583 from RMM number 39, Winter
2025.
JP.583.In AABC:

Z h? <S(1+1+1)
b2+c2 " 4\a b c
Remark: We can write the inequalities

9r2<z h? <F(1+1+1)<S(1+1+1)
2Rz ~ b2+c2~ 2R\a b 4\a b c

Remark: In the same way:

Daniel Sitaru — Romania

In AABC:

In AABC:

Z — 23r
2R2 - b2 + c2 - ART
Marin Chirciu

Solution: The right-hand inequality

LHS — Z AM_GM r2 _1 r_§:1.8R2+2Rr—p2:
b? + ¢z - 2bc 2/L.bc 2 2Rr
B 8R? + 2Rr — p? Gerrétsen
4Rr -
Gerrétsen 8R? + 2Rr — 16Rr + 572 _ 8R? — 14Rr + 512 Elier 8R? — 2312
- 4Rr 4Rr - 4Rr
We have used above:
r2  8R? + 2Rr — p?
Z bc 2Rr
FZ
eSS - e

Equality holds if and only if the triangle is equilateral.

Left hand inequality
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r2  AM-GM 3 r 3| [Ir2 3|729R® 9r? 9R?
Yz 3 || |- >3 =3 o=
b? + ¢? b2 + ¢2 [1(b? + c2) 216R® 6R?2  2RZ

We have used above:

Mitrinovici
1.[[7r2 = 729r% see[[r,=rp? = 2713

2. [1(b* + ¢*) < 216R"®

see [[(b? + ¢?) = 2[p® + p*(#* — 12Rr) + p*r?*(40R* + 8Rr —1r*) —1r3(4R +1)3] <
< 216R®

Solution 3 by proposer

Lemma 1: (BERGSTROM’S REVERSED INEQUALITY)

ifa,b,c x,y,z> 0then:

2 2 2

x y x2+y? | yi4z? | 2 4at
b2+c2  c2+a2 ' a2+b%? — 4c? 4a? 4p?

z

(1)
Proof.

Inequality (1) can be written:

X24+y: yrazr gzl 52 y2 72
+ + — — — >0
4¢c? 4q? 4p? bz +c2 c2+a? a?+ b2
) ( 1 4 1 1 ) +y2 ( 1 4 1 1 ) 4
x 4b%  4c%2  b? + c2 y 4a2  4c? a?+ c?
N 2( 1 4 1 1 ) -0
z 4b%Z  4a?2 a2+ b%2)

, (b® +c?)? —4b*c? 2 (c? + a?)? — 4a®c? L2 (a? + b?) — 4a*b? >0
4b%c2(b? + c2) y 4azc%(a? + c?) z 4a?2b%(a% + b2) ~—
2 _ .22 2 _ 22 2 _ p2y\2
(b* —c*) 5 (¢ —a*) ) (a* — b*) -0

2 . .
4b%c2(b? + c2) Ty 4azc2(a? + c?) Tz 4a2b?%(a? + b%) —

X

Equality holds fora = b = c.
Lemma 2: (SANTALO’S INEQUALITY)
If AABC the following relationship holds:

h, <.s(s—a) (2)

Proof.
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3 Z_F 3 2\/s(s —a)(s—b)(s—0¢) B

a =

a a

- /G-b)( -0 -—sz(Z‘ D A

<s—b+s—c 2 s(s—a)_Zs—b—c 2./s(s—a)
= 2 ' a - a
_(a+b+c—b—c)\/s(s—a) a\/s(s \/T

a

Equality holds fora = b = c.
Back to the problem:
Wetakein(1):x = h,;y = hy;z = h,

h? @ hZ + h% @ Z (\/S(s - a))2 + (\/s(s - b))2 _

b2 +c%2 — 4c2 4c?
cyc cyc cyc
_Zs(s—a)+s(s—b) _Zs(s—a+s—b) B
B 4c? B 4c? B
cyc cyc
ZZs—a b Za+b+c—a b Z (1 1 1)
4 4- 4- c
cyc cyc cyc

Equality holds fora = b = c.
JP.584 Prove that in any triangle ABC the following inequality holds:
Z cos?’ﬂsingsinE > iz sin 4
2 2 2 16
cyc cyc
Proposed by Marian Ursdarescu and Florica Anastase — Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

Z 3A_B_c_z 2A< A_B_C)
COS 28111281112— COS 2 COSZSanSln2

cyc cyc

s(s—a) s—a S
:Z< bc '4R>:4R.4Rrs'za(s_a)2

cyc cyc
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16R2 Za ZSZ“ +Z

cyc cyc cyc

1 s(2R—-r)
B 16R2 8R?2

')
_16ZsmA——=)4R 2r>3R=>R>2r—>truev1aEuler

cyc cyc

" =""iff A ABC is equilateral (QED)

(253 — 4s(s? — 4Rr — r?) + 2s(s? — 6Rr — 3r2)) =

Solution 2 by Tapas Das-India

Z & Z Ssingsing
cos3 > sm s1n (——= 1€ sm > sin > sin )
sins >

cot3 LA
4RZ 4RZ <°°t cos _> = 4122“’t ( — s E)

Sll’l

1 )
4R<Zcot——2cos sin >_E(__E smA)

S 1 r ZsmA—R& Euler 1 111

:ﬁ_f'ﬁ sin A 7 SmA_E'Z'E sin A

42 sin4 ——Z sin4 = —Z sinA

Equality holds for an equilateral triangle.
Solution 3 by proposers

Z 3A_B_c_z A(l _2A>_B_C_
COS 2SanSan— COS2 sin 2 SanSlnz—

cyc cyc

Z A B Z A _,A_ B _ C_
COSZSIDZSID COS sin? 2SanSlnz—

cyc cyc

A B Czt A B A B_C A A
—COSZCOSZCOS2 anz anz Sll'lZSIIIZSln2 SlnzCOS2

cyc cyc

. . A B
But in any triangle holds Y., tan Jtan- = 1, therefore

Z ,A.B_C A B C A B _CC . A A
COS 2SlIIZSlIlz—COSZCOSZCOS2 Slnlenlen2 SlnzCOS2

cyc cyc
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A B c 1 z 4
= COS—COS—COS— — —sm sm—sm sin
2 2 2 2 2
cyc
. . . A B c
ButsinAd + sin B + sinC = 4 cos 5 €0S - cos -, therefore

Z 3A_B_C_Z_A(1 1 A B c)
COSs 2Sll‘l smz— sin ) ZSIHZSIHZSIHZ

2
cyc cyc

. . . A . B . C _1 .
But in any triangle holds sin_sin_sin < 3 Sowe obtain:

Z ;4 B C Z(l 1)'A
cos 2smzsmz_ 2 16 sin

cyc cyc

Equality holds for an equilateral triangle.

JP.585 In AABC,AA’, BB’, CC'are internal bisectors which intersect the
circumcircle of triangle in the points A", B", C"'. Prove that:

6 (R)2 5) < AA" N BB" N cc’ _ 1(7 Zr)2
r - AIAII BIBII C’C’l - 3 R

Proposed by Marian Ursarescu and Florica Anastase — Romania

Solution by proposers

AA" AA'+A'44" A4’ AA'"? w
I all = I all = I all + 1 = 1A I apll + 1 = 1A < 1A + 1 (1)
A'A A'A A'A AA'-A'A BA'-A'C

a%bc

But, from Law of bisector: BA' - A'C = bic? (2)

From (1) and (2), it follows:

AA"  Ab*c? A (b+c)? 1 4bc ,A
A'A”  (b+c)? 08y Tathe a2 %% 27
4s(s —a) (b+c+a)(b+c—a)
= +1= , =
a a

2_,2
= brot-a® | 4 “’:C) (and analogs)

a?
% (b+c)? 2
We must show that: 6 (7) —2)< Yeye " (7 - F)
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2

(b+¢)? 1 b+c 1/s2+ 1% —2Rr\’
E > E =2 >
a? 3 a 3 2Rr

cyc cyc

3

(b + ¢)? ¢Bs \ 2(b? + ¢?) a’? b?
Z a? = Z a? =Zz ﬁ-i_?

cyc cyc cyc

> _
2Rr R

Gerretsen 1 (14Rr - 4r2>2 1 21\ 2
= 3 - ( )

a b _R _da*>  b*? _R? .
— - = — - << —=-=2. .
But,b+a_r:bZ+aZ_r2 2. Finally, we get

Z(b+c)2<2<3R2—6>—6<R2 2>
az T T\ r? o\

cyc

PROBLEMS FOR SENIORS

SP.571 For given n = 3, prove that 3 is the largest positive value of the

constant k such that:
1 1 1
—+—++—-n=>k(a; +a; +--+a,—n)
a az a,
foranya, > a;, > --->a, 1=1=a, > 0with
aia, + a,as + -4 a,_1a, + a,a; = n.
Proposed by Vasile Cirtoaje — Romania

Solution by proposer

Choosing a, = --- = a,_; = 1, then inequality becomes ai + ai -2>k(ay+a, —2),
1 n

wherea; > 1 > a,, > 0 such that a,a,, + a; + a,, = 3. Let p = a,a,,. From
3=a4a,+a,+a,=p+ 2\/5, we get p € (0, 1]. Write the inequality as follows:

3%”_22:((1—1», (1-p)3 —kp) = 0.
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Itis true if and only if 3 — kp > 0 for p € (0, 1). From the necessary condition lirr11(3 —
p—>

kp) = 0, we get k < 3. To show that 3 is the largest positive value of k, we need to prove

the inequality

1 1 1
—+—+-+—+2n2=>3(a; + a; + -+ a,).
a a an

By the AM-HM inequality, we have Lo 52 wheres =2V -1 5 4 g, it
az an-1 A n-2

suffices to show that E > 0, where
E=i+i+ﬂ+2n—3[a1+an+(n—2)S].
a, a, S
By Lemma below, we have (n — 3)$? + (a, + a,,)S + a,a,, < n. Since the expression E
decreases when a; increases, we may increase a; to have
(n—-3)$*+ (a; + a,)S + a1a,, = n.

ajt+a,

Denoting x = , we need to show that

2x 4 n—2
n—(n-3)8%-28x S
for (n — 3)S% + 28x + a;a, = n.From (S — a,)(S — a,,) < 0, we obtain:

+2n-32x+(n—-2)S1=>0

2Sx > aa, +S* =n—25x — (n—4)S?
therefore
4Sx >n— (n—4)S>.

