
 

Find all 𝐴 ∈ 𝑀2(ℝ) such that 𝐴2 = −𝐴𝑇 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Nawar Alasadi-Iraq 

𝑨𝟐 = −𝑨𝑻 ⟹ (𝑨𝟐)𝑻 = (−𝑨𝑻)𝑻 ⟹ (𝑨𝑻)𝟐 = −𝑨

Substitute 𝑨𝑻 = −𝑨𝟐 ⟹ (−𝑨𝟐)𝟐 = −𝑨⟹ 𝑨𝟒 + 𝑨 = 𝟎 ⟹ 𝑨(𝑨𝟑 + 𝑰) = 𝟎
 

Minimal polynomial 𝒎𝑨(𝒙) divides 𝒙(𝒙 + 𝟏)(𝒙𝟐 − 𝒙+ 𝟏). Since 𝑨 ∈ 𝑴𝟐(ℝ), characteristic 
polynomial 𝑷𝑨(𝒙) is real of degree 2. 

Case 1: 𝑷𝑨(𝒙) = 𝒙
𝟐 ⟹𝒎𝑨(𝒙) = 𝒙⟹ 𝑨 = (

𝟎 𝟎
𝟎 𝟎

) 

Case 2: 𝑷𝑨(𝒙) = (𝒙 + 𝟏)
𝟐 ⟹𝒎𝑨(𝒙) = 𝒙 + 𝟏 ⟹ 𝑨 = (

−𝟏 𝟎
𝟎 −𝟏

) 

Case 3: 𝑷𝑨(𝒙) = 𝒙(𝒙 + 𝟏) ⟹ 𝑨𝟐 + 𝑨 = 𝟎 ⟹ 𝑨𝟐 = −𝑨. From 𝑨𝟐 = −𝑨𝑻 ⟹−𝑨 =

−𝑨𝑻 ⟹ 𝑨 = 𝑨𝑻. Let 𝑨 = (
𝒂 𝒃
𝒃 𝒅

). tr(𝑨) = −𝟏 ⟹ 𝒅 = −𝟏 − 𝒂. 𝐝𝐞𝐭(𝑨) = 𝟎 ⟹

𝒂(−𝟏 − 𝒂) − 𝒃𝟐 = 𝟎 ⟹ 𝒂𝟐 + 𝒂 + 𝒃𝟐 = 𝟎. 

𝑨 = (
𝒂 𝒃
𝒃 −𝟏 − 𝒂

) where 𝒂𝟐 + 𝒂 + 𝒃𝟐 = 𝟎 

Case 4: 𝑷𝑨(𝒙) = 𝒙
𝟐 − 𝒙 + 𝟏 ⟹ 𝑨𝟐 − 𝑨 + 𝑰 = 𝟎⟹ 𝑨𝟐 = 𝑨 − 𝑰. From 𝑨𝟐 = −𝑨𝑻 ⟹ 𝑨−

𝑰 = −𝑨𝑻 ⟹ 𝑨+ 𝑨𝑻 = 𝑰. Let 𝑨 = (
𝒂 𝒃
𝒄 𝒅

) ⟹ (
𝟐𝒂 𝒃 + 𝒄
𝒃 + 𝒄 𝟐𝒅

) = (
𝟏 𝟎
𝟎 𝟏

) ⟹ 

𝒂 = 𝒅 =
𝟏

𝟐
, 𝒄 = −𝒃. 𝐝𝐞𝐭(𝑨) = 𝟏 ⟹

𝟏

𝟒
+ 𝒃𝟐 = 𝟏 ⟹ 𝒃 = ±

√𝟑

𝟐
. 

𝑨 =

(

 
 

𝟏

𝟐
±
√𝟑

𝟐

∓
√𝟑

𝟐

𝟏

𝟐 )

 
 

 

Solution Set: 

{
 
 

 
 

(
𝟎 𝟎
𝟎 𝟎

) , (
−𝟏 𝟎
𝟎 −𝟏

) ,

(

 
 

𝟏

𝟐
±
√𝟑

𝟐

∓
√𝟑

𝟐

𝟏

𝟐 )

 
 

}
 
 

 
 

∪ {(
𝒂 𝒃
𝒃 −𝟏 − 𝒂

) | 𝒂𝟐 + 𝒂 + 𝒃𝟐 = 𝟎} 

 


