ROMANIAN MATHEMATICAL MAGAZINE

If a,b,c > 0,then prove that :

4a* + (b—-c)? 4b%*+ (c—a)* 4c%+ (a—Db)?
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2a2 +b2+c2  2b2+c24+a?2  2c?+a?+b?

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
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Assigningb+c=x,c+a=ya+b=z>x+y-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>x,z+x>y=>xYyzform
sides of a triangle XYZ with semiperimeter, circumradius and inradius
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=s,R,r (say); then : Z a=s- (1),abc =r?s - (2),2 ab = 4Rr +r? - (3),

cyc cyc
Z a? = s2 — 8Rr — 2r? - (4),2 a’b? =r?((4R +1r)? — 2s%) - (5),
cyc cyc

via (1),(2),(3),(4),(5) and (6)
Z a®b® = (4Rr + r?)3 — 12Rr3s? - (6) - (%) S

cyc
(s? —8Rr — 2r2)3 — 2(4Rr + r?)(s? — 8Rr — 2r?)% +
2r2((4R 4+ r)? — 2s2)(s? — 8Rr — 2r?) + r?s2(s? — 8Rr — 2r?) +
3r*s? — (4Rr +r?)® + 12Rr3s?2 > 0 &

(**)
s® — (32Rr + 11r?)s* + r?(352R? + 212Rr + 31r?)s? — 21r3(4R +r)3 | > |0 and

P = (s?—-16Rr + 5r?)3 + 2r(8R — 13r)(s? — 16Rr + 5r?)? +
Gerretsen

12r%(8R? — 25Rr + 18r?)(s?> — 16Rr + 5r2) > 0 - in order to prove (*x),
? ? R
it suffices to prove : LHS of (xx) > P © 4t3 — 19t + 28t— 12> 0 (t = ;)

? Eul
© (4t-3)t—-2)2>0> true - t uZer2=>(=|<=|<)=>(>|<) is true
.4a2+(b—c)2+4-b2+(c—a)2+4c2+(a—b)2
" 2a24+b2+c2  2b2+cZ+a?  2c2+a?+b?
" =" iffa =b = c (QED)

>3Vab,c>0,



