ROMANIAN MATHEMATICAL MAGAZINE

PROBLEMS FOR JUNIORS
JP.571. If x,y,z > 0,z 4+ y + z = 3 then find the minimum value

of
y+z 1
P=2 ity

Proposed by Marin Chirciu - Romania

JP.572. If a,b,c,d > 0 then:

a b c d
—+ b dy/ ——— > 2
a\/ a3 + 3bced T \/ b3 4 3cda T c\/ c3 + 3dab T v d3 4 3abc —

Proposed by Daniel Sitaru - Romania

JP.573. If a,b,c > 0 and X > 1 then:

a

e APl Y) 2 2t
a+b b+c c+a a b c/ — 2

Proposed by Marin Chirciu - Romania

JP.574. In AABC the following relationship holds:
27 < (a+b+c)d S 27TR
8 " (a+b)(b+c)(c+a) — 167

Proposed by Marin Chirciu - Romania

JP.575. Find x,y € R such that:

Va? g/ (@ — 92 + (y - 3742 — 92 + y2 4 [a? + (y - 3)?

Proposed by Daniel Sitaru - Romania

JP.576. If a,b,c > 0,a+b+c=3 and 0 < A < 3 then:
a? b2 c2? Aabe A+ 6
— 4+ 4+ —+ >
bc ca ab a?b+ b2¢c + c2a + abe 4

Proposed by Marin Chirciu - Romania
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JP.577. If x,y,z > 0,xyz = 1 and n € N* then:

m2n—}-1
- >1
r+y+1

Proposed by Marin Chirciu - Romania

JP.578. If x,y,z >0and n € Nyn > 2 in AABC:
wna2n—1 S \/g
(y+2z)"~ 2r

Proposed by Marin Chirciu - Romania

(61%)™

JP.579. Solve for real numbers:
zy(2®—y3)tyz(y® —23)fze (23 —23) _ 55
zy(z—y)+tyz(y—2z)+tzx(z—=x)
x3 + y3 + 23 =99
zy(z8 —y3)+yz(y3 —28)fza (23 —a3) 55

2y(@—y?) Fyz(y?—22) +za(z2—a?) — 9

Proposed by Daniel Sitaru - Romania

JP.580. If a,b > 0;x € (0, 5) then:

[2¢ + sin® z] 4 [2° + cos? z] + [2° + sin? x] 4 [2¢ + cos? z] +
2 + 27 20+ 27
[2¢ + sin? x] 4 [2® 4 cos? z]
[2° + 27)

[¥] - great integer function.

> 3

Proposed by Daniel Sitaru - Romania

JP.581. If x,y,z > 0 then:

8] [3%] , [8¥]- (37, [37]- 57
o] e o] SO

[*] - great integer function.

Proposed by Daniel Sitaru - Romania

JP.582. In acute AABC; AA’, BB’,CC’ - altitudes; H - orthocen-
ter; mgy, mp, m. - medians; r - inradii. Prove that:

m?2 + m? + m? S 8172(tan A + tan B + tan C)
HA' HB’ HC’” = hgtan A + hptan B + h.tan C

Proposed by Daniel Sitaru - Romania
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JP.583. In AABC, a,b, c-sides, hg, hy, h. - altitudes, s - semiperime-
ter, the following relationship holds:

h2 h? h? s<1 +1 1)
b24¢c2 24 a?2 a24b2 " 4\a b

Proposed by Daniel Sitaru - Romania

JP.584. Prove that in any triangle ABC the following inequality
holds:
A B C 3
E cos® — sin — sin — > — E sin A
2 2 2 16

cyc cyc
Proposed by Marian Ursarescu and Florica Anastase - Romania

JP.585. In AABC,AA’, BB’,CC’ are internal bisectors which in-
tersect the circumcircle of triangle in the points A”, B”,C”. Prove
that:

o(7)-2) < gt mort or <5 R),

Proposed by Marian Ursarescu and Florica Anastase - Romania

r

PROBLEMS FOR SENIORS

SP.571. For given n > 3, prove that 3 is the largest positive value
of the constant k such that:

1 1 1
——I———l—...—l—a——nzk(al—l—az—l—...—l—an—n)

ax a n

for any ay > as > ... > an—1 > 12> a, > 0 with
aiaz + azaz + ...+ ap—10, + ana; = n.