For fixed S, the desired inequality is equivalent to F(x) > 0, where

F(x) = 128%*x?> + [6(2n — 5)$? —4nS — 8n + 6]Sx +

+n—(n—-3)$?%][n—2+2nS —3(n— 2)5?%]

Since

F'(x) =248*’x+6(2n—5)S® —4ns? — (8n—6)S >

>6S[n— (n—4)$?] +6(2n—5)8% —4ns? — (8n—6)S
=6(n—1)S2—4ns*? - (2n—-6)S>6(n—1)S? —4nS* — (2n—6)S =
=n(n-3)S(§-1) >0,

F(x) is increasing, hence
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n-m-4)$*\ n3n-2)s*-4n-2)$3-2nS* +4nS —n -2
F(x) > F ( IS\ _ nl3( ) ( ) ]
45 4
_n(s-— 1?[3(n—2)S?+2(n—-2)S —n— 2] >0
= 2 >
The proof is completed. For k = 3, the equality occurs whena; = a, =--- =a, = 1.

Lemma:

Letn>3.I1fa; = a, =+ > a,, = 0suchthat a,a, + aa; + -+ a,a; = n, then
(n—3)$%*+ (a; + a,)S + a,a,, <n,

az+-+ap_1

where § =
n—-2

Proof:
For n = 3, the inequality is an equality. For n > 4, we write the desired inequality in the
homogeneous form:
(n—-3)$? + (a; + a,)S + a1a, < a;a; + aaz + - + a,a,,

which is equivalent to

mn-3)S?+a;,(S—ay) +a,(S—a,_,) <azas + -+ a,_,a,_;.
SinceS —a; <0and S — a,,_; = 0, it suffices to show that

(n—3)S*+a(S—az) + ap_1(S—a,_1) < azaz + -+ ap_,a,_4,

which can be rewritten as

aas; + -+ ap_,a,_1 = (n—3)$% + (a, + a,_1)S — a3 — a>_,.
Since the sequence a,, as, ..., a,_, and as, a,, ..., a,,_; are decreasing, by Chebyshev’s
inequality we have

(n—3)(azas ++a, a, 1) = (az + -+ a,_z)(az +-+a,4) =
=((n-2)S—a,_1)((n-2)S — a,).

Thus, it suffices to show that

(n-2)S—a,_1)(n—-2)S—a)2) > (
n—3 -

n—3)S% + (ay + a,_1)S — a3 — a?_,,
which is equivalent to
(2n—-5)s? — (2n—-5)(a; + a,_1)S+ (n—3)(a +a2_,) + a;a,_4, >0,
2n-5)2S—-a, —a,_1)*+(2n—-7)(a, —a,_1)*> = 0.
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Clearly, the last inequality is true.

SP.572 Let a, b, ¢ be positive real numbers such that a = min{a, b, c} and

a*bc > 1, and let

F(a,b,c) = Vabc — —————

S
+
S = W
alm

Prove that:
111
F(a,b,c) = F(—,—,—)
ab c
Proposed by Vasile Cirtoaje — Romania

Solution by proposer
Since F(a,b,c) > 0and F (i% %) = 0 (by the AM-GM inequality), it suffices to prove the

homogeneous inequality
1 111
F(a,b,c) = (a*bc)3 - F(—,—,—)
(a,b,c) = (a*bc) Py
for a = min{a, b, c}. Due to homogeneity, we may set a = 1, hence b, ¢ > 1. Thus, we

need to show that

(b3 — —P¢ S (heys | 3
c)3—— > (bc T~ .
b+ c+ bc (bc)3 1+b+c
Denote
b+c
s = > p = Vb,
with s > p > 1. The desired inequality is equivalent to
5 2
2 3 3p3
2s + p? 2s+1
4
2 2 p3 1
p3—1=3p3

2s+p? 2s+1)
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2 4 4/ 2
g (1) )

3p§ = (2s+p?)(2s+1)
Itis true if
2 1
1 . Zs(pS + 1)—p3
3p§ “(2s+p¥)(2s+1)
i.e.

4s> —2As+4p* >0, A= 3p%+3p§—p2—1.
For the nontrivial case A > 0, since
4(4s? —2As +4p?) = (4s — A)? + 16p* — A2 > 16p* — A’ = (4p— A)(4p + A),

it suffices to show that 4p — A > 0, which is equivalent to

p2—3p%+4p—3p§+12 0.
Denoting p = x3, we need to show that

x6—3x*+4x3-3x2+1>0,
that is

(x—1)*(x*+2x3+2x+1) > 0.

The proof is completed. The equality occurs fora = b =c > 1.

Remark. The inequality F(a,b,c) < F (%,%,%) is true in the particularcase a,b,c > 1

(which involves a*bc > 1).
SP.573 Let 4 > %fixed. Ifa b,c> 0,a+ b+ c < 4 then find the maximum

value of

p_ vabc A
“(a@a+b)(b+c) cla+h)

Proposed by Marin Chirciu — Romania

Solution by proposer

Lemmal:If a,b,c > 0 then:
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abc < 1
(a+b)(b+c) ™ 2Ja+b+c

Proof:

Using means inequality we obtain:

AGM
(a+b)(b+c)=b*>+ab+bc+ca=bla+b+c)+ac = 2/bla+b+c)- ac=

= 2 /abc(a + b + ¢), with equality for b(a + b + ¢) = ac.
Lemma 2: If a, b, ¢ > 0 then:

1 - 4
cla+b)  (a+b+c)?

Proof:

With means inequality we obtain:

c+(a+b) 2 c(a + b), with equalityforc =a+ b,soa+ b+ ¢ > 2,/c(a+ b) =

(a+ b + ¢)? 1 4

AN < >
s>(a+b+c)=4c(a+b)=>cla+b) < ) :>c(a+b)_(a+b+C)2'

Let’s get back to the main problem. Using the above Lemmas, we obtain:

B vabc A < 1 42
" (a+b)a+c) cla+b) 2ya+b+c (a+b+0)?

Denotingva+ b +c=twehave 0 <t < 2andPS%—ﬁ.

t4

Considering the function f: (0,2] - R, f(t) = 21 42

t ottt

321 t3

We have f'(t) = >00<t<21 > —. It follows that the function f is strictly
increasing on (0,2],so f(t) < f(2) = —%
Itfollows P < - — 2% = f(£) < f(2) = —*.

FromP<1 =, with equalityfora+ b+c=4,b(a+ b+ c) = ac,c=a+ b,

-h
\cp

namely for (a, b, c) = (g,g.

attained for (a, b, c) = G;Z)

2), we deduce that max P = 14;/1 and the maximum is
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SP.5741If a,b,c,d > 0; a®? + b? + ¢ + d? = 4 then:

1 N 1 N 1 N 1 N 1 N 1 - 3
(1+ab)® (1+4+ac)® (A1+ad)® (A+bc)? (1+bd)3 (1+cd)® 4

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

We have :
a’+b?+c?2>ab+bc+ca- (1)

a’? +b%? +d? > ab + bd + da - (2)

a’?+c?2+d?>ac+cd+da- (3)

b% +c% +d* = bc+cd + bd - (4)
and via (1) + (2) + (3) + (4),we get :

3(a? +b%? + c? +d?) > 2(ab + ac + ad + bc + bd + cd)

a?+b%+c2+d% =4

= 12 > 2(ab + ac + ad + bc + bd + cd)
)
=>ab+ac+ ad + bc+ bd + cd < 6 and via Radon,

LN SRR S SRR SRR SR
(14+ab)3 (14+ac)® (1+ad)® (1+bc)® (1+bd)3 (1+4cd)3
14 14 14 14 14 14
= >

A+ab)? (1+acd dA+ad? A+b0? (A+bd)?  (1+ecd)3 >
1+1+1+1+1+1)* via() 6" _6<6)3_3
(6+ab+ac+ad+bc+bd+cd)3 ~ (64+6)3 \12) 4

) 1 N 1 N 1 4 1 4 1 N 1 - 3

“"(14ab)? (1+4ac)® (1+ad)3 (14+bc)® (1+bd)3 (1+cd)3™ 4

Vab,cd>0|a?+b?+c2+d?=4"="iffa=b=c=d=1(QED)
Solution 2 by proposer

(a-b)?+(a-c)+(@a-d?+b-c)2+b-d?*+(c—d)?*=>0
a? — 2ab + b% + a? — 2ac + ¢* + a*> — 2ad + d?* + b* — 2bc + ¢* +
+b%? —2bd +d* +c* —2cd+d* >0
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3(a? + b%* + c* + d?) > 2(ab + ac + ad + bc + bd + cd)

3 34
ab+ac+ad+bc+bd+cdsi(a2+b2+c2+d2)=T=6
ab+ac+ad+bc+bd+cd<6 (1)

1 4 1 4 1 4 1 4 1 4 1 _
(1+ab)? (14+ac)® (1+ad)3® (@A+bc)® (Q1+bd)3 (1+cd)3
14 14 14 14 14 14
= >
Atab? (A+ac Atad? A+bo)?® A+bd)? Atcd? >
RADON 1+1+1+1+1+1)* (;)
~— (6+ab+ac+ad+ bc+ bd+cd)d —

- 6* B 64 6 3
~(6+6)3 8:-63 8 4
Equality holdsfora=b=c=d = 1.

