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Find all pairs of positive integers (x, y) satisfying
25 + (4 + 1)(4y* + 3y + 3) = 5*(4Y + 4y> + 3y + 4)
Proposed by Jenish Rijal-Bardiya-Nepal
Solution by Sahel Koley-Tarakeswar-Iindia

Suppose, (4” + 1) = kand (4y> +3y+3)=w
Now, the equation becomes: 52* + kw = 5*(k + w) = 5%2* - 5*(k+w) + kw = 0

After solving the quadratic equation, we get
Casel15*=4Y +1
fx=0 5°=4Y+1>1-1=4Y >y hasno integer solution.

If x = 1, then, 5! =47 + 1 = y = 1. So, we need to find the integer pairs which are x > 1
andy>1,4"+1=1(mod 16)ify > 1, 52 =9 (mod 16),

53 =13 (mod 16), 5* =1 (mod 16)
So,4|x>x=4m meZ". So0,4” =5"—-1=>4Y=5%_1=(5%2k-1)(5%k+1)
Assume that 52¥ — 1 = A and 52 + 1 = B, so, gcd(A4, B) = 2 as A and B are both even.
So,A =2uand B = 2v wveZt ged(u,v) =1
If, 4 =A-B = 2% = 4uv = 2% 2 = yv.If u = 1 then, A = 2 So, 52¢ = 3 a contradiction.
Hence, no solution exist for y > 2, So, Case 1 has one solution (x,y) =1, 1.
Case25* =4y? + 3y + 3 (asw = 4y? + 3y + 3)=> 4y?> + 3y + 3 = y? (mod 3)
5* = 2* (mod 3)
If x is even 2* # 2 (mod 3)
let2 | x> x=2n n € Z" then, 5 = (5™)? is a perfect square. But for y > 2
(2y)2<4y*+3y+3 <4y’ +4y+1 =2y +1)>
So, no perfect square cannot lie between (2y)? and (2y + 1)?

because,3y+3 <4y+1=>y> 2
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So, no solution witheven x > 2 and y > 2
Soweneedtofind0 <y <2
fy=1,4+3+3 =10+ 5*
fy=2;16+6+3=25=52=5% x=2
So, Case 2 have x = 2,y = 2 as one solution.

Therefore, the possible ordered pairs of positive integers (x,y) = (1,1),(2,2)



