
 
Find 𝒙, 𝒚, 𝒛 ∈ 𝒁 such that: 

𝟐𝒙𝟐 + 𝟑𝒚𝟐 = 𝒛𝟐 − 𝟑𝟕 
 𝒙 − 𝒚 + 𝒛 = 𝟑  

Proposed by Bui Hong Suc-Vietnam 
Solution by Tapas Das-India 

𝟐𝒙𝟐 + 𝟑𝒚𝟐 = 𝒛𝟐 − 𝟑𝟕 𝒐𝒓, 𝟐𝒙𝟐 + 𝟑𝒚𝟐 =
 𝒙−𝒚+𝒛=𝟑 

 (𝟑 − 𝒙 + 𝒚)𝟐 − 𝟑𝟕  
𝒐𝒓, 𝟐𝒙𝟐 + 𝟑𝒚𝟐 = 𝒙𝟐 + 𝒚𝟐 + 𝟗 − 𝟔𝒙 + 𝟔𝒚 − 𝟐𝒙𝒚 − 𝟑𝟕 

 𝒐𝒓, 𝒙𝟐 + (𝟐𝒚 + 𝟔)𝒙 + 𝟐𝒚𝟐 − 𝟔𝒚 + 𝟐𝟖 = 𝟎 (𝟏) 
 

𝑫𝒊𝒔𝒄𝒓𝒊𝒎𝒊𝒏𝒂𝒏𝒕 = 𝑫 = (𝟐𝒚 + 𝟔)𝟐 − 𝟒(𝟐𝒚𝟐 − 𝟔𝒚 + 𝟐𝟖) = 𝟒(𝟏𝟕 − (𝒚 − 𝟔)𝟐)  
𝒇𝒐𝒓 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 (𝟏𝟕 − (𝒚 − 𝟔)𝟐) ≥ 𝟎 𝒂𝒏𝒅 𝒎𝒖𝒔𝒕 𝒃𝒆 𝒑𝒆𝒓𝒇𝒆𝒄𝒕 𝒔𝒒𝒖𝒂𝒓𝒆.  

𝒇𝒐𝒓 𝒕𝒉𝒊𝒔 (𝒚 − 𝟔)𝟐 = 𝟏, 𝟏𝟔 𝒔𝒐, 𝒚 = 𝟐, 𝟓, 𝟕, 𝟏𝟎 , 𝒛 = 𝟑 − 𝒙 + 𝒚 
 

 𝒇𝒐𝒓 𝒚 = 𝟕 ∶  𝒇𝒓𝒐𝒎(𝟏) 𝒙𝟐 + 𝟐𝟎𝒙 + 𝟖𝟒 = 𝟎 𝒐𝒓, (𝒙 + 𝟔)(𝒙 + 𝟏𝟒) = 𝟎 𝒐𝒓, 𝒙 = −𝟔, −𝟏𝟒 
𝒂𝒏𝒅 𝒛 = 𝟑 − 𝒙 + 𝒚 = 𝟑 − (−𝟔) + 𝟕 = 𝟏𝟔 𝒂𝒏𝒅 𝒛 = 𝟑 − (−𝟏𝟒) + 𝟕 = 𝟐𝟒 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 = (𝒙, 𝒚, 𝒛) = {(−𝟔, 𝟕, 𝟏𝟔), (−𝟏𝟒, 𝟕, 𝟐𝟒)} 
 

 𝒇𝒐𝒓 𝒚 = 𝟓: 𝒇𝒓𝒐𝒎(𝟏) 𝒙𝟐 + 𝟏𝟔𝒙 + 𝟒𝟖 = 𝟎 𝒐𝒓, (𝒙 + 𝟒)(𝒙 + 𝟏𝟐) = 𝟎 𝒐𝒓, 𝒙 = −𝟒, −𝟏𝟐 
𝒂𝒏𝒅 𝒛 = 𝟑 − 𝒙 + 𝒚 = 𝟑 − (−𝟒) + 𝟓 = 𝟏𝟐 𝒂𝒏𝒅 𝒛 = 𝟑 − (−𝟏𝟐) + 𝟓 = 𝟐𝟎 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 = (𝒙, 𝒚, 𝒛) = {(−𝟒, 𝟓, 𝟏𝟐), (−𝟒, 𝟓, 𝟐𝟎)} 
 

 𝒇𝒐𝒓 𝒚 = 𝟐 ∶  𝒇𝒓𝒐𝒎(𝟏) 𝒙𝟐 + 𝟏𝟎𝒙 + 𝟐𝟒 = 𝟎 𝒐𝒓, (𝒙 + 𝟔)(𝒙 + 𝟒) = 𝟎 𝒐𝒓, 𝒙 = −𝟔, −𝟒 
𝒂𝒏𝒅 𝒛 = 𝟑 − 𝒙 + 𝒚 = 𝟑 − (−𝟒) + 𝟐 = 𝟗 𝒂𝒏𝒅 𝒛 = 𝟑 − (−𝟔) + 𝟐 = 𝟏𝟏 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 = (𝒙, 𝒚, 𝒛) = {(−𝟔, 𝟐, 𝟗), (−𝟒, 𝟐, 𝟏𝟏)} 
 

 𝒇𝒐𝒓 𝒚 = 𝟏𝟎 𝒇𝒓𝒐𝒎(𝟏) 𝒙𝟐 + 𝟐𝟔𝒙 + 𝟏𝟔𝟖 = 𝟎 𝒐𝒓, (𝒙 + 𝟏𝟐)(𝒙 + 𝟏𝟒) = 𝟎 𝒐𝒓, 𝒙 = −𝟏𝟒, −𝟏𝟐 
𝒂𝒏𝒅 𝒛 = 𝟑 − 𝒙 + 𝒚 = 𝟑 − (−𝟏𝟒) + 𝟏𝟎 = 𝟐𝟕 𝒂𝒏𝒅 𝒛 = 𝟑 − (−𝟏𝟐) + 𝟏𝟎 = 𝟐𝟓 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 = (𝒙, 𝒚, 𝒛) = {(−𝟏𝟒, 𝟏𝟎, 𝟏𝟎), (−𝟏𝟐, 𝟏𝟎, 𝟐𝟓)} 
 

 