Proposed by Vasile Cirtoaje - Romania

SP.572. Let a, b, c be positive real numbers such that a = min{a, b, ¢}
and a*bc > 1, and let

3
F(a,b,c): VBG/bC—ﬁ
atbste
Prove that:
111
F(a’bac) 2 F<*’ 7*)'
a b c

Proposed by Vasile Cirtoaje - Romania
©Daniel Sitaru, ISSN-L 2501-0099 3
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SP.573. Let A > % fixed. If a,b,c > 0,a + b+ ¢ < 4 then find the
maximum value of

_ vabc B A
 (a+b)(b+c) c(a+b)

Proposed by Marin Chirciu - Romania

SP.574. If a,b,c,d > 0;a® + b? + c® + d? = 4 then:
1 n 1 n 1 n 1 n 1 n 1
(14+ab)® (14+ac)® (1+ad)® (1+bc)® (1+bd)3 (1+ cd)3

Proposed by Daniel Sitaru - Romania

SP.575. If x,y,z > 0, then prove that:

Y-y 1 3 z)?
8(> x)? +(Z$>22m+y+z = 4> xy

Proposed by Neculai Stanciu - Romania

SP.576. If a,b,c > 1, then:

fat+bi+c? atbte ofmtpta gt
3 3 - 3

Proposed by Vasile Mircea Popa - Romania

_|_

o=

W o=

SP.577. Find all n € N* such that:

1
. 2n—2 2n
/0 (sinx) - (cosx)“"dx > 41011

Proposed by Daniel Sitaru - Romania

SP.578. If z,y € (0, 5) then:

sin 2x ) sin 2x

IOggin:c ( + IOggosw ( ) > 2

sinx + cosx sinx + cosx

Proposed by Daniel Sitaru - Romania

SP.579. If f : [a,b] — R;0 < a < b; f - continuous then:
pA04T _ 4047

4047

b2024

b 1
2 2024 d > d
+/a F @™ de 2 102 2024 f(z)dz

Proposed by Daniel Sitaru - Romania
4 ©Daniel Sitaru, ISSN-L 2501-0099
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SP.580. If a € R;m,n > 1 then:

(2 + cos a)m+n 4+ (B34 cosa)™+ (34 cosa)”™ < (3 + cos a)m+" +1
Proposed by Daniel Sitaru - Romania

SP.581. If x,y,z > 1 then:

1 1 1 1 2 o 1 1
(C+=+-+oyz) (S +-+a?) 2 (a+y+z+——) (s +2u+—53)
T Yy =z Ty TYz Ty

Proposed by Daniel Sitaru - Romania

SP.582. If 0 < a < b then:
b—a

b
/ (sin a:)zsm2w - (1 — sin? :1:)1_5'”12 Tdx >
a

Proposed by Daniel Sitaru - Romania

SP.583. Prove that if x,y,z > 1 then:

1 1 1 1 1 1
2<—+—+—> teytyztze>2(@+y+tz)+ -+ -+
T Yy =z Ty Yz

zZT

Proposed by Daniel Sitaru - Romania

SP.584. Let be the sequence (x,)n > 1 defined by x; = 1,
Tnt2 = 3Tp41 — Tp, VY € N. Find:

0
. Z L2k+1
L= lim 74—
n—oo \ =4 Tk T Tht1

Proposed by Marian Ursarescu and Florica Anastase - Romania

SP.585. Let f : [n — 1,n] — [n,n + 1] be a continuous function
such that:

[ a+af@de <nfm) - (- Dfn - 1),

then prove:

