
 
Find all positive integers 𝒌 such that (𝒌 + 𝟐)𝟐 + 𝟑𝒌 is a perfect square. 

 
Proposed by Stewart Ming-Vietnam 

Solution by Jenish Rijal-Nepal 
 

𝑳𝒆𝒕 (𝒌 + 𝟐)𝟐 + 𝟑𝒌  =  𝒏𝟐           (𝒘𝒉𝒆𝒓𝒆 𝒏 ∈ ℕ) 
 

⇒  𝒏𝟐 − (𝒌 + 𝟐)𝟐 = 𝟑𝒌 ⇒  (𝒏 + 𝒌 + 𝟐)(𝒏 − 𝒌 − 𝟐) = 𝟑𝒌 
 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒔𝒊𝒏𝒄𝒆 𝒃𝒐𝒕𝒉 (𝒏 + 𝒌 + 𝟐) 𝒂𝒏𝒅 (𝒏 − 𝒌 − 𝟐)  
𝒂𝒓𝒆 𝒑𝒐𝒘𝒆𝒓𝒔 𝒐𝒇 𝟑, 𝒂𝒏𝒅 𝒂𝒓𝒆 𝒅𝒊𝒔𝒕𝒊𝒏𝒄𝒕. 

 
𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆 𝒕𝒉𝒆𝒚 𝒅𝒊𝒇𝒇𝒆𝒓 𝒃𝒚 𝒂𝒕 𝒍𝒆𝒂𝒔𝒕 𝒂 𝒇𝒂𝒄𝒕𝒐𝒓 𝒐𝒇 𝟑. 

 
⇒  𝒏 + 𝒌 + 𝟐 ≥ 𝟑(𝒏 − 𝒌 − 𝟐) ⇒  𝟑𝒏 − 𝒏 ≤ 𝒌 + 𝟐 + 𝟑(𝒌 + 𝟐) ⇒  𝒏 ≤ 𝟐(𝒌 + 𝟐) 

𝑵𝒐𝒘: (𝒌 + 𝟐)𝟐 + 𝟑𝒌  =  𝒏𝟐 ≤  [𝟐(𝒌 + 𝟐)]𝟐 
⇒ 𝟑𝒌  ≤ 𝟑(𝒌 + 𝟐)𝟐 ⇒ 𝒌 ≤ 𝟒 

𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒌 = 𝟐 𝒘𝒐𝒓𝒌𝒔. 
 

∴  𝒌 = 𝟐 𝒊𝒔 𝒕𝒉𝒆 𝒐𝒏𝒍𝒚 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏! 
 
 

 


