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5570. Suppose a,b € C with [a®> + 1| < 1,|a* + 1| < 1,|0* + 1| < 1,05 + 1] < 1.

Prove that:
la +b]*> 4+ |a—b* < 4
Proposed by Daniel Sitaru - Romania

Solution 1 by Michel Bataille, Rouen, France.
We have |a+b|? = (a+b)(@+b) = |a|?>+ab+ab+|b|? and |[a—b|? = |a|*—ab—ab+|b|?,
hence |a+b[? + |a —b|> = 2(|a|? + |b|?). Thus, it suffices to show that |a|? + [b|> < 2
or even that |a| <1 and |b] < 1.
If 2|a?| < 1, then certainly |a| < 1. If 2|a|? > 1, then using the triangular inequality,
we see that

1> Jat +1) = |(a® + 1)% — 2¢%| > (|a2 F12 - 2\a|2‘ — 20a|? — |a® + 12

so that 2 > 1+ |a? + 1|2 > 2|a?| = 2|a|? and |a| < 1 follows.
Similarly, we have |b| < 1 if 2|b> = |2b3] < 1. If |2b3| > 1, then, as above,

1> 68 +1] = |(6° + 1)2 — 2b%| > ’|b3 +12 - |2b3|‘ = |263| — |b + 12

hence 2 > 1+ [b% 4 1]2 > 2[b|> and |b| < 1 follows.
In any case, we have |a| <1 and |b| < 1. O

Solution 2 by proposer.
2la’| = 20 =[(a” +1)* = (a" + 1)| <
<@+ 13+ ja* + 1 =l + 1P +|a* +1| <1+ 1=2
=2 <2=a*|<1=(Ja)* <1=1d <1
2% = |26° = |(8® + 1) — (b° + 1)| <
<P A2+ P8+ 1 = P2+ 1P+ 6+ 1 <
<1PPr1=2=2%<2=°<1=1p <1
By parallelogram identity:
la+ b2 +]a—0b*> =2(a|* + |b*) < 2(12+1%) =4
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