SP.575 If x,y,z > 0, then prove that:

Yx?—Yxy 1 3(X x)?
8(Y x)? * (z:x)z:Zx+y+zS 4y xy

Proposed by Neculai Stanciu — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

Assigningy+z=a,z+x=b,x+y=c=>a+b—-c=2z>0,
b+c—a=2x>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>>hb
= a,b, c form sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r (say) :>Zx =s— (1),ny= 4Rr +r? - (2),

cyc cyc

Z x% =s?2 —8Rr — 2r? - (3) and now,

cyc

2
chc xZ - chc Xy + z x Z 1 < 3(ZCY‘J x)
2 —
8(2cyc x) cyc cyc 2x + y+z 4 chc ry

2
o chc xZ - chc Xy n z x Z 1 < 3(2cyc x)
2 —
8(ZCYC X) cyc cyc (x + Y) + (Z + x) 4 chc xy

o chc x% — chc Xy + z z 1 < S(ZCYC x)z

2 X =
8(chc x) cyc cyc c+b 4 chc Xy
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2
PN chc x% — chc Xy z 3 chc ab + chc a? < 3(2cyc x)

x|. <
8(Leye x)z L 2s(s?+2Rr+r2) = 43} xy
via (1),(2) and (3) s2 — 12Rr — 3r? N 4s? + s® + 4Rr +r? - 3s?
PN
8s? 2(s2+2Rr+r2) ~ 4(4Rr +r?)

& 6s*(s? + 2Rr +r1?) —

®
(4R +12) (452(55? + 4Rr +12) + (s? — 12Rr — 3r%)(s? + 2Rr +12)) | > | 0
and - P = 6(s? — 16Rr + 5r?)3 + (216Rr — 105r%)(s? — 16Rr + 5r%)% +

Gerretsen
2r?2(1140R? — 1327Rr + 299r?)(s? — 16Rr + 5r2) >
. in order to prove (x), it suffices to prove : LHS of () >P
? R
& 146413 — 3842t% + 1967t — 278> 0 (t = ;)

Euler

& (t—2)(1464t2 — 914t +139) > 0 > true ~ t > 2 = (x) is true

2
. chcxz_chch_l_ zx Z 1 <3(2cycx) Vxyz>0
.o Z f— ) ) )
B(ZCYC x) cyc cyc 2x+y+z 4chc xy
"="iff x =y =z (QED)

Solution 2 by proposer
2Ya?—-2Yab =Y (a—-b)?and

Yo (e -o-Y

Because 4(D. x) = ).(2x + y + z) the given inequality becomes successively
Xxt—-Yxy 1 3(X x)?
W*“Z"”“))(Zm)“’s Sxy 0

Yx:—-Yxy (2x+y+z—x—2y+z)2<3(Zx2—2xy)
2(Y x)?2 2x+y+z2)(x+2y+z) ~ 2 Xy
Y(x —y)? N (x — y)? 33X -y
4(Y x)?2 2x+y+z)(x+2y+2z)- 2)xy

It suffices to show that
(x — y)? N (x — y)? 3(x—y)?
43 x)?? x+y+z)(x+2y+2z)~ 2)yxy

If x = y, we have equality; if x # y we must to show that

L <3 1 and because
@x+y+z)(x+2y+2z) — 2% xy  4(Ex)?
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Q2x+y+2z)(x+2y+2z)=>(x+y+2z)?* >3 xy, it suffices to prove that

1 3 1
SnySZny_4(2x)2S4(Zx) <18 z —32xy=>

& 14(Y x)? = 3 Y xy, true. The proof is complete.

SP.576 If a,b,c > 1, then:

/1,1, 1 1 1 1
3la3 4+ b3 + 3 atb+c 2 TE atpte
3 3 N 3 3

Proposed by Vasile Mircea Popa — Romania

Solution by proposer

Without loss of generality, we may assumethatc>b > a > 1.

We write the inequality in the form E(a, b, ¢) = 0, where:

3 1 1 1 1 1 1
=3 3 31 3) —
E(a,b,c) =9(@a3 + b3 +c3)—(a+b+c) \/9(3+b3+c3)+< +_b+c>

We shall prove that: E(a, b,c) > E(a, x,x) = 0, where:

3 1 2 1 2
E(a,x,x) = 3/9(a3 + 2x3) — (a + 2x) — 9(—3+—3)+(_+_)
a  x

a X

and x = \Vbc = a;
a. We will prove the inequality: E(a, b,c) = E(a, x, x).

The inequality can be written as follows:

A—B >C—D,where: A=3/9(a3+ b3+ c3) —/9(a3 + 2x3);
9(bvb — cve)’
V9(a3 + b3 + ¢3) i +3/9(a3 + b3 + ¢2)3/9(a3 + 2x3) + (/9(a3 + 2x3) i
i
9(bvb — cve)’
2
(3\'/9()«:3 + b3 + c3)) + i/9(x3 + b3 + ¢3)3x + 9x2

A=

A=

2
B=a+b+c—(a+2x)=b+c—2x=(b—+c)
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3 1 1 1 3 1 2
c= (gt Plats)
9(bVb — cyc)"
2 2
3(1 1 1 3 1 1 1\ 1 2 3 1 2
x6<< $+ﬁ+c—s) +\[9(?+F+c_3)\[9($+?)+< 9(?*@))
9(bVb — cyc)
2
3 1 1 1 3 1 1  1\3 9
x6<<\[9(ﬁ+ﬁ+c—3)> +\[9(F+F+c_3)z+p>
9(bvb — )
2
x2 ((i/9(x3 + b3 + c3) +3/9(x3 + b3 + ¢3)3x + 9x2)

C <

1 11 /1 2 11 2 (b-vo)
a b ¢ \a x b ¢ «x x?2

To prove the inequality E(a, b, ¢) > E(a, x, x) it is enough to prove that:

9(bvb — cvc)

2 -(Vb—Ve) =
(3{/9(x3 + b3 + c3)) +3/9(x3 + b3 + ¢3)3x + 92
9(bVb — cvc)’ _(VB-vo)
x2 ((3;/9(x3 + b3 + (:3))2 +3/9(x3 + b3 + ¢3)3x + 9x2) o
Or:
(V5 —ve)’ 9(b + ¢ +Vbe)’ ).
(§/9(x3 + b3 + (:3))2 + i/9(x3 + b3 + ¢3)3x + 9x2

(\/E—\/E)Z 9(b+c+\/m2 _i

2 2
x2 <(§/9(x3 + b3 + c3) + i/9(x3 + b3 + c3)3x + 9x2) x
For b = c this relationship it is true (case of equality). For b # ¢ we will show that:

9(b + ¢ + Vbe) ( 1)_ 1

1-—|>1-=
2
(3\'/9(x3 + b3 + c3)) + i/9(x3 + b3 + ¢3)3x + 9x2

x2 x2
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2
9(b +c+Vbc) > (i/9(x3 + b3 + c3)) +3/9(x3 + b3 + ¢3)3x + 9x?

2

9(b +c +Vbe) > (3\[9(bcx/l§ + b3 + c3)> + 3\/9(bcx/E+ b3 + ¢3)3vbc + 9bc

Let us denote: y=g;0<ys 1

The previous inequality is written in the equivalent form:

9(y+1+ ﬁ)z > (3\/9(3;\/; +y3 + 1))2 + 3\[9(y\/§ +y3+1)3,/y+9y

But, we have forany y,0 < y < 1: 9(}’\/5"' y +1)< (19_03’ + %)3

Indeed, we calculate:

(190y+2 ) -9y fy+y*+1) =

= 1000 ——(1-./y)(1352y + 919y + 29,/y + 352y,/y + 919y%,/y + 29) > 0

Returning to the main inequality, it suffices to prove:

21 9 21
9(y+1+\/_) ( y+ﬁ> +(ﬁy+ﬁ)3\/§+9y

100(y +1 + ﬁ) - By +7)?*-10By+7),/y — 100y =
=158y + 91y* + 130,/y + 170y,/y + 51 > 0
Then, the inequality E(a, b, c) = E(a, x, x) is proved.
b. We will prove the inequality: E(a, x, x) > 0. We have to show that:
@2 - @+ 2 |95+ )~ (2 +7)
The inequality is successively written in the following equivalent forms:

9(a3 + 2x3) — (a + 2x)3

(3\/9(a3 + 2x3))2 +3/9(a3 + 2x3)(a + 2x) + (a + 2x)?

=
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3
_ (g +3) ~(a+3)
= 2
(pG+2) + PG+ 2 G+ G+Y
2(4a + 5x)(a — x)?

=
(3\/9(a3 + 2x3))Z +3/9(a3 + 2x3)(a + 2x) + (a + 2x)?

a31x3 2(5a + 4x)(a — x)?

=

ﬁ((i/ﬂﬁ + 2a3))2 +3/9(x® + 2a®) (x + 2a) + (x + Za)z)

2(4a + 5x)(a — x)? -
(3\/9(a3 + 2x3))2 +3/9(a3 + 2x3)(a + 2x) + (a + 2x)? -
2(5a + 4x)(a — x)?

=
ax (3\/9(x3 + 2a3))2 + ax3/9(x3 + 2a3)(x + 2a) + ax(x + 2a)?

