ROMANIAN MATHEMATICAL MAGAZINE

Find all functions f: R — R such that:
fFFX)+y*+4)+4y=x+f*(y+2)Vx,yER

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

FF)+y*+4)+4y=x+f>(y+2)Vx,yeE R(1)

Weputy = -2
then f(f(x) +8) —8=x+ f2(0) (2)

From (2):f(u) = f(v) = f(f(w) +8)-8=f(f(v) +8) -8

(2)
or u+ f2(0) = v+ f2(0)or,u=v, sof isinjective

f(f(x) +8) = x+ 8+ f2(0),so every real number is in the image of f,
so f is surjective

Again f(f(x) + 8) is a linear function of x,since from(2) value of
f(f(x) +8) =x+8+ f2(0) .Clearly f is linear.

Let f(x) = ax + b then from (1) we have:
a(fx)+y*+4)+b+4y=x+ (aly +2) + b)?
ora(ax+b+y*+4)+b+4y =x+ a*y? + 4a® + b* + 4a*y + 4ab + 2aby
a’x + ab + ay®* + 4a + b + 4y = x + a’y?* + 4a? + b? + 4a*y + 4ab + 2aby (3)

Equalizing coef ficients of x & y* we get
a’?=1or,a=+1&a* =aor,a=0,1socombine resultsisa =1

Puttinga = 1in (3 ) we get
x+b+y*+4+b+4y=x+y*+4+b*+4y+4b+2by
or 2b = 2by + 4b + b?

Equalizing cofficients of y we have2b =0o0orb =0
sof(x) =ax+b=x



