
 

Find all pairs of positive integers (𝒙, 𝒚) satisfying 

𝟐𝟓𝒙 + (𝟒𝒚 + 𝟏)(𝟒𝒚𝟐 + 𝟑𝒚 + 𝟑) = 𝟓𝒙(𝟒𝒚 + 𝟒𝒚𝟐 + 𝟑𝒚 + 𝟒) 

Proposed by Jenish Rijal-Bardiya-Nepal 

Solution by Sahel Koley-Tarakeswar-India 

Suppose, (𝟒𝒚 + 𝟏) = 𝒌 and (𝟒𝒚𝟐 + 𝟑𝒚 + 𝟑) = 𝒘 
Now, the equation becomes:  𝟓𝟐𝒙 + 𝒌𝒘 = 𝟓𝒙(𝒌 + 𝒘) ⇒ 𝟓𝟐𝒙 − 𝟓𝒙(𝒌 + 𝒘) + 𝒌𝒘 = 𝟎 

After solving the quadratic equation, we get 

Case 1 𝟓𝒙 = 𝟒𝒚 + 𝟏 

If 𝒙 = 𝟎,  𝟓𝟎 = 𝟒𝒚 + 𝟏 ⇒ 𝟏 − 𝟏 = 𝟒𝒚 ⇒ 𝒚  has no integer solution. 

If 𝒙 = 𝟏, then, 𝟓𝟏 = 𝟒𝒚 + 𝟏 ⇒ 𝒚 = 𝟏. So, we need to find the integer pairs which are 𝒙 ≥ 𝟏 
and 𝒚 ≥ 𝟏, 𝟒𝒚 + 𝟏 ≡ 𝟏 (𝐦𝐨𝐝 𝟏𝟔) if 𝒚 > 𝟏, 𝟓𝟐 ≡ 𝟗 (𝐦𝐨𝐝 𝟏𝟔),  

𝟓𝟑 ≡ 𝟏𝟑 (𝐦𝐨𝐝 𝟏𝟔), 𝟓𝟒 ≡ 𝟏 (𝐦𝐨𝐝 𝟏𝟔) 

So, 𝟒 ∣ 𝒙 ⇒ 𝒙 = 𝟒𝒎 𝒎 ∈ 𝒁+.  So, 𝟒𝒚 = 𝟓𝒙 − 𝟏 ⇒ 𝟒𝒚 = 𝟓𝟒𝒌 − 𝟏 = (𝟓𝟐𝒌 − 𝟏)(𝟓𝟐𝒌 + 𝟏) 

Assume that 𝟓𝟐𝒌 − 𝟏 = 𝑨 and 𝟓𝟐𝒌 + 𝟏 = 𝑩, so, 𝐠𝐜𝐝(𝑨, 𝑩) = 𝟐 as 𝑨 and 𝑩 are both even. 

So, 𝑨 = 𝟐𝒖 and 𝑩 = 𝟐𝒗  𝒖, 𝒗 ∈ 𝒁+, 𝐠𝐜𝐝(𝒖, 𝒗) = 𝟏 

If, 𝟒𝒚 = 𝑨 ⋅ 𝑩 ⇒ 𝟐𝟐𝒚 = 𝟒𝒖𝒗 ⇒ 𝟐𝟐𝒚−𝟐 = 𝒖𝒗. If 𝒖 = 𝟏 then, 𝑨 = 𝟐 So, 𝟓𝟐𝒌 = 𝟑 a contradiction. 

Hence, no solution exist for 𝒚 ≥ 𝟐,  So, Case 1 has one solution (𝒙, 𝒚) = 𝟏, 𝟏. 

Case 2 𝟓𝒙 = 𝟒𝒚𝟐 + 𝟑𝒚 + 𝟑 (as 𝒘 = 𝟒𝒚𝟐 + 𝟑𝒚 + 𝟑)⇒ 𝟒𝒚𝟐 + 𝟑𝒚 + 𝟑 ≡ 𝒚𝟐 (𝐦𝐨𝐝 𝟑) 

𝟓𝒙 ≡ 𝟐𝒙 (𝐦𝐨𝐝 𝟑) 

If 𝒙 is even 𝟐𝒙 ≢ 𝟐 (𝐦𝐨𝐝 𝟑) 

Let 𝟐 ∣ 𝒙 ⇒ 𝒙 = 𝟐𝒏 𝒏 ∈ 𝒁+ then, 𝟓𝒙 = (𝟓𝒏)𝟐 is a perfect square. But for 𝒚 > 𝟐 

(𝟐𝒚)𝟐 < 𝟒𝒚𝟐 + 𝟑𝒚 + 𝟑 < 𝟒𝒚𝟐 + 𝟒𝒚 + 𝟏 = (𝟐𝒚 + 𝟏)𝟐 

So, no perfect square cannot lie between (𝟐𝒚)𝟐 and (𝟐𝒚 + 𝟏)𝟐 

because, 𝟑𝒚 + 𝟑 < 𝟒𝒚 + 𝟏 ⇒ 𝒚 > 𝟐 



 
So, no solution with even 𝒙 ≥ 𝟐 and 𝒚 > 𝟐 

So we need to find 𝟎 < 𝒚 ≤ 𝟐 

If 𝒚 = 𝟏; 𝟒 + 𝟑 + 𝟑 = 𝟏𝟎 ≠ 𝟓𝒙 

If 𝒚 = 𝟐; 𝟏𝟔 + 𝟔 + 𝟑 = 𝟐𝟓 = 𝟓𝟐 = 𝟓𝒙, 𝒙 = 𝟐 

So, Case 2 have 𝒙 = 𝟐, 𝒚 = 𝟐 as one solution. 

Therefore, the possible ordered pairs of positive integers (𝒙, 𝒚) = (𝟏, 𝟏), (𝟐, 𝟐) 


