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If x/y2 + 2 4+ y/x2 + 2 = 46 then prove that :

Ve +2+y2+2-x—-y=>2V6—-4
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

2 2
(x.w/y2 + 2) = (4\/3 —y.Jx%+ 2)
= x%(y? +2) = 96 + x%y? + 2y% — 8y.\/6x2 + 12

>y2—4y./6x2+12+48—-x*=0

_ 4./6x% + 12 4+ 96x2 + 192 — 192 + 42
- 2

:y=2.\/m+5xory=2.M—5x
Ify=2.\m+5x,then:
x. y2+2+(2.\/m+5x).m=4\/3
> xy? +2+2v6.(x2 +2) +5x./x2 + 2 = 4V6
:x(m+2\/3.x+5.\/m)(;)Oandwhenxzo,

Jy? + 2+ 2V6.x + 5.4/x% + 2 is trivially > 0 and when x < 0,

25x% 4+ 50 — 24x?
VY2 +2+2V6.x+5/x2+2=yz+2+
5.7/x2+2—-2V6.x

2
x“+ 50
=\y?+2+ - > 0andso,\y2+2+2V6.x+5./x2+2>0
5Vx4+2—-2v6.x

=Yy

Vx,yERandso,(*)::»x:Oandthen:y=4\/§

>VaZ+2+y2+2-x—-y—2V6+4=v2 +V50-4V3 - 2V6 + 4

=2(3V2-2V3-V6+2)>0=>Vx2+2+/y2+2-x-y>2V6 -4

()
[Case 2|Ify = 2.4/6x2 + 12 — 5x,then: x +y = 2.y/6x2 + 12 — 4x = t (say)
=24x* +48=16x* +t> + 8xt=>8x* —8t.x +48—t> =0and = x € R,

discriminant > 0 = 64t> —32(48 —t?) > 0> t> > 16

Sx+y=>4orx+y<-4|landift=x+y < —4,then:2./6x2+12—-4x=1t
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<—4<0=2V6x24+12<2x<2|x|=26x*+12<4x>=22x*+12<0

— impossible . x +y > 4 — (1) and also,y = 2.4/6x% + 12 — 5x
= (y+5x)% =4(6x* +12) > x* + 10y.x +y> —48 =0

=|x =—-5y+2.{/6y?+ 12|and if x = -5y — 2.,/6y? + 12, then :

?
x+y=—4y—2.,/6y? + 12 and we shall show that : -4y — 2.,/6y? + 12 <— 4

?
© 2(1—-y) <+6y?+12andit’s trivially trueif : 1 —y < 0 and for 1 —y > 0,

2(1—-y)<yJ6y2+12 © 6y% + 12> 4+ 4y? — 8y © 2(y + 2)? = 0 - true
LX+y=-4y—2.6y2+12< —4;but D)=>x+y=>4
SX+y#—4y—2.4/6y2+12 > |x + -5y —2.4/6y% + 12

(D)
~x = 2../6y2 +12 — 5y and so, (+) and (s¢) = /6x2 + 12 + \/6y% + 12

_y+5x+x+5y
2 2

=3(x+y) >V6x2+12++/6y2 + 12 —V6.(x +y)

C BV aty) s 4(3—VE) = V6.(2V6— 4)

= \/x2 +2+ \/yZ +2-x-y=>2V6—4and combining both cases,

xAy2+24+y Va2 +2=4V6=>x2+2+y2+2-x—y>2V6—4,
"="iffx =y =2 (QED)




