ROMANIAN MATHEMATICAL MAGAZINE

Ifa,b,c>0anda+ b+ c+ 2 = abc, then prove that :

\/E+\/B+\/ES;W

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Leta=x+1b=y+1,c=z+1andthen:
x+y+z+5=(x+1)y+1)(zZ+1)=>xyz+xy+yz+zx =4

:Z((2+y)(2+z))—(2+x)(2+y)(2+z)=4—(xy+yz+zx+xyz)=0

cyc

:-Zizl—)(m) (“24+x=a+1>1>0and analogs) and setting :
cyc

1 1 2a o _ 1 1
2+x=i—a=>x=l_a—>(1);SImllarly,settmg:mzi—[}and
1 1 viza(m)l 1 1 1 .
2+c=E_Y:>1 = E—“+——B+——Y=>“+B+Y=§—’(l)

1 1
Wenotethat:B+y=i—a=ﬁ>0andsnmllarly,y+a>0anda+B>0
2y

. 2p
~(1)and (i) 2 x = and analogously,y = Yt )

and z =

2a
B+y .
and via such substitutions,va + Vb +/c < E.Vabc

\/BZTO‘+1+]Y2TB()(+1+]%+1S
;\/<%+ 1) (yZ-I—Ba+ 1) (aZ-IYB-I_l)

\/Y+Z jz+x \/X+Y. \/(Y+Z)(Z+X)(X+Y)
<™ XYZ

X=B+y>0Y=y+a>0Z=a+B>0)

Y+ Z 8(cve X cve XY
NOWZ f = /ZOHZ) f X 2 \/ (2y9))(%y )
cyc cyc cyc

3 \/9(chcx)(ZCYCXY) (ZeyeX)(Zeye XY) AM_GM 3 \/9(chcx)(26y‘:XY) — 9XYZ
=5

9XYZ 2 9XYZ
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3
= (*)istrue=>\/5+\/5+\/zsi.\/abc

XYZ

Va,b,c>0|a+b+c+2=abc,”=” iffx=y=z=1
=>"="iffa=b=c=2(QED)
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