
 

Let 𝒂 > 𝟏 fixed. Solve for reals: 

𝒂𝒙 + 𝒂𝟏/𝒙 = 𝟐𝒂 

 
Proposed by Marin Chirciu-Romania 

Solution by Adgozel Adgozalov-Azerbaijan 

𝒂𝒙 + 𝒂𝟏/𝒙 = 𝟐𝒂 ⇔ 𝒂𝒙−𝟏 + 𝒂𝟏/𝒙−𝟏 = 𝟐 ⇔ 𝒆(𝒙−𝟏)𝐥𝐧𝒂 + 𝒆(𝟏/𝒙−𝟏)𝐥𝐧𝒂 = 𝟐 (𝐥𝐧𝒂 > 𝟎) 

Case 1: 𝒙 > 𝟎 

𝒙 + 𝟏/𝒙 ≥ 𝟐 ⟹ (𝒙− 𝟏) + (𝟏/𝒙 − 𝟏) ≥ 𝟎 

(𝒙 − 𝟏)𝐥𝐧𝒂 + (𝟏/𝒙 − 𝟏)𝐥𝐧𝒂 ≥ 𝟎 

𝒆(𝒙−𝟏)𝐥𝐧𝒂 + 𝒆(𝟏/𝒙−𝟏)𝐥𝐧𝒂 ≥ 𝟐√𝒆(𝒙+𝟏/𝒙−𝟐)𝐥𝐧𝒂 ≥ 𝟐√𝒆𝟎 = 𝟐 

𝒆(𝒙−𝟏)𝐥𝐧𝒂 + 𝒆(𝟏/𝒙−𝟏)𝐥𝐧𝒂 = 𝟐 ⇔ 𝒙 = 𝟏/𝒙 ⟹ 𝒙 = 𝟏 

Case 2: 𝒙 < 𝟎 

𝒙 < 𝟎 ⟹ 𝒙− 𝟏 < −𝟏⟹ (𝒙 − 𝟏)𝐥𝐧𝒂 < −𝒍𝒏𝒂 

𝟏/𝒙 < 𝟎 ⟹ 𝟏/𝒙 − 𝟏 < −𝟏 ⟹ (𝟏/𝒙 − 𝟏)𝐥𝐧𝒂 < −𝒍𝒏𝒂 

𝒆(𝒙−𝟏)𝐥𝐧𝒂 < 𝒆−𝐥𝐧𝒂 =
𝟏

𝒂
, 𝒆(𝟏/𝒙−𝟏)𝐥𝐧𝒂 < 𝒆−𝐥𝐧𝒂 = 𝟏/𝒂 

𝒆(𝒙−𝟏)𝐥𝐧𝒂 + 𝒆(𝟏/𝒙−𝟏)𝐥𝐧𝒂 < 𝟐/𝒂 < 𝟐 (since 𝒂 > 𝟏) 

⟹ 𝒆(𝒙−𝟏)𝐥𝐧𝒂 + 𝒆(𝟏/𝒙−𝟏)𝐥𝐧𝒂 ≠ 𝟐 ⟹ 𝒙 = 𝟏 

 