The last inequality holds because:

a.4a + 5x = 5a + 4x, equivalent to: x > a.

3 2 3 2 .
b. ax (\/9(x3 + 2a3)) > (\/9(a3 + 2x3)) , equivalent to:
a’(x? —a3) +4x%(a® — 1) + 4a3x3(@®-1) >0
c. axy/9(x3 + 2a3)(x + 2a) = 3/9(a3 + 2x3)(a + 2x), results from inequalities b and d
d. ax(x + 2a)? > (a + 2x)?, equivalent to:
a(x® —a) +4x*(a* -1) +4ax(a*-1) >0
Thus, the inequality E(a, x,x) > 0 is proved.

So, the inequality in the statement: E(a, b, c) = 0 is also proved.

SP.577 Find all n € N* such that:

1
fo (sin x)?"2 . (cos x)*"dx > 21011

Proposed by Daniel Sitaru — Romania
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Solution by proposer

1
21011 < fo (sin x)?"2 . (cos x)®"dx =

1 1
= j (sin? x)™ 1. (cos? x)"dx = J cos?x - (sin? x - cos? x)" ldx =
0 0

1 ) L, ., n-1 AM-GM
= | cos x-(sm x (1 —sin x)) dx <
0

1 ) .o\ 2\"71
sin“x+ 1 —sin“x
Sfcoszx- dx =
0 2

vy 1 1t 1 1 1
= , cos x'22(n—1) dx=4n_1 | cos xdx<4n_1- . dx=4n_1

1
4_1011 < 4_n—1

>n<1012=n€({1,2,3,..,1011}

= 4m 1 < 41011 o5 — 1 <1011

sP.5781f x,y € (0,%) then:

log? ( sin 2x >+l ) ( sin 2x ) -
og>. 0 >
Bsinx sinx + cos x Bcosx sinx + cos x

Proposed by Daniel Sitaru — Romania

Solution by proposer

log? ( sin 2x )+lo 2 ( sin x )
Bsin x sinx 4+ cos x Blosx sinx 4+ cos x >

2
QM-HM
> =
= 1 + 1
los.. ( sinx ) lo ( sin 2x )
Bsinx sinx + cos x Bcosx sinx 4+ cos x
2
= : i =
log( _sin2x ) sinx + SinZ2x
sirreosx 108 cos x (sinx + cos x)
2

log( sin 2x ) sinx + log( sin 2x ) CcoSs x
sin x+cos x sinx+cos x
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2

" log, sinzx \(sinx+cosx)
(sinx+cos x)

sin 2x )

b — N |
sinx + cosx

2 10gsinx+cosx (

2

— | =logg; (sin x cos x)
sin x + cos x) Bsinx cosx

sin 2x
g 1Ogsinxcos x

2

sin 2x .
< sinxcosx

sinx + cosx

< 4 sin? x cos? x < sin x cos x (sin x + cos x)?
© 4sinxcosx < (sinx + cos x)? © 4sinxcos x < sin? x 4+ cos? x + 2 sin x cos x
& sin?x + cos?x —2sinxcosx >0 < (sinx —cosx)?2 >0

Equality holds for x = % S sinx = cosx

2 sin 2x 2 sin 2x
\/logsinx (sinx + cos x) + 10gcos x (sinx + cos x)
2

=>1

2 sin 2x 2 sin 2x
10g5in x (sinx + cos x) + 108505 x (sinx + cos x) >1
5 >

>+l 2 ( sin 2x )>
_— o — | >
sin x + cos x Bcosx sinx + cos x

) sin 2x
lOgsinx (

SP.5791If f:[a,b] - R; 0 < a < b; f — continuous then:

p2024

pA047 _ 44047 b
-+ j f(x)dx

252024 dy >
4047 ST A 2 075 ) s

Proposed by Daniel Sitaru — Romania

Solution by proposer
2 b 2
(xzozs _ f(x2°24)) >0 f (x2°23 _ f(x2°24)) dx >0

f: x4046 o o+ f: £2(x2924) dx — 2 f: x2023 f(x2024)dx > 0 (1)
For the integral fab x%923 £(x%924)dx denote:

y = x20%% = dy = 2024x%%%3dx

fx=a>y=a?%*

38 | 39-RMM WINTER EDITION 2025-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
fx=b=>y= p2024

p2024
f x2023 f(x202)dx = fazoz4 fQ)- 2024 dy = 20124 fa2024 f(x)dx (2)

Replacing (2) in (1):

b2024-

b b
j %047 dx + f F2(x?2%) dx — 2 - f(x)dx >0
a

2024 ,L2024

2024
b4048 —a b

4048 b
f fZ (x2024-) dx

4048 fGx) dx

- 1012 a2024
Equality holds for a = b.

SP.580Ifa € R;m,n > 1 then:

(2+cosa)™"™+ B3 +cosa)™+ (B +cosa)" < (3+cosa)™"+1
Proposed by Daniel Sitaru — Romania

Solution by proposer

Lemmal:lif x > 1;p > 1 then:
(x—1)P<xP—-1 (1)
Proof.
Letbe f:(1,0) > R; f(x) = (x—1)P —x? + 1
) =p-1P 1 —pxP~ ! =p((x - D1 —x71) <0
becausex —1 < x; (V)x > 1
f decreasing on (1, )
S;g{)f(x) =lim f(x) = lim((x - 1) —xP + 1) =
x>1 x>1
—(1-1)P-1P+1=-1+1=0
fXO<OM™Mx>1=>x—-1)P—-xP+1<0
x—1DP<xP-1

Equality holds for p = 1.

Lemma2:If x > 1; m,n = 1 then:

(x—1)Mm L xm L x" < x™" 4+ 1 (2)
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By (1):
x—1)m<xm™—-1 (3)
x—1D)"<x"-1 (4)
By multiplying (3); (4):
x-D"- x-D"<@™-1("-1)
(x —1)mtn < xmin _ xm _ x" + 1
(x—1)™mt 4 x™ 4 x" < x™™" + 1
Back to the problem:
We take x = 3 + cosa > 1in(2):
B3+cosa—1)""+ (3 +cosa)™+ (3 +cosa)* < (3+cosa)y™" +1
2+cosa)™ + 3+cosa)™+ (3+cosa)"<(3+cosa)™"+1
Equality holds form = n = 1:
(2+cosa)’+B+cosa)l + 3+ cosa)l =(3+cosa)? +1
4+4cosa+cos’a+6+2cosa=9+cos’a+6¢cosa+1
cos’a+6¢cosa+ 10 =cos’a+ 6cosa+ 10
SP.581 If x,y,z = 1 then:
1 1 1 1 2 ) 1 1
<;+;+;+xyz>(;+;+xy ) > <x+y+z+x—yz>(x+2y+x—yz)

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

(1+1+1+ )(1+2+ 2)>( +y+z+ 1)( + 2y + 1)
Xy z Y2)\x y Wy )=\xrTyTz XyZ xTay xy?
1 1 1 1

<:>§+§+E+xyz_1 >w_1®x2y2z2_1+chcxy—xyz(2cycx)
1 -1 2 2 1
Xtyt+ztys xty Ty xyz(x+y+Z+x—yz)

(x%y? — x%y") + (1 —y?) — (2xy — 2xy?)
= 2 1,2 2
Xy (E + y + xy )
PN Hcyc(a + 1)2 -1+ chc((a + 1)(b + 1)) - Hcyc(a + 1) . (chc(a + 1)) >

xyz(x+y+z+xiyz)
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(x’y? —x%y*) + (1 —y*) — (2xy — 2xy°)
1 2
2 (= = 2
xy (x + y + xy )
a’b?c? + 2abc Yoy ab + (Teye ab)2 + abc Yy a+ Yoy a®b + Xy ab? + 2abc

(x=a+1y=b+1,z=c+1)

< 1
xyz(x+y+z+x—yz)
(1-y»)(x%y* —2xy + 1)
1 2
2 (= = 2
Xy (Zx + y + xy )
a’b?c? + 2abc Yoy ab + (Teyecab)” + abeYeyca + Yeye a?b + Yoy ab? + 2abe

< 1
xyz(x+y+z+x—yz)
® —(y%2 —1)(xy — 1)?
> &y 1 );y ) - true + x,y,Z=>1=a,b,c> 0= LHSof (x) >0
2 (= = 2
xy (x+y+xy)
—(y? — 1)(xy — 1)?
> S 1 );y ) (v —(y?*—1) <0) > (%) is true
2 2
xy (§+§+xy)
°(1+1+1+ ><1+2+ 2>>( +y+z+ 1)( + 2y + 1)
”xyzxyzxyxy_xyzxyzxyxyz
vxyz=>1"=" iffx=y=1(QED)
Solution 2 by proposer

fx,y>1=>xy>1=>xy—-1>20x-1=>20y—-1>0
We will prove that:
%+§+xy2x+y+$ (1)
y+x+x2y? > x’y + xy? +1
X’y —1+x—x2y+y—xy>=>0
(xy - Dxy+1) —x(xy-1) —ylxy—-1) =20
xy—1xy+1—-x—-y)=0
xy - Dy -1)-(-1)=0
xy—1)(y—-1)(x—1) >0 (True)
We will prove that:

1,11 1
—_ —_ —_ > N
x+y+z+xyz_x+y+z+xyZ (2)
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1+1+1+ —1+1+ +1+ >
Tyt xyz—x y Xy — xy o Xyz >

® 1 1
> - _
_x+y+xy xy+Z+xyz

Remains to prove that:

