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In any A ABC the following relationship holds :

3+ 342 3-4 —9abc +2(a+b+c¢)3
5 abc + (a3 +b3+c2) <a’b+b%c+c?a< 1(5 )

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Lets—a=x,s—b=y,s—c=zandthen:s=x+y+zanda=y+z,
3
b=z+x,c=x+yandso,152a2bs—9abc+2 Za

cyc cyc
3

& 16 Zx —91_[(y+z)—152((y+ z)z(z+x))

cyc cyc cyc
()
& Zx3 + 9Z:xy2 — 6Zx2y— 12xyz 0
cyc cyc cyc

Now, F(x,y,z) = LHS of (*) is a cyclic homogeneous polynomial of degree 3
and so, via CD3 (cyclic polynomial of degree 3) theorem, in order to prove (), it suffices
to prove : F(1,1,1) > 0 AND F(x,y,0) = 0 and indeed,F(1,1,1) = 0 and F(x,y, 0)
=x3 +y3 +9xy? — 6x%y = x(x* —6xy +9y?) +y3 =x(x —3y)2 +y3 >0
( x,y > 0) .. via CD3 theorem, F(x,y,z) = LHS of (x) > 0
—9abc +2(a+b +¢)?

15

. a’b + b%c+ c%a <

3+34 3-34

.abc +

and again,

.(a® + b3 + ¢3) < a?b + b%c + c?a

o V4. Za3—3abc +6Za2b—3 Za3+3abc >0

cyc cyc cyc

&S m Z(y+z)3—3n(y+z) +6Z((y+z)2(z+x))—

cyc cyc cyc

3 Z(y+z)3+31_[(y+z) (m = W)

cyc cyc

e mz 23+ (9-3m)xyz — SZny (2) 0
cyc cyc
Now, G(x,y,z) = LHS of () is a cyclic homogeneous polynomial of degree 3
and so, via CD3 (cyclic polynomial of degree 3) theorem, in order to prove (*x),
it suffices to prove : G(1,1,1) = 0 AND G(x,y,0) > 0 and indeed, G(1,1,1)
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=3m+9-3m—-9=0andG(x,y,0) = V4. (x3 +y3) —3x2y > 0
? X ?
Va3 +1)-3t2>0 (t=;)=)4(t3+1)3—27t620

©4t° —15t° + 122 +4 2 0 & (t° - 2)*(4° + 1) 2 0 > true =~ t > 0
= via CD3 theorem, G(x,y,z) = LHS of (xx) >0
3+V4 3-34
5 .abc + .(a® + b3 + c3) < a’b + b%c + c%a and so,

3+34 3-34
> .abc +

—9abc +2(a+b +c¢)3
15

(@3 +b3+c3) <a’*b+bic+cta<

v AABC,"” =" iff A ABCis equilateral (QED)