/n G € N*
n
n—1 f(x) “n+1’

Proposed by Marian Ursarescu and Florica Anastase - Romania

©Daniel Sitaru, ISSN-L 2501-0099 )
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UNDERGRADUATE
PROBLEMS

UP.571. Prove that is the least value of the constant k£ > 2 such
that:

(@ +8 + M) () >0
a b ¢
for any positive real numbers a, b, c with at most one of them less
than 1 and
a’® +b° + ¢ = 3.
Proposed by Vasile Cirtoaje - Romania

UP.572. Prove that 25/17 is the largest positive value of the con-
stant k such that:

1 1 1 1 4
- + -

>
a? + k b2+ k c2 +k d2+k ~1+k
for any nonnegative real numbers a,b,c,d with at most one of
them larger than 1 and

ab + ac + ad + be + bd + e¢d = 6.

Proposed by Vasile Cirtoaje - Romania

UP.573. Let be A > 1 fixed. Find:
. " k41
Jdim ) =z
k=0

Proposed by Marin Chirciu - Romania
UP.574. If 0 < a < b < 1 then:
b b rb deduyd b d
LL LAz A
a Ja Ja 1+ TYy= a 14 x3
Proposed by Daniel Sitaru - Romania

UP.575. Calculate:

e yly+1)
2 et

Proposed by Said Attaoui - Algeria

UP.576. Find a closed form:
/°° arctan(x) dic
0o Va0 Fl
Proposed by Vasile Mircea Popa - Romania
6 ©Daniel Sitaru, ISSN-L 2501-0099
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UP.577. Find a closed form:

/1 x?Inzx
T
0o 3+ +1
Proposed by Vasile Mircea Popa - Romania

UP.578. Prove the equality:

/°° xty/zInx 1, 7
0

de = —7°,[5 —
(x+1)(x? +1)(z* + 1) 8 V2
Proposed by Vasile Mircea Popa - Romania

UP.579. Find a closed form:

1 1
dx
/_1 (1 —x)2(1 +x)3

Proposed by Vasile Mircea Popa - Romania

UP.580. If f : [a,b] — [—1,00);a,b € R;a < b; f continuous, then:
b 3 b
(/ (1+ f(w))dﬂv) > (b—a)®>+3(b— a)z/ f(z)dw

Proposed by Daniel Sitaru - Romania

UP.581. If 1 < a < b then:
2 b 2 2\3 2712 2 3 b
24(b — a)?In - + (b2 — a2)® > 12(b — a)2(b? — a2) + 241n (f)
a a

Proposed by Daniel Sitaru - Romania

UP.582. Prove that exists X € M3 3(R); Y € M3z 2(R) such that:

- 2 6 6
X-Y:<1 1);Y-X: 3 9 9
—3 -9 —9

Proposed by Daniel Sitaru - Romania

UP.583. Solve for complex numbers:
28 4+ 427 + 2225 + 522° + 692* + 562% + 2822 +8x+1 =0

Proposed by Daniel Sitaru - Romania
©Daniel Sitaru, ISSN-L 2501-0099 7
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UP.584. Let a,b,c,d > 1 and f : [a,b] — [c,d] a continuous
function for which 3\ € (a, b) such that:

A b
a/ _f(:l:)d:l:—|—b/ f(x)de > a+c
a A
then prove:
/b z <(1+1)b2—a2—2
a f(x) T a b 2

Proposed by Marian Ursarescu and Florica Anastase - Romania

UP.585. If f : (0,00) — (0,00); f continuous and
FC) + F(2) = 2£ ()5 (W), y > 0 then (V)a,b > 0:

/(lb/‘lb/(lbf<m_|_zll_i_z>dmdydz = (b—a)z/abf<;3>dw

Proposed by Daniel Sitaru - Romania

MATHEMATICS DEPARTMENT, ”THEODOR COSTESCU” NATIONAL Econowmic, COL-
LEGE DROBETA TURNU - SEVERIN, ROMANTIA
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