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Solve for natural numbers:
x3—y3=2x%+y?) +3xy+ 17

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

x3—-y3=2x2+y*)+3xy+17 (1)
Clearly,x,y € N for this R.H.S part > 0,consequently L.H.S >0,x>y

(2)
letd =x—y > 0thenx =d +y whth this substitution from(1)we get

(d+y)P-y*=2(d+y)?*+y*)+3(d+yy+17
d(d? + 2dy + y* + dy + y* + y?) = 2(d® + 2dy + 2y*) + 3y(d + y) + 17
or,y*(3d —7) + y(3d? —7d) + (d® — 2d* —17) = 0 (2)

we note that x,y € N

Case — 1.

d = 1 then equation (2)becomes, —4y?> —4y —18 =0 or,2y* + 2y + 9 =
0,real root does not exist as discriminant = 2?> —4.2.9=-68<0
Case — 2:

d = 2 then equation (2)becomes,—y?> — 2y — 17 = 0 or
y? + 2y + 17 = 0,real root does not exist as discriminant = 2% — 4.1.17 =
—-64 <0

Case — 3:
d = 3 then equation (2)becomes,2y* + 6y—8=0o0r,(y+4)(y—1) =0
or,y=1(asyeN,soy+ —4),x=y+d=1+3=4
now from(2) for d = 4 coeffcient of y* >3x4—-7=5>0
coeffcientof y>3x4*-7x4=20>0
constantterm >43-32—-17=64-49=15>0
clearly for d > 4 equation (2) never be zero.

Required solutioninNisx=4,y=1