1 1 1
+y+——xy+—+axyz=x+y+z+—
Xty xy Xy 7 XYZ =2 XTYyYTZ xyz

1 4 1 + 1 -0
xy xy+_txyz—z Xz
2

%(1—;>+xy(z—1)—

=0

(z—1)(z+1)>0

i-(z—1)+xy(z—1)—
Xyz

z+1)

1
(z-1) (— + xy —
xXyz z

1-—xy

(z—1)( +xy—1)20

xyz
(z—1)(xyz(xy—1)—(xy—1)) >0
(z—1)(xy—1)(xyz—1) >0 (True)
Lety = zin (2):
1+1+1+xyy2x+y+y+i
X ¥y )y xXyy

1.2 2 1
x+y+xy 2x+2y+xy2 (3)

By multiplying (2); (3):

(1+1+1+ )(1+2+ 2)>( +y+z+ 1)( + 2y + 1)
xyzxyzxyxy_xyzxyzxyxy2

Equality holds forx =y =z = 1.
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SP.5821If 0 < a < b then:

b—a

b
f (sin x)2s1"°* . (1 — sin2 x)1-si° ¥y >
a

Proposed by Daniel Sitaru — Romania

Solution 1 by Tapas Das-India

. 2 si 2 =2 1 =2 2 -2 2 2 GM—-HM
(sin x)?s1""*(1 — sin? x)1751""* = (sin? x)$1"" *(cos? x)°s"* >
sinZ x+cos? x
sin? x 4+ cos? x 1 (1)
sin?x cos?x 2
sin2x cos?x

b - - @ b
f (sinx)?s"*(1 — sin? x)1-5I" ¥ dx > J (f) dx =
a a

Equality holds for a = b.

b—a
2

Solution 2 by proposer

By weighted AM-GM:

by by  G1b1+ azby

a < ;aq,ay,by,b, >0

1 .
For:ay = ——;a; = b, = sin?x; b, = cos?x

n2x cos2x’
.2 2 =2 1 2

1 \Sinx 1 \Cos°x ——-sin“x + 5— + COS° X

( ) ( ) < sin?x cos? x

sin2 x cos? x . sinZ x + cos2 x

1 1 1+1
(Sinz x)sinzx (cosz x)coszx - 1
1

- - <
(Sin x)z Slnzx . (1 _ Sinz x)l—slnzx

. . 1
(sin x)Z sin x . (1 _ Sillz x)l—stx > E
b—a

2

b b
. . 1
f (sin x)25"°% . (1 — sin2 x)1-sin* * gy > f de =
a

a

Equality holds for a = b.
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SP.583 Prove that if x,y,z > 1 then:

1 1 1 1 1 1
2(—-I——+—>+xy+yz+zx22(x+y+z)-|——-|——+—
Xy z Xy Yz zX

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

2 Xy — XVZ X X — XVZ X
Desired inequality (chc y y chc )Zchc y chc y

XyZ XyZ
Deye Xy 1+ 2xyz
> 1> —
@(ny (2 + xyz) = Zx (1+2xyz)(:>zcycx 1> T xyz 1
cyc cyc
o Zoe(l@+ Db+ 1) -Toyela+ D) (a+ Db+ D(c+1) -1
Yeyca+3 "2+ (a+1)(b+1)(c+1)
ab + a a+ ab + abc
(x=a+1,b=y+1,c=z+1)<:)2cyc chc > chc chc

Yge@+3 T 3+abc+Xyca+ X cab

s a3 s aneY ab s abear2 Za> zab>+<za>z+

cyc cyc cyc cyc cyc cyc cyc

(zab>22<Za>2+<Za><zab>+abcza+3za+3zab+

cyc cyc cyc cyc cyc cyc cyc

sabe = abczab+<z ) (z ab>+<z ab>z 2 sabe

cyc cyc cyc cyc
We shall now prove that : for m,n,p > 0, we have : Z m > 3. i/m_np - (1)
cyc
Now, if m,n,p > 0, then, via AM — GM,Z m > 3.3/mnp and if :
cyc
exactly one or exactly two variables = 0, then : z m > 0 = 3.3/mnp and if :
cyc
m=n=p = 0,then: Zm = 3.§/m—np = 0 and hence, (1) istrue Vm,n,p > 0

cyc
and pluggingin: m = a,n =b,p = cand m = ab,n = bc,p = ca successively,

we get : (Z a) (2 ab) > (3.3abc) (3. A azbzcz) = 9abc

cyc cyc
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2
- LHS of (x) — RHS of (%) = abcz ab + 6abc + (Z ab) >0( ab,c=>0)

cyc cyc

_ 1 1 1 1 1 1
.°-(*)1strue=>2(—+—+—>+xy+yz+zx22(x+y+z)+—+—+—
X 'y 1z Xy Vi ZXx
vxyz=>1"="iffx=y=z=1(QED)
Solution 2 by proposer

fx,y>21=xy>21=2xy—-120x-1>20y—-1>0
We will prove that:
i+§+xy2x+y+$ (1)
y+x+x?y?>x’y+xy?+1, x*y?—-1+x—-x*y+y—xy?>0
(xy - Dxy+1D —x(xy-1) - yxy—-1) =0
xy—1Dxy+1—-x—y)=0
xy-Dx(y-D-@-1)=0
(xy—1)(y—1)(x—1) > 0 (true)
Analogous with (1):
Stotyzzytzio (2)
%+§+szz+x+$ (3)

By adding (1); (2); (3):
2(1+1+1>+ +yz+zx > 2(x+ +)+1+1+1
X y z XyryzTIx=aXxTyTz Xy Yyz xz

Equality holds for x =y = z.
SP.584 Let be the sequence (x,,)n > 1 defined by

x1 =1,x,42 =3x,4.1 — X, VN € N. Find:

n
n X
. 2k+1
b= i [ e
n-—oo X X
k=0 k k+1

Proposed by Marian Ursarescu and Florica Anastase — Romania
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Solution by proposers

The sequence (x,,),,>¢ verify a recurrence relationship by second order, then
1

3+v5\  [3-5\"
«E( 2 )‘( 2 )

We show that: x; + x5 + x5 + - + X3,_1 = x2,Vn € N*. We have:

Xp = ,vn € N,

2k-1

ettt _12":3+\/§ 1 (3-5
X1 T X3 T Xs x2n—1—\/§k_0 2 - 2

Using the formula of a geometrical progression, it follows:

<3_I_\/§>2n <3 _\/-§>2n ] ,
+ - 5| =x;

2k-1

\/gk

1
x1+x3 +x5+‘“+x2n_1=§

2 2

— 22 (=
X1 +XxX3+ X5+ 0+ X1 = X ; a2 a2 X2k+1  __ _
2 X2k+1 = Xpyq = X OF 7 " = Xpiq — X
X1+ X3+ X5+ Xoppr = Xy et
n n
X2k+1

et Xeis = (Xpp1 — Xp) = Xnyq

L= X T Xpr1 =

Therefore:

- .y n| 1 3_I_\/§n+1 3_I_\/§n+1 ~
nl—r>¥>lo xn+1_nl—r>£lo E 2 N 2 B

_ (3++5\ |1 [3+V5 (3-+5 3++5
=,l§2( 2 )Jﬁ[ 2 _<3+\/§>(3_\/§)l: 2

SP.585 Let f:[n — 1,n]| — [n,n + 1] be a continuous function such that

fn (1+xf'(x))dx <nf(n)— (n—1Df(n- 1),
n—-1

then prove:

j" dx _ 2 c N
_1f(x)_n+1’n

n

Proposed by by Marian Ursdarescu and Florica Anastase — Romania
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Solution by proposer

jn (1 + xf’(x)) dx<nf(n)—(n—-1)f(n-1) >
n-1

nf(n) — (n—1)f(n—1) - jn xf () dx = 1
n-1

But, using Integration by Parts method, we have:

[ o=~ [ rea
n-1 n-1

[ or@ax=nim-m-vfm-n-[ f@ax
n-1

n—-1

fn f(x)dx:nf(n)—(n—1)f(n—1)—jn xf'(x) dx > 1
n-1 n-1

F@-nm)(fx)—n-1)

For all x € [n — 1,n] and n € N* we have 75 <Oor
nn+1) 1 2n+1 1
fo0 - @n+ D+ =0, S"‘:’1f<ac>—n<n+1> AT D! X
n 2n+1 (" d d
,flf(x) n(n+1) x_n(n+ 1)L_1f(x) e
L | 2n+1
fn_lex) Samrp D) —reT e
L | dx < 2n+1 1 no1 2
L_lm x_n(n+1)_n(n+1) flf(x) “n+1

UNDERGRADUATE PROBLEMS

UP.571 Prove that is the least value of the constant k > 2 such that:
1 1
(ak +bk+ck)( +3+ )>9
for any positive real numbers a, b, c with at most one of them less than 1 and
a’+b°>+c>=3

Proposed by Vasile Cirtoaje — Romania
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Solution by proposer

By choosingb = 1,c € (0,1] anda = V2 = c>, the constraints are satisfied, and the

inequality is equivalent to E(c) > 0, where
1
E(c)—(a + ck +1)( +— +1) 9.

Note that ¢ = 1 implies a = 1. From a® + ¢® = 2, we get

4

@@ =—p a®=-1,

4c4a’ 4c

”(C) = 4 a”(l) = _8;
a

and

E'(c) = k(a*'a’ "1)< + = +1>+(a + ck +1)< I—l>,

c2
E"(6) = k[(k — Da*2(a")? + ak-1a" + (k — 1)ck- 2]( L1, 1)

+2k(a*ta’ + ck- 1)(———>+ (a* + c* + 1)< @ +%3:)2 C2—3>
We have E(1) = 0,E’'(1) = 0 and
E'(1)=3k(k—1-8+k—-1)+0+3(8+2+2)=6(k—2)(k-3).

