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Solve for reals:

Nx+7+V9—x=4/x2+1

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Setp=+Vx+7,q=V9—x,r=+x2+1
Clearly,p* + ¢* =x+7+9 — x = 16 = 4?

T
Let p=4cost,q=4sint,t¢€ [O'E] and p=+vx+7or
x=p?—7=16cos’t—7(1)

Using above substitution we get:
xVx+7+V9—x=4yx%2+1 or
(16 cos®t—7 ) cost +sint = /(16 cos2t—7)2 + 1
or Acost + sint <=7 VAZ +1

Cauchy Schwarz
Acost+sint < \/(A2 + 1)(cos?t + sin%t) = \/A2 +1
1
for equality we take cost = AA,sint = A thencos?t + sin’t =1 = A% =1
2
cos2t=AZA2=A2+1 ,from (1) we get :
2 2 2 A+7
x=p“—7=16cos“t —7 or cos t=?
A? A+7
_ 3 2 _ 2 _
11 16 or,A° —94°+ A+7=00r(A—-1)(A*—-84-7)=0
8++164 + 28

orA=1and (A2-84-7)=0=>A= > or,A=4++23
note that A = (16 cos?t—7) =xby (1)

butA =x= 4 — V23 not avalid solution asvx + 7 notvalidat x = 4 — 23
so required solutionx = 4,4 + V23 inreal



