
 
If 𝒙, 𝒚, 𝒛 > 𝟎 then: 

(𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐)(𝒚𝟐 − 𝒚𝒛 + 𝒛𝟐)(𝒛𝟐 − 𝒛𝒙 + 𝒙𝟐) ≥
𝟏

𝟑
𝒙𝒚𝒛(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑) 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘 ∶  

(𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐)(𝒚𝟐 − 𝒚𝒛 + 𝒛𝟐)(𝒛𝟐 − 𝒛𝒙 + 𝒙𝟐) ≥
𝟏

𝟑
𝒙𝒚𝒛(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑) 

 
 𝟑(𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐)(𝒚𝟐 − 𝒚𝒛 + 𝒛𝟐)(𝒛𝟐 − 𝒛𝒙 + 𝒙𝟐) ≥ 𝒙𝒚𝒛(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑) 

 

 𝟑(𝒙 + 𝒚)(𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐)(𝒚 + 𝒛)(𝒚𝟐 − 𝒚𝒛 + 𝒛𝟐)(𝒛 + 𝒙)(𝒛𝟐 − 𝒛𝒙 + 𝒙𝟐)

≥ 𝒙𝒚𝒛(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑) ∏(𝒙 + 𝒚) 

                                                                      (Multiplying  both sides by (x+y)(y+z)(z+x))  
 

𝑳𝑯𝑺 = 𝟑(𝒙 + 𝒚)(𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐)(𝒚 + 𝒛)(𝒚𝟐 − 𝒚𝒛 + 𝒛𝟐)(𝒛 + 𝒙)(𝒛𝟐 − 𝒛𝒙 + 𝒙𝟐) = 
 

= 𝟑(𝒙𝟑 + 𝒚𝟑)(𝒚𝟑 + 𝒛𝟑)(𝒛𝟑 + 𝒙𝟑) = 𝟑 (∑ 𝒙𝟑 ∑ 𝒙𝟑𝒚𝟑 − 𝒙𝟑𝒚𝟑𝒛𝟑) = 

= 𝟑 (∑ 𝒙𝟑) (∑ 𝒙𝟑𝒚𝟑) − 𝟑𝒙𝟑𝒚𝟑𝒛𝟑 = 

= 𝟑 (∑ 𝒙𝟑) ((∑ 𝒙𝒚)
𝟑

− 𝟑(𝒙𝒚 + 𝒚𝒛)(𝒚𝒛 + 𝒛𝒙)(𝒛𝒙 + 𝒙𝒚)) − 𝟑𝒙𝟑𝒚𝟑𝒛𝟑 = 

= (∑ 𝒙𝟑) (𝟑 (∑ 𝒙𝒚)
𝟑

− 𝟗𝒙𝒚𝒛(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)) − 𝟑𝒙𝟑𝒚𝟑𝒛𝟑(𝟏) 

We need  to show: 
 

𝟑(𝒙 + 𝒚)(𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐)(𝒚 + 𝒛)(𝒚𝟐 − 𝒚𝒛 + 𝒛𝟐)(𝒛 + 𝒙)(𝒛𝟐 − 𝒛𝒙 + 𝒙𝟐) ≥ 

≥ 𝒙𝒚𝒛(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑) ∏(𝒙 + 𝒚) 

 

 (∑ 𝒙𝟑) (𝟑 (∑ 𝒙𝒚)
𝟑

− 𝟗𝒙𝒚𝒛(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)) − 𝟑𝒙𝟑𝒚𝟑𝒛𝟑 ≥ 

≥ 𝒙𝒚𝒛(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑) ∏(𝒙 + 𝒚) 

(using  relation (1))  

(∑ 𝒙𝟑) (𝟑 (∑ 𝒙𝒚)
𝟑

− 𝟏𝟎𝒙𝒚𝒛(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)) ≥ 𝟑𝒙𝟑𝒚𝟑𝒛𝟑  



 

(∑ 𝒙𝟑) (𝟑 (∑ 𝒙𝒚)
𝟑

− 𝟏𝟎𝒙𝒚𝒛(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)) ≥ 𝟑𝒙𝟑𝒚𝟑𝒛𝟑  

𝑻𝒉𝒊𝒔 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆: 

 (∑ 𝒙𝟑) (𝟑 (∑ 𝒙𝒚)
𝟑

− 𝟏𝟎𝒙𝒚𝒛(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)) = 

= (∑ 𝒙𝟑) (𝟑 (∑ 𝒙𝒚)
𝟑

− 𝟏𝟎(𝒙𝒚 + 𝒚𝒛)(𝒚𝒛 + 𝒛𝒙)(𝒛𝒙 + 𝒙𝒚)) ≥
𝑨𝑴−𝑮𝑴

 

≥ (∑ 𝒙𝟑) (𝟑 (∑ 𝒙𝒚)
𝟑

−
𝟏𝟎(𝟐𝒙𝒚 + 𝟐𝒚𝒛 + 𝟐𝒛𝒙)𝟑

𝟐𝟕
)

= ∑ 𝒙𝟑 (𝟑 (∑ 𝒙𝒚)
𝟑

−
𝟖𝟎

𝟐𝟕
(∑ 𝒙𝒚)

𝟑

)

=
(∑ 𝒙𝟑)(∑ 𝒙𝒚)𝟑

𝟐𝟕
≥

𝑨𝑴−𝑮𝑴
 𝟑𝒙𝒚𝒛.

𝟐𝟕(𝒙𝒚𝒛)𝟐

𝟐𝟕
= 𝟑𝒙𝟑𝒚𝟑𝒛𝟑 

Equality  holds  for  x=y=z. 
 

 


