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If x,y,z > 0 then:
1
(x?2 —xy+y>)(y* —yz+ z*)(2*> — zx + x*) > §xyz(x3 + y3 + 23)

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
We need to show :

1
(x%2 —xy +y*)(y?> —yz + z*)(2* — zx + x*) > §J|cyz(x3 +y3 + 2z3)
3?2 —xy+y)(Y? —yz +2%) (2% — zx + x%) > xyz(x® + y3 + z3)

3(x+y) (2 —xy+y)(y +2)(y* —yz + z2)(z + x) (2% — zx + x?)
> xyz(x3 +y3 + z%) n(x +y)
(Multiplying both sides by (x+y)(y+z)(z+x))

LHS =3(x+y)(x? —xy+y*)(y+2)(y* —yz+ z*)(z + x)(2* — zx + x*) =
=33 +y3)3+23)(23+x3) =3 (Z x3 z:x3y3 — x3y3z3) =
—3 (z x3) (Z x3y3) — 3x3y3273 =
=3 (Z x3) ((Z xy)3 —3(xy +yz)(yz + zx)(zx + xy)) —3x3y323 =
= (Z x3) (3 (Z xy)3 —9xyz(x+y)(y+2)(z+ x)) —3x3y323(1)
We need to show:

3(x+ )X —xy+y)(y+2)(y? —yz + z22)(z + x) (2% — zx + x%) =
> xyz(x3 + y3 + z3) l_l(x +y)

(z x3) (3 (z xy)3 —9xyz(x+y)(y+2)(z+ x)> —3x3y32% >

> xyz(x® +y3 + z%) l_l(x +v)
(using relation (1))

(Z x3) (3 (Z xy)3 —10xyz(x+y)(y + z)(z + x)) > 3x3y323
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(Z x3) (3 (Z xy)3 —10xyz(x + y)(y+ z)(z + x)) > 3x3y323

This is true because:

> #) (3 O xy) — 10xyz(x + )y + D)z + x)> _
_ (Z %) (3 (Z xy)3 —10(xy + y2)(yz + z2) (zx + xy)> am_ow
=2, <) (3 (Y ay) -1y 2zt 2zx>3>
<20 (o(50) (500 )

3O xy)3 am-em 27(xyz)?
=(Z )2(72 y) ™ 3xyz. (2;’) — 3x3y323

Equality holds for x=y=z.




