ROMANIAN MATHEMATICAL MAGAZINE

Solve for real numbers:

Vx+6+Vx—1=x2-1

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

SinceVvx —1lisdefineonx>1,
so we are going to solve above equation € [1, )

Letf(x)=i/x+6+\/x—1—(x2—1),x21
f=¥Y7+0-0=37>0,f2)=38+1-3=0

sox =2 is asolution

Now we check nature of the functioninx € [1,2)

FO0) =5t 6) e 2x

£ () = —g(x+6)_g—%(x— 1)i-2= —(;(x+6)_§+%(x— 177+ z) <0
so f is concave in [1,2], for a concave function we have standard inequality
forxe[1,2)=x=2—-x).1+(x—-1).2
thenf(2—x).1+(x—-1).2) =2 -2)f(1) + (x—1)f(2)
or f(x) > 2 —-x)f(1)>0asxe[1,2)&f(1)=Y7>0
sof(x)>0in[1,2)andx=2f(2)=0

Now we check nature of the function in x > 2

1 2 1
Ix = — x+6_§+——2x
F0) =506 4=
>2th 1( +6)‘E<18‘Z 1 ! < 1 1 2x < —4
- 3 —. 3 = — = — — —_
asx eng X 3 12 '2vx—1 21 2 “*
thi ’()<1+1 4= 41<0
forthis f(x) <5 +3-4="13

which indicate that f(x) is decreasing Vx > 2
that's why after hitting 0 at x = 2
the function goes negative and never come back up
so requested soution x = 2