Since E(1) = E'(1) = 0, the condition E" (1) > 0 is necessary to have E(c) > O for
¢ € (0, 1]. This condition implies k > 3. To show that 3 is the least value of the constant
k. we need to show that F > 0, where

F = (a3 +b3+c3)( +11,+1> 9.
Let

a=zb=>1=c.

For fixed a, assume that c and F are functions of b. By differentiating the equality
constraint, we get

b* +c*a’ =0, ¢ =—-b*c*

therefore
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1 1 1 -1 —c
F'(b) = 3(b?% + c%¢") <—+—+—>+(a3+b3+c3) —+ ‘
a b ¢ b? c?

1 1 1 -1
= 3(b* — b*c?) (— + -+ —) + (a® + b* + ) (— + b4c-6).
a b c b2
We will show that F'(b) > 0. Denoting x = g, we have
1 1 1
F'(b) = —=3c%(x* — x?) (E + A + E) +b72(a® + b3+ c3)(x° - 1).
Since x = 1 and a = b, we have

F'(b) = —=3c%(x* — x?) (E + %) +b72(2b% + 3)(x® - 1),

b
hence
F'(b 2 1
( )2 —3(x4—x2)(—+ 1>+(2x+—2)(x6—1)
c x x
(x? —1)(2x7 + 2x% — 2x* — 4x% + x? + 1)
(-1 (x— 1)(2x% + 2x5 + 4x* + 2x3 — 2x%2 —x - 1) >0
= pe > 0.

From F'(b) > 0, it follows that F(b) is increasing and has the minimum value when b is
minimum, hence when b = 1. Thus, it suffices to prove the desired inequality for b = 1.

We need to show that
1 1
(@®+c2+1) (—+—+ 1) >9
a c
fora>1>c>0Osuchthata® +c®> = 2.letS = aTJrC> %andp = ac. From the known

inequality a® + ¢® > 25°, we get § < 1, and from

2=a%+c%=(a%?+c?*)(a®+c3) —a*c*(a+ c) = (45* — 2p)(8S? — 6Sp) — 2Sp?,

we obtain
) 3 5 2 485 +1
55p° =208°p—-16S°>+1, p=285° — 55
We claim that
< 5582 —1
p —_ 4 4
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455+1>352+1
58 — 4

By squaring, the inequality becomes

that is

16(4S° + 1) > 55(35% + 1)2, 195°> —305% — 55+ 16 > 0,
(S —1)%(19S8% + 3852 + 275 +16) = 0

Write now the desired inequality as follows:
28
(883 —-6Sp+1) <? + 1) >9, 3Sp>+2(2+352-283)p—-S5(8s3+1)<0,

3(208%p — 1655 + 1)
5
48S° + 405* + 55 — 3 > 10(4S° + 352 + 2)p.

+2(2+352-28%)p—S(8S3+1) <0,

. 552-1
Since p < ——, we have
4

48S° + 408* +55—-3 —10(45%+ 352+ 2)p >
5(4S83% + 35% + 2)(55%2-1)
2
_ 4+105 —355% +205% +55* — 455 (1 -5)*(4 + 185 — 35?2 — 453) -
B 2 B 2 -

For k = 3 the equality occurswhena=b =c = 1.

> 48855 + 408* + 55 — 3 —

0.

UP.572 Prove that 25/17 is the largest positive value of the constant k such

that:
1 N 1 N 1 N 1 - 4
a’l+k b +k c2+k d:+k 1+k

for any nonnegative real numbers a, b, ¢, d with at most one of them larger

than 1 and ab + ac + ad + bc + bd + cd = 6.

Proposed by Vasile Cirtoaje — Romania
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Solution by proposer

Without loss of generality, assume that a,b,c € [0,1] andd > 1.For b = ¢ = 1, the

inequality becomes
1 4 1 S 2
a’+k d*+k - 1+K
under the constraint ad + 4S = 5, where S = a;—d. From5 = ad + 4S < §? + 4S5 and

5=ad+45 >4S,weget1 <S < %. Write the inequality as follows:
48% — 2ad + 2k 2
= )
(ad —k)? +4kS? ~ 1+k

452—2(5—4S)+2k> 2
(5—-k—4S)?+4kS? " 1+K
S—-1D[15-3k—(k+7)S]1=0

. 5 - 25
Choosing S = 2 we get the necessary condition k < 7 So, we only need to prove the

original inequality for k = g

If ¢, d are fixed, then the expression
Fo 1 N 1 N 1 N 1
a’+k b2+k c2+k di+k

has the minimum value when

1 1

Eab) = it Tk

has the minimum value. Denoting

x=ay=bA=c+dB=6-cd,
we haved > 0,B >0,x,y € [0,1]andxy + A(x +y) = B.For B=0,wehavex =y =0
(hence a = b = 0), while for B > 0, by Lemma below, it follows that E(a, b) (hence F,
too) has the minimum value for min{a, b} = 0 or a = b. By extending this result to any
two of a, b, ¢, it suffices to prove the original inequality fora = b = c¢,fora =0and b =
c,andfora=b = 0.

Case 1: a = b = c. We need to show that
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3 1 4

>
ik A rko1+k

for 0 < ¢ < 1 < d such that ¢? + cd = 2. The inequality is equivalent to
1-c®)*B-k—-c?))=0.

Itis true because3 —k—c2>2 -k > 0.

Case 2: a = 0 and b = c. We need to show that:

1 2 1 4

kT kT @ kT 11k
for 0 < ¢ < 1 < d such that ¢ + 2cd = 6. Write the inequality as follows:

2 2 2 1 1
Tk 1+k-1+k k d&+k
2(1-c?) - (k—1)(1-c*)(36 — c?)
(1+k)(c2+k)  k(1+k)[c*—43 —k)c? + 36]

It is true if
2 (k—1)(36 —¢?)
= )
c2+k kl[c*—4(3 —-k)c? + 36]
i.e.
25 4(36 — c?)
>
c2+k  c*—43—-k)c?2+36
It is true if
24 - 4.-36
1+k 0-43—-k)+ 36
i.e.
2 - 3 9> I
1+k~ 6+k’ -
Case 3: a = b = 0. We need to show that
2 1 1 4

— >
KTtk @tk 1+k

for 0 < ¢ <1 < dsuchthat cd = 6. Itis true if

i.e. k < 2.
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The proof is completed. For k = i—j, the equality occurswhena = b =c=d = 1, and also

fora=0,b=c=1andd = ;(or any cyclic permutation).
Lemma. Let A and B be positive real constants, and let x, y € [0, 1] such that
xy+A(x+y)=B.

If k > 1, then the expression

E— 1 4 1
T x2+k Yy’ +k

has the minimum value for min{x, y} = 0 or x = y.
Proof.

Let s = x + y and p = xy. We need to show that if

0<4p <s?
and
p+As =B,
then the expression
s? —2p+2k

E =
ks? + (p — k)?
has the minimum value for p = 0 (when min{x, y} = 0) or 4p = s? (when x = y). From
B=p+As=p+24/p

we get

P<p= (\/A2 +B—A)2,

with equality for 4p = s2. Since

k2_p2
e R e EAR L

where
AZ(K2 — pZ)

Fb) = 2 1op? — 2k(A% + B)p + ICA% + KB?

it suffices to show that F(p) has the minimum value m when p = 0 or p = p;. Write the

inequality F(p) = m as F,(p) = 0, where
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Fi(p) = —[(m + 1)A?% + km]p? + 2km(A4%? + B)p — (m — 1)k*A%? — kmB?>.

Since F,(p) is concave on [0, p,], it has the minimum value 0 whenp = O or p = p;.

UP.573 Let be 4 > 1 fixed. Find:

v k+1
lim

k=0

Proposed by Marin Chirciu — Romania

Solution by proposer

We have the sum of the geometric progression:

xn+1 -1
1+x+x2+ - +x"=—x#1
x—1
We derive the equality above:

!

xn+1_1
1+2x+3x2+---+nx"‘1=< 1 > =

nx"1—(n+1Dx"+1
(x —1)2

Multiplying by x, x # 0, the above equality:

nx"? — (n+ 1)x™! + x

x+2x*+3x3 4+ -+ nx" = 12

. 1 .
Replacing x = S we obtain:

n n+1 1

~k+1 1 1 1 3 n gmz - gt
Z P T R A ER T 1\
k=0 (7-1)
tﬂﬁri—%% -~ (/1—/11)2
G-1)
Then:
n 1
zl 1+1+1+ +1 L g A
- = — J— e _— = d
Ak 12z A4 1 a1
k=0 A
N S -_*
We obtain rlango Yh=0 iz and llm D= 01ok 50
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. Ck+1 2
nos L 2K ‘(,1—1)
k=0

2

UP.5741f 0 < a < b < 1 then:

b b b dxdydz , (P dx
L e s
a Ja Ja J1+xyz a V1 +x3
Proposed by Daniel Sitaru — Romania

Solution by proposer

1

V1+e3x

Letbe f:[0,1] » R; f(x) =

—3e3*
2(1 + e3*)V1 + 3

f' (%) —3e7@e™ 1) . [0,1]
x) = ;x €0,
4(1 + e3*)2V1 + e3*

x€[0,1]20<x<1=2>0<3x<3>1<e%*<é?
2<2e’*<2e¥2>1<2e?*-1<2e3-1

2e3* —1>1=>2e3*-1>0=> —-3e3*(2e3* -1) <0

f(x) =

f"(x) < 0 = f concave. By Jensen’s inequality:

F@ + £ + £ = 3f (22

1 1 1 3
+ + <
V1 + e3¢ \/1 + e3b V1 + e3¢ \/1 + eatb+c

Denote: x = e%;y =el;z=e =

1 1 1 3
+ + <
Vi+x® J1+y3 Vi+zd [1+xyz

[ e e oo ] 2
xdydz < —
aJada \WV1+2x3 [J1+y3 V1423 Y a o Ja J1+xyz

b dx b b rbdxdydz
s-ap [ <[ [ [ e
a V1+x3 a Ja Ja J1+2xy2

Equality holds for a = b.
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e yly+1)
2) || ey o @

Proposed by Said Attaoui — Oran — Algeria

UP.575 Calculate:

Solution 1 by proposer

Firstly, we can express

fol fooo €z i((yy++11))2)2 J J (igy_ >) ydx

Secondly, it is straightforward to confirm that

19 ( 1—y arctan(%))_ y(y —1)

23y x2+y2+ x C (x2 +y?)?

