
 
Solve for reals: 
 

𝒙√𝒙 + 𝟕 + √𝟗 − 𝒙 = 𝟒√𝒙𝟐 + 𝟏 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 
 

𝑺𝒆𝒕 𝒑 = √𝒙 + 𝟕, 𝒒 = √𝟗 − 𝒙, 𝒓 = √𝒙𝟐 + 𝟏  
 𝑪𝒍𝒆𝒂𝒓𝒍𝒚, 𝒑𝟐 + 𝒒𝟐 = 𝒙 + 𝟕 + 𝟗 − 𝒙 = 𝟏𝟔 = 𝟒𝟐 

 𝑳𝒆𝒕  𝒑 = 𝟒 𝐜𝐨𝐬 𝒕 , 𝒒 = 𝟒 𝐬𝐢𝐧 𝒕 , 𝒕 ∈ [𝟎,
𝝅

𝟐
]  𝒂𝒏𝒅  𝒑 = √𝒙 + 𝟕 𝒐𝒓 

 𝒙 = 𝒑𝟐 − 𝟕 = 𝟏𝟔 𝐜𝐨𝐬𝟐 𝒕 − 𝟕 (𝟏) 
 

𝑼𝒔𝒊𝒏𝒈 𝒂𝒃𝒐𝒗𝒆 𝒔𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏 𝒘𝒆 𝒈𝒆𝒕: 

 𝒙√𝒙 + 𝟕 + √𝟗 − 𝒙 = 𝟒√𝒙𝟐 + 𝟏  𝒐𝒓 

 (𝟏𝟔 𝐜𝐨𝐬𝟐 𝒕 − 𝟕 ) 𝐜𝐨𝐬 𝒕 + 𝐬𝐢𝐧 𝒕 = √(𝟏𝟔 𝐜𝐨𝐬𝟐 𝒕 − 𝟕 )𝟐 + 𝟏 

𝒐𝒓 𝑨 𝐜𝐨𝐬 𝒕 + 𝐬𝐢𝐧 𝒕 =
𝟏𝟔 𝐜𝐨𝐬𝟐 𝒕−𝟕=𝑨

 √𝑨𝟐 + 𝟏  

 𝑨 𝐜𝐨𝐬 𝒕 + 𝐬𝐢𝐧 𝒕 ≤
𝑪𝒂𝒖𝒄𝒉𝒚 𝑺𝒄𝒉𝒘𝒂𝒓𝒛

 √(𝑨𝟐 + 𝟏)(𝐜𝐨𝐬𝟐 𝒕 + 𝐬𝐢𝐧𝟐 𝒕) = √𝑨𝟐 + 𝟏  

𝒇𝒐𝒓 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒕𝒂𝒌𝒆 𝐜𝐨𝐬 𝒕 = 𝝀𝑨, 𝐬𝐢𝐧 𝒕 = 𝝀 𝒕𝒉𝒆𝒏 𝐜𝐨𝐬𝟐 𝒕 + 𝐬𝐢𝐧𝟐 𝒕 = 𝟏 ⇒  𝝀𝟐 =
𝟏

𝑨𝟐 + 𝟏
 

𝐜𝐨𝐬𝟐 𝒕 = 𝝀𝟐𝑨𝟐 =
𝑨𝟐

𝑨𝟐 + 𝟏
 , 𝒇𝒓𝒐𝒎 (𝟏) 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝒙 = 𝒑𝟐 − 𝟕 = 𝟏𝟔 𝐜𝐨𝐬𝟐 𝒕 − 𝟕  𝒐𝒓 𝐜𝐨𝐬𝟐 𝒕 =
𝑨 + 𝟕

𝟏𝟔
 

𝑨𝟐

𝑨𝟐 + 𝟏
=

𝑨 + 𝟕

𝟏𝟔
 𝒐𝒓, 𝑨𝟑 − 𝟗𝑨𝟐 + 𝑨 + 𝟕 = 𝟎 𝒐𝒓(𝑨 − 𝟏)(𝑨𝟐 − 𝟖𝑨 − 𝟕) = 𝟎  

𝒐𝒓 𝑨 = 𝟏 𝒂𝒏𝒅 (𝑨𝟐 − 𝟖𝑨 − 𝟕) = 𝟎 ⇒ 𝑨 =
𝟖 ± √𝟔𝟒 + 𝟐𝟖

𝟐
𝒐𝒓, 𝑨 = 𝟒 ± √𝟐𝟑  

 𝒏𝒐𝒕𝒆 𝒕𝒉𝒂𝒕 𝑨 = (𝟏𝟔 𝐜𝐨𝐬𝟐 𝒕 − 𝟕 ) = 𝒙 𝒃𝒚 (𝟏) 
 

𝒃𝒖𝒕 𝑨 = 𝒙 =  𝟒 −  √𝟐𝟑 𝒏𝒐𝒕 𝒂 𝒗𝒂𝒍𝒊𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒂𝒔√𝒙 + 𝟕 𝒏𝒐𝒕 𝒗𝒂𝒍𝒊𝒅 𝒂𝒕 𝒙 =  𝟒 −  √𝟐𝟑  

𝒔𝒐 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒙 = 𝟒, 𝟒 + √𝟐𝟑  𝒊𝒏 𝒓𝒆𝒂𝒍 
 
 


