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NAGEL’S CEVIANS REVISITED (Il)

By Bogdan Fustei-Romania

Let ABC be a triangle with sides a, b, c, semiperimeter

_at+b+c
s = >
and area A. Define: x = /s — 2r,h,, y = /8% — 2rphy,.
We have
_ A b= 24
R Ts AT a’
hence
ot = 4n*
falla = 95 )

By Heron’s formula A% = s(s — a)(s — b) (s — ¢), we obtain

B 4s(s —b)(s — )

x? =s?
a
Since
a? — (b—10)?
(s-b)(s—¢ =2 LT
4
it follows that
s(b — ¢)?
x% = s(s—a)+¥.
Similarly,
2
s(a—c
y?=s(s—b) + sa— o
b
Set
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Then
a=q+t b=p+t c=p+q s=p+q+t,
b—c=t—q, a—c=t—p.
Therefore
2 2
o) et
Hence
x > ./sp, y = ./sq, xy = s,/pq.
Thus

(t—q)?* (t—p)?
2> 2./pq |.
x+y) _s<p+q+ T g + Fp + 2./pq

Lemma. Foru,v > 0,

(u—w)?

u+v

> (Vu—Vv)".

Applying it with (u,v) = (t,q) and (t, p) gives

(t-9?  (t—p)* 2 2
] L C RN CENDR

Hence
t—q)? (t—p)? 2
p+q+( D +( P) +2/pq =p+q+t+(/p+/a—-Vt) >p+q+t
t+q t+p
Therefore

x+y)?>s(p+q+t)=s2
But ny=/s? — 2r,h, (and analogous)[1] -
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n,+n, > s (and analogous)(1)

From n,=y/s? — 2r,h, (and analogous)->

s > n, (and analogous)(2)
n,,ny, n.-Nagel cevians, from (1) and (2)->
n,+n; > n. (and analogous) (3)
n,, Ny, n.-can be sides of a triangle (4)

From n,=/s2 — 2ryh, (and analogous)->2r,h,=s? — n2=(s—n,)(s+n,)

2r S n 2r a n
—2 = — — 2 (and analogous); ah,=2sr> —= =— -2
s+ny hy h, s+ny 2r h,

a n, 2r,
— =24 =3

27 = h, S+nal(and analogous)(5)

From (3) and (5):

a n, 2r,
o> h + ——— (and analogous)(6)

+£

27 2nal+nC(andanalogous)(7)

a n 2r,
= > 2 + a
2r h, 2n,+ny

(and analogous)(8)

h
2ryh,=s? — n§=(s—na)(s+na)92;3—na =s+n,
—Ha

2rp a
Pt + ha(and analogous)(9)

1 > 1 N 2ry S 2ry

s—n,<np + n. —ny—>
S—ny Np+nc—ngy S—ny Np+nc—ngy

_>% + % > —2__ (and analogous)(10)

a npt+Nnc—N,

fa _ —“MZJ;(:’_C)Z (and analogous)[2] and from (6),(7),(8) :

ha
ng+np+n, 4r,
GRRLREL . (and analogous) (11)
r a—/4r2+(b—c)?
2n,+n¢ 41,

(and analogous) (12)

r a—/4r2+(b—c)2"
3
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2n,+ny

4r,
r N re—— (and analogous) (13)

S a S—a
T m T b (and analogous)(14)

Na _ \J4r2+(b—c)? N

h, 2r

n, _ V4r2+(b-c? _ na—v4r?+(b-c)?

h, 2r h,—2r

(and analogous)(15)

S a S a s+a

oo h bz (and analogous)(16)

2 —c)2 2 —c)2 2 —_c)2
:_: = —\““r;(rbc) _):_: — var J;(rb 0% _ "a”;t:;;(rb 9” (and analogous)(17)

From (14) and (5) :

2 —c)2_q—
2t _ styarf+(b-of-a-n, (and analogous) (18)

s+n, h,—-2r

From (5) and (16 ):
2rp s+a—m—

s+n, h,+2r

™2 (and analogous)(19)

From (18) and (1):
np+nc+vy/4r2+(b—c)2—-a-n,

h,—2r

2r,
> on, (and analogous)(20)

From (19) and (1):
np+nc+a—y4r2+(b—c)2-n, 2r,

htZr > on. (and analogous) (21)
.Fa — hy — Nga
We use o nal_\/m(and analogous) [3]
fy ny+hy
T T a0t (and analogous)(22)
Also ;2 = D2 — —a °_ (and analogous) [3]

r  hp-2r ny—+/4r2+(b—c)? “s-a
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fa ny+s
S 2= PP v s (and analogous) (23)

From (1) and (23) :
2n,+ny
s—a+ny—+/4r2+(b—c)?2
n,+np+ne
s—a+n,—+/4r2+(b—c)?2

2n,+n¢

s—a+n,—/4r2+(b—c)2

> r:a (and analogous) (24)

> r?"(and analogous)(25)

> rf‘ (and analogous) (26)
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