
 
Solve for integers: 

𝟐𝒙𝟐 + 𝟔𝒚𝟐 + 𝟕𝒙𝒚 − 𝒙 − 𝒚 = 𝟒 

Proposed by Marin Chirciu-Romania 
Solution by Adgozel Adgozalov-Azerbaijan 

Let 𝒙, 𝒚 ∈ ℤ. Factoring the quadratic part of the equation: 

𝟐𝒙𝟐 + 𝟕𝒙𝒚 + 𝟔𝒚𝟐 = (𝟐𝒙 + 𝟑𝒚)(𝒙 + 𝟐𝒚) 

By rearranging the terms: (𝟐𝒙 + 𝟑𝒚)(𝒙 + 𝟐𝒚) − 𝒙 − 𝒚 = 𝟒 

Subtracting 1 from both sides: (𝟐𝒙 + 𝟑𝒚)(𝒙 + 𝟐𝒚) − (𝒙 + 𝒚) − 𝟏 = 𝟑 

Therefore: (𝟐𝒙 + 𝟑𝒚+ 𝟏)(𝒙 + 𝟐𝒚 − 𝟏) = 𝟑 

Since 𝒙, 𝒚 ∈ ℤ, the terms (𝟐𝒙 + 𝟑𝒚 + 𝟏) and (𝒙 + 𝟐𝒚 − 𝟏) must be integer divisors of 3: 

(𝟐𝒙 + 𝟑𝒚+ 𝟏, 𝒙 + 𝟐𝒚 − 𝟏) ∈ {(𝟏, 𝟑), (𝟑, 𝟏), (−𝟏, −𝟑), (−𝟑, −𝟏)} 

Solving the corresponding linear systems: 

1. {
𝟐𝒙 + 𝟑𝒚 + 𝟏 = 𝟏
𝒙 + 𝟐𝒚 − 𝟏 = 𝟑

⇒ {
𝟐𝒙 + 𝟑𝒚 = 𝟎
𝒙 + 𝟐𝒚 = 𝟒

⇒ (𝒙, 𝒚) = (−𝟏𝟐, 𝟖) 

2. {
𝟐𝒙 + 𝟑𝒚 + 𝟏 = 𝟑
𝒙 + 𝟐𝒚 − 𝟏 = 𝟏

⇒ {
𝟐𝒙 + 𝟑𝒚 = 𝟐
𝒙 + 𝟐𝒚 = 𝟐

⇒ (𝒙, 𝒚) = (−𝟐, 𝟐) 

3. {
𝟐𝒙 + 𝟑𝒚 + 𝟏 = −𝟏
𝒙 + 𝟐𝒚 − 𝟏 = −𝟑

⇒ {
𝟐𝒙 + 𝟑𝒚 = −𝟐
𝒙 + 𝟐𝒚 = −𝟐

⇒ (𝒙, 𝒚) = (𝟐, −𝟐) 

4. {
𝟐𝒙 + 𝟑𝒚 + 𝟏 = −𝟑
𝒙 + 𝟐𝒚 − 𝟏 = −𝟏

⇒ {
𝟐𝒙 + 𝟑𝒚 = −𝟒
𝒙 + 𝟐𝒚 = 𝟎

⇒ (𝒙, 𝒚) = (−𝟖, 𝟒) 

Hence, the set of integer solutions are: (𝒙, 𝒚) ∈ {(−𝟏𝟐, 𝟖), (−𝟐, 𝟐), (𝟐,−𝟐), (−𝟖, 𝟒)} 

 


