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If x\/y2 + 1 4+ y/x% + 1 = 21/2 then prove that :
V2 +1+Jy2+1—-x—-y>2V2-2
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
2 2
(x. Vy? + 1) = (2\/5 —y.vxz+ 1)

=>x%(y?+1) =8+ x*y> +y? —4y.J2x2 +2=>y* —4y.\/2x2 +2+8—-x*=0

_ 4.V2x?+2 +V32x% + 32 — 32 + 4x?
- 2

:y=2.\m+3xory=2.M—3x
[Case 1]If y = 2./2x% + 2 + 3x, then : x. y2+1+(2.m+3x).m
=2VZ o x Y2 +14+2V2. (32 + 1) + 3x. /a2 + 1 =2V2
:x(m+2\/§.x+3.M) (*=)0andwhenx20,

Jy2+ 1+ 2vV2.x + 3.4/x% + 1is trivially > 0 and when x < 0,

9x2 + 9 — 8x*?
VY2 +1+2V2Z.x4+3./x2 +1=y2 +1+
3.Vx2+1-2vV2.x

x2+9
=.y2+1+ >0andso,\y2+1+2V2.x+3./x2+1>0
3.Vx2+1-2V2.x

V x,y € R and so, (*) :>x=0andthen:y=2\/§

=Yy

SV +14y2 +1—x—y—2V2+2=14+3-2V2-2V2+2

=23-2V2)> 0= Va2 +1+y2+1-x—-y>2V2-2

)
[Case 2|Ify = 2.4/2x2 + 2 — 3x,then: x +y = 2./2x2 + 2 — 2x = t (say)
=>8x?2+8=4x2+t?+4xt=>4x* -4t x+8—-t?=0and ~ x € R,
discriminant > 0 = 16t2 —16(8—t?) > 0=>t2 > 4

=(x+y>2o0rx+y<-2|andift=x+y < -2,then:2.y/2x2+2-2x=t<
—2<0:m<xs|x|=>2x2+2<x2=>x2+2<0—>impossible
~x+y=>2- 1) andalso,y = 2./2x%2 +2 — 3x = (y + 3x)% = 4(2x> + 2)
>x2+6y.x+y2—8=0=|x=—-3y+2./2y2+2|andif x =
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-3y — thhen x+y——2y ZMandweshallshowthat:
-2y — 2m< 21— y<mandlt str1v1allytrue1f
1- y<0andfor1 y >0,then:1— y<\/2yzi+<:>2y +2>1+y -2y
<:>(y+1)2>0—>true x+y=-2y—-2-2y2+2<-2ZbutD=>x+y>2

ax+yE—2y—2.J2y2+2=|x#-3y—2.2y2+2

.'.x(;) 2.4/2y2 + 2 — 3y and so, (+) and (s¢) = /2x2 + 2 + /2y2 + 2
+3x x+3
=y2 + 2y=2(x+y):\/2x2+2+\/2y2+2—\/i.(x+y)

via
®

=(2-V2)(x+y) = 2(2-v2)=v2.(2v2-2)
>Vx2+1+ Jy? +1—x—y > 2V2 — 2 and combining both cases,

xAy2+1+y Va2 +1=2V2= a2 +1+y2+1-x—-y>2V2-2,
"="iff x =y =1 (QED)




