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In AABC can degenerate into a straight line, k =

1+ 32V2 ++/64V2 — 67

m= 16 ,the following relationship holds :

a b c a b c b ¢
m(—+ )> +—+—>301- k)+k( +o )
a b b ¢ a b

Proposed by Dang Ngoc Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Leta=y+zb:=z+x,c:=x+Yy, x,¥,Z=>0.WLOG,we assume that
z = min{x,y, z},then

Ju,v>0suchthatx=u+z,y=v+zsoa=v+2z,b=u+2z,c=u+v+2z

a b ¢y _a b c
m(z+a+b>>b+ +- & m(a?b + b%*c + c*a) = ab? + bc? + ca?

em[w+22)%(u+22)+ u+22)*u+v+22) + (Uu+v+22) (v + 22)]
>W+22)u+22)?%+ u+22)(u+v+22)?2+u+v+2z)(v+22)>

o mfu? + 2u%v + 3uv? + v3 + 8(u + v)?z + 24(u + v)z? + 247°|
>ud +3uv+ 2uv? +v3 + 8(u+v)?z + 24(u + v)z? + 2428,

Since m > 1, so it suffices to prove that

m(u® + 2u?v + 3uv? + v3) = ud + 3ulv + 2uv? + V3,
This inequality is true for v = 0.
Assume now that v > 0. The last inequality is equivalent to

t3+3t2+2t+1
>
t34+2t24+3t+1

= f(t),where t = % > 0. (1)

We have

—t*+208 +502+2t-1  —[2+(2V2-1)e+1][2 - (2V2+ 1)t + 1]
BB +2t2+3t+1)2 (t3+2t2 +3t+1)2

—[tz+(2x/§—1)t+1]<t—1+2‘/§_2“5+4‘/§>(t—1+2‘/§+2\'5+4\/§>

(B3 +2t2+3t+1)2 ’

f'=
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€[0,00

1+2V2+V5+4V2 1+32V2+V64V2—-67
=>tmax)f(t) =maxif(0), f > = maxi1

=m.
which completes the proof of (1).
Now, we have

a
b

b c a b c ) ) ”
+—+—23(1—k)+k<—+—+—)<:)ab + bc* + ca
c a c a b
> 3(1 - k)abc + k(a?b + b*c + c*a)

e W+22)u+22)%*+ u+22)(u+v+22?%+ u+v+22)(v+22)>
>31-kw+22)(u+2z)(u+v+2z)
+k[(v+22)%(u+22)+ (w+22)*w+v+22)+ U+v+22)% v+ 22)]

o ud +3u?v + 2uv? +v3 + 8(u+ v)?z + 24(u + v)z% + 2423
>3(1 - k)[u?v + uv? + 2(u? + 3uv + v?)z + 8(u + v)z* + 82°]
+ k[ud® + 2u?v + 3uv? + v3 + 8(u + v)?z + 24(u + v) 2% + 242°]

oud—uwr? +v3+2(w? —uv +v?)z > k[ud —u?v +v3 + 2(u? —uv + v?)z|,
Since k < 1,so it suffices to prove that
ud —uv? +v3 = k(ud — u?v +v3),

This inequality is true for v = 0. Assume now that v
> 0. The last inequality is equivalent to

t2—-t+1

k Sm:g(t),wheretzgz 0. 2)
We have
Lo —ttr28 -2 42t—1 [+ (V2-1D)e+1][2 - (VZ+1)e+1]
9= 3 -t +1)? Bl (83 —t2 +1)2
_[tz+(ﬁ_1)t+1]<t_1+\/§—2\/2\/§—1>(t_1+\/?+2\/2\/i—1>
- 3 —t2 +1)? ’

{g<1+\/7—2\/m>

= Ayn,9(8) = min Jim 9@}

|43 +4v2 - /344V2 - 235
= min 16 ,1

=k

which completes the proof of (2). Equality holds iff AABC is equilateral.



