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In acute AABCa # b # ¢ # a,
O — circumcenter, I — incenter, H — orthocenter, R’,s’, r’'are

the circumradius, semiperimeter, inradius of AOIH.Prove that
s'<V2R' + (V2 -1)r
Proposed by Dang Ngoc Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
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We will first prove the lemma that OIH > T
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OIH>T<:>COSOIH< —gcn/i.lo.nk OH? — 10? — IH?

& J2R(R — 2r)(4R? + 4Rr + 372 — 52)
< (9R? + 8Rr + 2r% — 25%) — R(R— 2r) — (4R* + 4Rr + 3r? — %) = 4R* + 6Rr — 1% — 52

Since 4R? + 6Rr —r? — s = (4R? + 4Rr + 3r% — s2) + 2r(R — 21)
> 0, then after squaring we

get the equivalent inequality
2R(R — 21)(4R? + 4Rr + 312 — s2) < [(4R? + 4Rr + 312 — s%) + 2r(R—2r)|"
© 0 < (4R + 4Rr + 312 — 52)" + 2(R— 2r)?[s% — (2R +71)7],
which is true since
s>2R+r (Ciamberlini's inequality). So the proof of the lemma is complete.
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Now,we have inany AABC, s=a+ (s —a) = 2RsinA + rcoti,then, in AOIH,we have
— OIH
s’ =2R'sinOIH +r' cotT,
- - x = - n
and since x — sinxand x - cotE are strictly decreasing on (E' n) ,then
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o OIH 3m
s' =2R'sinOIH + 1’ cotT < 2R’smT + 1’ cot g -

V2R + (V2 - 1)