Therefore
1 o0 1
yiy+1)

[ [ dyax= [

0 o GHOFDRVTT
1
1[I 1 2
o\ x x o Z 2n+1

i (-D"
P 2n+1)2

1—y arctan (%) B

+ dx =
x2 + y? x

Solution 2 by proposer

Firstly, we can express

Lee o y(y+1) y(y — )
fofo CN O DAkt ff 2 1y

Secondly, substituting y by 1, we obtain

| [ e f T P = o
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_ j: jol(l _ y) (Z(_l)n_lnxz(n—nyz(n—l)) dy dx =
= ni:;(—l)"‘1 n (folen—z dx)2 - 2(—1)"‘111 <J01xz"‘2 dx) <f01y2"‘1 dy> =

C D" o (D o DM 10 (D
Lian-17 L@n-D@n) LEn-1DF 24@n-1

— (_1)n In 1 -D*"12n-1) B 1< (—1)n1
) Gn -2 Z G- DF "2, 17

Therefore:

e y+1) _
2.];.]; (x2+(y+1)2)2dydx_6'

UP.576 Find a closed form:

arctan(x)
0o V a0+ 1

Proposed by Vasile Mircea Popa — Romania

Solution by proposer

[ arctan(x) dx.

Let us denote: 4 = ||

x1°+

o arccot(x)

Vx1041

We also consider the integral: B = f

We have:

“arctan(x) + arccot(x) ([~ 1
pep [(Eren P4 A T
0 Vxl0 +1 2)y Vx10+1

We are going to calculate the integral:

“ 1
= T———dx
fo Va0 +1
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We use the following definition of Euler’s Beta function:

o] yp—l
B(P.‘I)=f0 W‘U’-

In the C integral we make the following variable change: x1° = y.

We obtain:

9
1 (* y 10

C=E

———dy.
° (1+y)s

Forp = 1—10 and q = 1—10 we can write:
C= 1 B( 1 1 )
10 \10'10/
We use the known relationship:
B(p,q) = I®r@ \yhere I'(a) is the Euler’s Gamma function.

Tp+q)’

We can write:

¢~ 1 (o)
()
So we can write:
(i)
A+B=5; - é‘)’ .

In the B integral we make the variable change x = %and we immediately obtain
B = A.
So we have:

()

)

We obtain the value of the integral required in the problem statement:
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m” (110)

RECl

Thus, the problem is solved.

UP.577 Find a closed form:

fl x*Inx p
X
0 X3+ xvx+1

Proposed by Vasile Mircea Popa — Romania
Solution by proposer

Let us denote:

; j‘l x2lnx p
=| —/——dx
0 X3+ xJ/x+1

2
In this integral we make the variable change: x = z3.

We obtain:

I_4j‘1 zlnz
“9), 22+z+1°7

We have, successively:

4 ('(1-2)zInz
— f Ldz
0

9 1-—23
1_4 fl zlnz p flzzlnzd
B 1-27" ), 1-8%
4
=§< 3"‘”andz—f Z 3”“lnzdz)

4w 1

=—z<f 3"“lnzdz—f 3"“lnzdz)
9 - 0

We will use the following relationship:

1, _ 1
fo x*Inxdx = - wherea € R,a > 0.

We obtain:

59 39-RMM WINTER EDITION 2025-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

I'= E; [(Bn 132 Gn 1 2)2]'

Or:

o 1

)

9 n+12
Ll

We now use the following relationship:

-1
¢1(x) = ;—(x ¥ n)?

where 1, (x) is the trigamma function.

- v w2

The following special value of triagamma function is known:

2
3)

(n

We have:

2

(1) =

We obtained the value of the integral required in the problem statement:

a5 ()]

UP.578 Prove the equality:

o

S
V2

Proposed by Vasile Mircea Popa — Romania

4 /xInx 1
X=—T

d 2
x+1D)x2+1Dx*+1) 8

Solution by proposer
Let us denote:

xInx
f (x + 1)(x2 +1D(x*+1)

dx;
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Ao 1 x*VxInx p _J‘l(l—x)x4 xlnxd
T, G+ DD+ DT T, 1— 8 o

B_f‘” x*/xInx _J""(l—x)x4 xInx
), D@+ D+ T, 1—x8

We consider the integral A.

We have:

11

9
A_jlelnxd JleInxd
~Jy 1—x8 o o 1—xB o

We will calculate:

1—x8

1
We make the variable change: x® = y; x = ys

9
Ix2Inx

A1=J dx
0

We obtain:
1 —il
1 y 16lny
Ay =— | —d
1562), 1-y ¥
We will use the following known relationship:
127 Inz gz = — (a+1),a € R\{—1,-2,..}, where Y, (x) is the trigamma function
We obtain:
A, = 1 (11)
1=~ 52%1 (16
We will calculate:
11
A - f1x2 lnxd
Proceeding similarly, we obtain:
A, = 1 (13)
2= "% (16

We obtained the value of the integral A:

1=t~y )+ ()
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. . . 1
We conside the integral B. We make the variable change: x = -

We obtain:

1
1 —_

t—1)t2Int
B=f( e
o 1-t

By proceeding similarly to the integral A, we obtain:
B=gal (56) - (53]
=62¥1\16) " ¥1\16

I=A+B

1=l (36) 1 (5) + 91 56) 1 35

We use the reflection formula:

Result:

2

1—-x)=——
wl + ‘pl( x) Sin2 (Tl'x)
We obtain:
( 3 ) N (13) 11'2 ( 5 ) (11) ?
16 16
Result:
[ = 2 1 1
64\ . ,3m __,5m
sin 16 sin? 16
We have:
1 1 — 32 sin? T
16 M 716
We propose to the reader to prove this equality.
Result:
1 yi4
I = ETCZ sin3 §
We have:
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.1 ,
smg—z 2-2

We propose to the reader to prove this equality.

Result:

Thus, the problem is solved.

UP.579 Find a closed form:

1 1
dx
f_l YA -2+ x)3
Proposed by Vasile Mircea Popa — Romania

Solution by proposer

Let us denote:

1 1
I= f dx
1A —2)2A + )3
In this integral we make the variable change: 1 + x = 2t.

We obtain:
1 3 2
sz t5(1—t)5dt
0
We use Euler’s Beta function:

B(p,q) = fol xP~1(1 — x)91dx, where p,q > 0

We set conditions:
Result:

So:
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)r(

2 3
[ B(E i) _ r(s)r(s) _ F(E
5’5 r(1) 5
where I'(a) is Euler’'s Gamma function.
We use the complement formula:
r(xr{a—-x) =—
sin(mx)
We have:
. T
sin (2?11)
The relationship is known:
2 1
— == /10 2V5
sm( 5 ) 2 +2v5
We obtain:
4
I =——mn
10 + 2v5

After some elementary calculations we arrive at:

[
= \/gn'

We obtained the value of the integral required in the problem statement.

UP.580If f:[a,b] —» [—1,);a,b € R; a < b; f continuous, then:

b 3 b
<f (1+f(x))dx> Z(b—a)3+3(b—a)2j f(x) dx

Proposed by Daniel Sitaru — Romania

Solution by proposer

First we recall Bernoulli’s generalized inequality:

Ifn € N*;xq, %5, ..., %, € [-1,0);%; - x; > 0; (V)i,j € 1, n then:

A+x)@+x) .- A+x)=214+Hx;+x,++x,
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For n = 2 we must prove that:

1+x)A+x)=1+x+x,
1+x1+x+x1x, 21+ x1 +x5
X1Xy = 0 (True)
Pn): [, (1+x)=1+X",x; (suppose true)
P(n+ 1): [T+ x) = 1 + XM x; (to prove)

n+1 n

P(n)
[[a+x=a+xu ] [a+x 2
i=1 i=1
n
= (1 +xn+1) . <1 + le) =
i=1

Il

-

+
M=

2

+

=

3

-

+

;&

X
1=

Kal

v

—

+
g

'__R

i=1 i=1 i=1
n+1 n n+1
zxi+zxi'xn+1 2 in
i=1 i=1 i=1

Yi1Xi Xps1 = 0 (true)
P(n) > P(n+1)
We take in (1):
x1 = f(x);x2 = f(¥); x3 = f(2); %1, %2, %3 € [-1,0)
(1+f@)A+FfO)A+F@D) =1+ )+ f) +f(2)
By integrating:

b /b b
f f f (1+ ) (1 +fW)(1 + f(2))dxdydz >

b ~b (b
> f f f (1+f(0) + ) + £(2) dxdydz

( e ([ ) ([ ') @)= [ b [ b [ "dxdydz+

+f:f:f:f(x)dxdyd2+Lbfabfabf(y)dxdydﬁLbLbLbf(Z)dxdde
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<jbf(x)dx>3 > (b—a)d +3fbf(x)dx-fbfbdydz

b 3 b
(f £(x) dx) > (b—a)* +3(b — a)zj £(x) dx
Equality holds for a = b.
UP.5811If 1 < a < b then:
2. b 2 243 2( 12 2 3(b
24(b - @) In—+ (b? — a?)* > 12(b — @)*(b? — @*) + 241n (E)
Proposed by Daniel Sitaru — Romania

Solution by proposer

The inequality can be written:

b b rbq b b
3 f —dxdydz+f f f xyzdxdydz >
a X a a

a

b b b b b b q
f f xdxdydz+f f f —dxdydz
a a a a xyZ

a a

b b b

fff —+— + +xyz)dxdydz>
a a a
b

b 1
L aL(x+y+Z+x—yz)dXdde

v
w

v

It is enough to prove that:
1,1 1 1
—_ —_ ) > R
x+y+z+xyz_x+y+z+xyZ (1)

We will prove by mathematical induction that:
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n

n
1 1
P(n):z—+x1x2 Xy > in +—
~ Xi = X1X2 * oot Xy

For x; = x;x, = y; X3 = z; n = 3 we obtain (1) by (2).

