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MA271. Let a, b, c > 0 be real numbers. Show that:
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Proposed by Daniel Sitaru - Romania

Solution 1 by Jian Bing.

From (a − 1)2 + (b − 1)2 ≥ 0, we have a2+b2

4 ≥ a+b−1
2 where equality holds if and

only a = b = 1. Similarly, we have b2+c2

4 ≥ b+c−1
2 and c2+a2

4 ≥ c+a−1
2 . Adding

these inequalities yields
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2
where equality holds if and only a = b = c = 1.
By the AM-GM inequality, we have a+b

2 + 2
a+b ≥ 2 where equality holds if and only

a+ b = 2.
Similarly we have b+c

2 + 2
b+c ≥ 2 where equality holds if and only b + c = 2 and

c+a
2 + 2

c+a ≥ 2 where equality holds if and only c+ a = 2.
Hence we have
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where equality holds if and only a = b = c = 1. □

Solution 2 by proposer.

a2 + b2

4
+

2

a+ b
=

a2 + b2

4
+

1

a+ b
+

1

a+ b
≥

AM-GM
≥ 3 · 3

√
a2 + b2

4
· 1

a+ b
· 1

a+ b
=

= 3 · 3

√
2(a2 + b2)

8(a+ b)2
≥ 3 · 3

√
(a+ b)2

8(a+ b)2
=

=
3
3
√
8
=

3

2

(1)
a2 + b2

4
+

2

a+ b
≥ 3

2

Analogous:
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By adding (1); (2); (3):
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Equality holds for: a = b = c = 1. □
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