ROMANIAN MATHEMATICAL MAGAZINE

If a,b,c > 0 then prove that :

(b + ¢)(b? + ca) >4(ab+bc-|—ca)
bz +bc+cz2 a+b+c

cyc
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

WehaveV a,b,c,u,vyw>0,(b+cu+ (c+a)v+ (a+b)w >
2,/(ab + bc + ca)(uv + vw + wu) — (1) and choosing :
b? + ca c?+ab a’+bc
uzbz+bc+c2’v=c2+ca+a2'w=a2+ab+b2ln@'weget:
(b+c)(b®+ca) (c+a)(c®+ab) (a+b)(a?+bc)

+ +
b2 + bc + ¢2 cZ + ca + a? a? + ab + b?

(b2 + ca)(c? + ab)
2 <Z ab). £ (b2 + bc + ¢2)(c% + ca + a?)

cyc

Yeyc ab’ + abe Yoy a?b + (chc az)(chc a?b?) +

_, <Z ab) abc Yoy a3 + 2 Yy a®b3 + 2abe ((chc a)(Zeycab) — 3abc) v
cyc (Zeye @2)(Zeyc a?b?) + abe Teye @3 + Yoye ab3 + =

\ 2abc ((Yeye @) (Zeye ab) — 3abe)

3a2b2c? + 3ab2c? + (Teye @2) (Teye a2b2) + abe Ty a® +

9 z b Zchc a3b3 + 2abc ((chc a)(zcy‘; ab) — 3abc) ; 4(ab +bc+ ca)
‘ (chc az)(chc a2b2) + abc chc a3 + Zc ca 3p3 + - a+b+c

2abc ((chc a) (chc ab) — 3abc
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4 Z ab || 2abc Z a Z ab | — 6a*b?c? | & assigningb+c=x,c+a=y,
cyc cyc cyc
a+b=z=>x+y-z=2c>0y+z—x=2a>0andz+x—-y=2b>0
=>x+y>zZy+z>xzZ+x>y=xYyZformsides of a triangle XYZ with

semiperimeter, circumradius & inradius = s,R,r (say); then : z a = s,abc = r?s

cyc

Z ab = 4Rr + rz,z a? =s? —8Rr — Zrz,z a3 = s3 — 12Rrs,

cyc cyc cyc
Z a’b? =r?((4R +r)? — 2s?) &Z a3b3 = (4Rr + r?)3 — 12Rr3s?
cyc cyc

& with these, () post simplification gets transformed into :
?
—s® + (16R? + 12Rr + 11r?)s* —4r(4R +r)3.s2 + 4r?(4R+r)*| > |0and ~ P =

S
(+#)

—s%(s* — (4R? + 20Rr — 2r®)s? + r(4R +1r)3) +

(12R? — 8Rr + 13r?)(s? — 16Rr + 5r?)?
Double—Rouche

d
Ger‘:};tsen
+r(192R3 — 520R?r + 460Rr? — 133r3)(s?2 — 16Rr + 5r?) > 0
( 192R3 — 520R?r + 460Rr? — 133r3 = (R — 2r)(192R? — 136Rr + 188r?) + 243r3>
Euler
uZ 243r3 >0

?
. in order to prove (xx), it suffices to prove : LHS of (%) > P

? R
o 256t% — 10723 + 13592 — 521t + 86> 0 (t = ;)

Euler

?

& (t—2) ((t—2)(256t% — 48t + 143) + 243) >0otrue =t > 2= (++) >

(b+c)(b®2+ca) (c+a)(c®+ab) (a+b)(a?+bc)
b2 + bc + ¢2 cZ + ca+ a? a? + ab + b?

4(ab + bc + ca) ]
Vab,c>0"=" iffa=b=c(QED)
at+b+c

(%) is true -




