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For x,y,z > 0,k > V2 prove that :

(k+1—k.§>2+(k+1—k.§)2+(k+1—k.;)223

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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© Ar? +1.G(p,q) + H(p,q) [ =] 0
A =0,G(p,q) = k(4p3 — 6pq) + 2p3 — 6pq,
H(p, @) = k((p? — 20)° — 3%(p* - 209))

and - F(a,b,c) = Ar? +r.G(p,q) + H(p,q) = 0for A <0 < a,b,cholds
iff F(a,1,1) > 0 and F(0,b,c) > 0 .. (%) is true iff F(a,1,1) > 0 and F(0,b,c) > 0;

where F(a,b,c) = k Z a® + 3a’b?c? — Zabcz a3 | — 2abc z a3 — 3abc
cyc cyc cyc
Now, F(0,b,c) = k(b® + c®) > 0and F(a,1,1) =
k(a6 +2+3a?-2a(a® + 2)) —2a(a® +2-3a)
=k(a—-1)2(a*+2a3 +a? +2) —2a(a—1)%(a+2)=>0
e ki(a*+2a3+a?+2)2>4a%@+2)?(~(@a—1)2>0)and ~ kZ > 2
~ it suffices to prove : 2(a* + 2a3 + a? + 2)2 > 4a%(a + 2)?

© 2(a® +4a” + 6a° + 4a° + 2a* + (a? — 2)?) = 0 - true (strict) ~ a > 0
and so,F(a,1,1) > 0 and F(0,b,c) > 0 = F(a,b,c) > 0 = () is true
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