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Let (a,),>1 and (b,,),,-0 be two sequences defined by
ea;=1landa,=a,_1+2n-1,(n=>2)
eby=2,by =3and b,, = 3b,_1 — 2b,,_5,(n = 2)

Determine all positive integers n for which a,, divides b,,.

Proposed by Bibek Yadav-Nepal
Solution by Jenish Rijal-Nepal
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Thus, a, divides b,  n*> | 2" +1

Let's solve for n? | 2" + 1 : Trivially n = 1 is a solution.

If n > 1thendefine w(t) to be the smallest prime divisor of t € N.

Let w(n) = p. >pl2"+1|22"—1 and p|2P 1 -1 (ByFLT)
=>plged(2®—1,2P71 - 1) = p | 29¢¢@np-1) _ 1

Nowifd=gcd(2np—1) > 2

d
then 3 is adivisor of n strictly less than p,implying

n has a prime factor smaller than p,which contradicts the minimality of p.
~ged2np—1)=2=>p|22-1 ~.p=3.

Let v3;(n) = x. By LTE lemma we must have:

132"+ 1) =v;2+1D) +vs(n) =1+x=>v3(n?) =2x > x=1.

Let n = 3k with gcd(3,k) = 1 and if k = 1thenn = 3,which is a solution (~~ 9 |
23 +1).

Assume k > 1 and let w(k) = q (Note: q > 3). Now we have:

q18“+1|8%*—1 and q |89 ! -1 (ByFLT).
gcd(2k,q—1)=2

= q|gcd(8% —1,89"1 - 1) = q | 89¢4Zka-1 _q = 82-1=63
=ql63 -~q=17.

However 2" +1 =8+ 1 = 2 (mod 7). A contradiction! (~q=72"+1)
Therefore,the only solutions aren =1, 3.



