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Fora,b,t > 0;(a+ t)(b+t) > 0and k > 2 prove that :

1 N 1 - 4k
a+t b+t k(k+2t)+ab

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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1
[Case 1]t = 0 (and definitely; a,b > 0) and then : —— + b—-l-t
4k

2 _ > .
K(k + 20 + ab © k%*(a +b) — 4kab + ab(a + b) > 0 and now, discriminant of
LHS of () = 16a?b? — 4ab(a + b)? = —4ab(a—b)>2 <0 ~ LHSof (¢) >0
1 1 4k
ift=0(a,b>0)

“art b+t k(k+20 tab
t # 0 and either a or b = 0 and WLOG assuming a = 0 (b # 0),

1 + 1 > e 1 1 (k> 0) © bk + 2kt > 2bt
a+t b+t_k(k+2t)+ab b+t k+2t -
< b(k—2t) + 2kt >0 - true (strict) = bk, t > 0and k > 2t
1 1 4k

if t # 0 and eitheraorb =0

1 4k
>
b+t k(k+2t)+ab
> k> > i
_k+2t( k>2t>0=k>0) © k>0 - true (strict)
1 1 4k
+ >
a+t b+t k(k+2t)+ab

2< . :
[Case 4]t a,b # 0 & t? < ab; then we have uenrie k(k+2t)+ab
a+b+2t 4k

> 2 2
T ab+t+ta+b) _k(k+2t)+ab<:>(k T 2kt)(a+b) + 2kt +
4kt? + ab(a + b) + 2tab > 4kab + 4kt* + 4kt(a + b)

)
s k?(a+b + 2t) — 2k(t(a + b) + 2ab) + ab(a+b + 2t) > 0

Now, discriminant of LHS of (*) = 4((t(a + b) + 2ab)? — ab(a + b + 2t)?)
= 4(t?(a+b)? + 4a’b? + 4t(a + b) — ab(a + b)? — 4abt’ — 4t(a +b))
= 4(t2(a—b)%2 —ab(a—b)?) = 4(t2 —ab)(a—b)2 <0 ~ LHSof (x) > 0

1 + 1 > h ift,a,b+0&t%<ab
=
a+t b+t_k(k+2t)+abl @ =a
1 1 4k

2 i =
Case5|t,a,b+0andt >abandthen,vm(*),a_l_t"'b+t—k(k+2t)+ab

(*+)
< k%(a + b + 2t) — 2kt(a + b) — 4kab + ab(a +b + 2t) > 0and - ab < t?

"'a+t+b+t>k(k+2t)+ab

1
tiOandazszandthen:a+t+
2
t

ift0anda=b=0
1 1 4k
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~ LHS of (*) > k?(a+ b + 2t) — 2kt(a + b) — 4kt? + ab(a + b + 2t)
= (k? — 2kt)(a + b) + 2kt(k — 2t) + ab(a + b + 2t)
=(a+b+2t)(k(k—2t) +ab) >0 abt>0&k>2t
1 1 4k

ift,ab+*0&t?> aband so,

1 4k
+ >
at+t b+t k(k+2t)+ab
Vabt=>0|(@a+t)(b+t) >0 Ak>2t" =" iffa=b =k >0 (QED)

'.'a+t+b+t>k(k+2t)+ab

combining all cases,