Suppose P(n) true:
1 1
P(n+1): XM =+ x5 . XpXpyq = 2 x; + ——————  (to prove)
Xi X1X2 . XnXn+1
n+1
I Dt
— + X1X3 ... XX = — X1Xg ... XpX =
L X; 142 n*n+1 4 X; Xns1 142 n*n+1
i=1 i=1
n
1 1
= Z —+ XX ... Xy — X1X2 o X T+ + X1X3 .. X Xpyq =
e X Xn+1
i=1
P(n) i 1 1
> Xi+t———x1X3 . x, + + X1X5 ... XX
- i X1X3 .. Xp 142 n Xnt1 142 n*n+1
Denote y = x{X5 * ... - X,. Remains to prove that:
n n+1
Z + 1 + 1 + > + 1
o ' Yy Xn+1 " o ' YXn+1
i=1 i=1
1 + 1 4 - 4 1
—-—Yy YXn+1 = Xn41
Yy Xn+1 " " YXn+1

Let’s observe that:
y=21,x,.1=1yx,.14=1or

y—1>20x,,1—-1=20yx,,1,—1>0 (3)
1 1

1
X - X + +-—vy>0 (toprove
y n+1 n+1 Xn+1 YXni1 y y ( P )

1, y*-1
tan -1 (123X
1y ) o y y
1 y-1 (y-Dy+1)
xn+1(y_1)+x+1' y - y =0
1 y+1
( —1)(x,, + _ )20
Y +1 YXn+1 Yy

( 1)( 1+ 1 1) >0
Y 1 YXni1 Y
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Xpy1— 1
¢ =D (xn - 1-22—) >0

1
)= 0
YXn+1

(¥ = Dxpe1 = D(@xp1 — 1) = 0 (true by (3))
Equality holds for a = b.

UP.582 Prove that exists X € M, 3(R); ¥ € M3,(R) such that:

(5= DG = D (1~

2 6 6
el Dy 5 )

Proposed by Daniel Sitaru — Romania

Solution by proposer

Let be:
1 1
_(1 a b\, _[_ )
X_(1 . b),Y_< b Zb),a,be]R
a -2a
1 1
_(1 a b\ [~ _
X-y_(1 . b) ( b 2b>—
a -—-2a

G abtab 1+2abzan) =1 1)

1 1

_ (1 a b\ _

YX—( b Zb)—(1 . b)—
a —2a

(1-1+1-1 1-a+1-a 1-b+1-b>

—-b-1+2b-1 —-b-a+2b-a —b-b+2b-b
a-1l1—2a-1 a-a—2a-a a-b—2a-b

2 2a 2b 2 6 6
=( b ab b? |=| 3 9 9
—a —-a*> -—ab -3 -9 -9

We take a = 3; b = 3 hence:

x=(i g g);Y=<—13 2)

3 -6
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UP.583 Solve for complex numbers:

x8 + 4x7 +22x% + 52x° + 69x* + 56x3 +28x2+8x+1=0
Proposed by Daniel Sitaru — Romania
Solution by proposer
x8 +4x7 + 22x% + 52x° + 69x* + 56x3 + 28x2 +8x+1 =0
x® + 8x7 + 28x% + 56x° + 70x* + 56x> +28x2 +8x+ 1 —x® —4x7 —6x° —4x5 —x* +x8 =0
(x+1)8—x*(x*+4x3+6x2+4x+1)+x8=0
x+1)8—x*(x+1)*+x8=0

x+1\% ax+1\*
(57) -(5) =0
x x

8 4

(1+;) —(1+;) +1=0

1+y)2-A+p*+1=0

1
Denote T=Y

Denote (1 +y)* =u

w—-u+1=0

1+iV3 T . W

u =———=cosz+ising

_1-iV3 5n'+__ 5T

u, = ——— =cos— +isin—
A+t =u

i3 i3
1 4 _ ”~ P
1+y) c033+151n3

4 LS [ 4
1+y=Jcos§+ls1n—={Zo,Z1'Zz'Z3}

3
%+2k7‘[ o %+2kn -
zk=cosT+lsm 2 ke 0,3
T+ 6km T+ 6km
zk=cosT+isinT;ke ,
1+y)*=u,
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4 5m 5w L,
1+y= |cos— +isin— = {zy,2z],2) 25}

3 3
5T1t+2k1t 5T1t+2k1t L eT3
- . . I=
zZy cos—4 +lsm—4 ; 03
. 51l'+6k1l'+_ . 51t+6k1t_k603
z, = cos 12 isin 12 ; E

ye=-1+z;y,=-1+2,;k€0,3

1 1 ,
—=—1+Zk;x—,=—1+zk;k60,3

S SV keo03
xk_—1+zk'xk_—1+z;(’ ’
The solutions are:
1 -
Xk = T+ 6km . . 11:+6k11';k60’3
—1+cosT+lsmT
1 1 N
X = 5m+ 6km . . 511'+6k11"keo’3
—1+cosT+lsmT

UP.584 Leta,b,c,d > 1and f: [a, b] — [c, d] a continuous function for

which 34 € (a, b) such that

A b
aff(x)dx+bff(x)dx2a+c
a A

then prove:

f” X p <(1+1)b2—a2—2
— x_ JR— J—
a F(X) a b 2

Proposed by Marian Ursarescu and Florica Anastase — Romania

Solution by the proposers

Let F:[a,b] - R, F(t) = fat f(x) dx. Because f is a continuous function, the function F is

derivable and F'(t) = f(t),Vt € [a, b] we have:
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b 1BP b b b
j xf(x)dx = xF(x)IZ—f F(x)dx = bf f(x)dx—f F(x)dx
a a a a
Using Mean Value Theorem:

32 € (a, b) such that f: F(x)dx = (b —a)F(2) or

b b
f xf(x)dx = b j Fx) dx — (b— a)F(2) =

2 b ) 2 b
=b d dx |- (b— dx = d b d
(faf(x) x+ [ 1o x) - | fodx=a| f@dx+b| fedx
Therefore,
af:f(x) dx+bflbf(x) dx = f:xf(x)dxz a+c (1)

On the other hands, we have:

(c— f(0)(ax — xf(x))
f(x)

<0,Vx € [a b] ©

1 ) —éxf(x)(:

(cx+ax)+xf(x)<0<:)f( )_(a b

f()
b

]%x)dx (1+%>fbxdx—af xf(x)dxg

x 1 1\b*-a®> 1 1 b x 1 1\b*—a?-2
L fo™s R R e R fﬂx) <(zte)—2—
UP.585 If f: (0, 0) — (0, ); f continuous and

f(3)+7()=2f(55) (Mxy > Othen (v) a,b > 0:

fabfabfabf(x_l_;y_l_z)dxdydz=(b—a)zjabf(;)dx

Proposed by Daniel Sitaru — Romania

b

Solution 1 by Tapas Das-India

We know thatf f(p)dp =f f(g@)dq (1)
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Q1 @)ar(y) or. 1) =2(10)1()

Using this we get:

reryes) = lergrm) =10+ (5) -
=;Qew;@ewfen}ew9+aew;maa>
[ sl a2 [ [ (3G () osaes-
AL L Q) a3 [0 v [ 12

b

= (y)g(z)g fabf (;) dx+ 7 (x)Z(Z)Zfa

1(5) ay+ 0%k [ " (2)ar e
=% (b—a)zj;bf(%>dx+% (b—a)zj;

PR s 0-ar [ 1(3)ax=
=~ [ r(3)ar

)+ =2(5) @
rG)+rG)=2(5) @
FO+rQ)=2(G;) @

b

Solution 2 by proposer

By adding (1); (2); (3):
(1@ +1()+1 () -2(r (c35) 1 () + 1)
FO+rC)+rG)=rGH) GGy @
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Replacingy - y+zin(1);z - z+ xin(2); x - x + y in (3) we obtain:

FO+ R =2 () ©
O+ =2 (5 ©

O+ (&)= o

By adding (5); (6); (7):

1) +rG) G ) )+ (5) = )

Using (4) we obtain:

r)+rG) G )+f( )+ f(1)+f(§)=6f(x+§+z)

2(1()+rG) 7)) = or ey
(x+y+z) )+ ()

[ 1 H;Hamwn
[ (G 1By +r ) anares-
:L”f(l)dxfdyfdﬂfdﬁf dyfdz+fdxfdyf
= w-ar [ (3 axs - ayfa”f(;)dmb v [’ f(;)dz:

:3(b—a)2fabf<%>dx

[ lerbamarar=o-as 1o

By integrating:
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