
 
Solve for real numbers: 

√𝟏 + 𝒙
𝟑

+ √𝟏 − 𝒙
𝟑

= 𝟐√𝟏 − 𝒙𝟐𝟑
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

Denote:  

{√𝟏 + 𝒙
𝟑

= 𝒂

√𝟏 − 𝒙
𝟑

= 𝒃
⇒ 𝒂𝟑 + 𝒃𝟑 = 𝟐,    { 𝒂𝟑 + 𝒃𝟑 = 𝟐

𝒂 + 𝒃 = 𝟐𝒂𝒃
. 

Denote:  

{
𝑺 = 𝒂 + 𝒃

𝑷 = 𝒂𝒃
⇒ {𝑺𝟑 − 𝟑𝑺𝑷 = 𝟐

𝑺 = 𝟐𝑷
⇒ (𝟐𝑷)𝟑 − 𝟑 ⋅ 𝟐𝑷 ⋅ 𝑷 = 𝟐 

𝟖𝑷𝟑 − 𝟔𝑷𝟐 − 𝟐 = 𝟎 ⇒ 𝟒𝑷𝟑 − 𝟑𝑷𝟐 − 𝟏 = 𝟎 

𝟒𝑷𝟑 − 𝟒𝑷𝟐 + 𝑷𝟐 − 𝟏 = 𝟎 ⇒ 𝟒𝑷𝟐(𝑷 − 𝟏) + (𝑷 − 𝟏)(𝑷 + 𝟏) = 𝟎 

(𝑷 − 𝟏)(𝟒𝑷𝟐 + 𝑷 + 𝟏) = 𝟎 

𝒂, 𝒃 > 𝟎 ⇒ 𝑷 = 𝒂𝒃 > 𝟎 ⇒ 𝟒𝑷𝟐 + 𝑷 + 𝟏 > 𝟎 

⇒ 𝑷 − 𝟏 = 𝟎 ⇒ 𝑷 = 𝟏 ⇒ 𝑺 = 𝟐 ⋅ 𝟏 ⇒ 𝑺 = 𝟐 

{
𝑺 = 𝟐
𝑷 = 𝟏

⇒ 𝒂 = 𝒃 = 𝟏 ⇒ 𝟏 + 𝒙 = 𝟏 − 𝒙 = 𝟏 ⇒ 𝒙 = 𝟎 

 


