CRUX MATHEMATICORUM CHALLENGES-IX

DANIEL SITARU - ROMANIA

4919. If A, B € Mg(R) are matrices such that:
A*+B*=AB+A+B-1I

then

det(BA—AB) >0

Daniel Sitaru - Romania

Solution 1 by editors.
Let w = exp(23%); then we have w® = 1,1 + w + w?
Is + w?A +wB = I + wA + w2B; it follows that

det(Is +wA + w?B) det(Is + w? A + wB)

0,@ = w?. Observe that

= det(Is + wA + w?B) - det(Is + wA + w?B)
= |det(Ig +wA +w?B)|> >0
On the other hand, by the hypothesis, we calculate
(Is + wA + w?B)(Ig + w?A + wB)
=Is+ A%+ B?+ (w+ w?)(A+ B) + wBA + w?AB
=AB+ A+ B~ (A+ B) +wBA+ w?AB = w(BA — AB).

Now the conclusion follows from taking the determinant on both sides of the above
equation. O

Solution 2 by editors.
Write I = Is. Let X = A—1 and Y = B — I. Then the hypothesis implies that

X+ + Y +I1)P=X+DY+D+(X+D+ (Y +1I) -1,
that is, X2 4+ Y2 = XY. Furthermore, note that BA — AB =YX — XY and
(X+Y)2?+3(X -Y)? =4(X?+Y?) - 2(XY +YX) =2(XY - YX).

Thus,
det(X +Y)?+3(X —Y)?)

det(BA — AB) = (2)0
_det(X 4+ Y +ivV3(X —Y))det(X +Y —iv/3(X —Y))
- 5
_ |det(X+Y—2§\/§(X—Y)|2 >0
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Solution 3 by proposer.

Let be wy o = %,\/g € C and w € {wy,ws2}.

w4+w+1=0and

(1) w#Lwt=1
wi=ww=1w=w
(2) wl=w
ol = Liw @ = (ul)? =1
- 1 w? w? 9
W=—=—=—=w
w 1
(3) T = w?
oL _w e
Cw? w1
4) Wi=w

Wtwtl=0=w’+1l=-w
(5) Wrl=—w
Let be: C = A+ wB + w?lg
C=A+wB+wls=A+wB+ws
By (3); (4):
C=A+w’B+wl
det(C - C) = det C - det(C) = det C - det C = (] det C|)* > 0
det((A + wB + w?I)(A+ w?B + wlg)) > 0
det(A? + W?AB + wA + wBA + w?*B? + w?B + w?A + w'B + w3ls) > 0
By (1);(2):
det(A? + w?AB + wA+ wBA+ B?> + W?B + w?A+wB + 1) >0

det(A? + B>+ Is + w(BA+ A+ B) +w?*(AB+ A+ B)) >0
By hypothesis:

det(AB+ A+ B+w(BA+ A+ B)+w?(AB+A+B))>0

det((14+ w?)(AB+ A+ B)+w(BA+A+B))>0

By (3):
det((—w)(AB+ A+ B) +w(BA+ A+ B)) >0
det(w(BA+A+B—-AB—-A-DB))>0
det(w(BA — AB)) > 0
wOdet(BA — AB) > 0 = (w®)?-det(BA — AB) >0
By (1)

12 . det(BA — AB) >0
det(BA— AB) >0
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4935. Let A, B € M3(C);C, D € M5(C); E, F € M7(C). Show that:
|rank(AB) — rank(BA)|+ |rank(CD) — rank(DC)|+ |rank(EF) —rank(FE)| <6
Daniel Sitaru - Romania

Solution 1 by proposer.
Lemma: If U,V € M, (C);n € N;n > 2 then:

(1) lrank(UV) — rank(VU)| < [%}
[*] - great integer function.

Proof.
Without lost of generalization suppose that:

rank(UV) > rank(VU)
rank(UV) — rank(VU) < rank(UV) < rank(U)

(2) rank(UV) — rank(VU) < rank(U)
By Sylvester’s inequality:

rank(VU) > rank(U) +rank(V) —n

—rank(VU) < n —rank(U) — rank(V)

rank(UV) —rank(VU) < rank(UV) +n — rank(U)—
—rank(V) <rank(V) +n —rank(U) — rank(V) = n — rank(U)

(3) rank(UV) — rank(VU) < n — rank(U)

By adding (2); (3):
2(rank(UV) — rank(VU)

)
rank(UV) —rank(VU) <
But rank(UV) — rank(VU) €
= rank(UV) — rank(VU) g[

<n
n
2

N =

2

Back to the problem. By (1):

(4) \rank(AB) — rank(BA)| < [

N W

}:1

(5) \rank(CD) — rank(DC)| < [; 2

3

(6) |rank(EF) — rank(FE)| < g}
By adding (4); (5); (6):
|rank(AB) — rank(BA)| + |rank(CD) — rank(DC)|+
+lrank(EF) —rank(FE)| <14+2+3=6
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Solution 2 by Oliver Geupel.
Let n be a positive integer and M, N € M, (C). We will show that

(1) |rank(MN) — rank(NM)| < g

Since the left hand side is an integer the result then follows immediately. We
know that rank(MN) and rank(NM) are at most min(rank(M),rank(N)). If
min(rank(M),rank(N)) < 5, then (1) follows immediately. So suppose that
rank(M) and rank(N) are both greater than 3. Applying Sylvester’s inequality,
we obtain
min(rank(MN),rank(NM)) > rank(M) + rank(N) — n.
Therefore
fg < rank(M) —n = (rank(M) + rank(N) —n) — rank(N)
< rank(MN) — rank(NM)
< rank(M) — (rank(M) + rank(N) —n)
=n —rank(N) < g
It follows that |rank(MN) —rank(NM)| < & and we are done. O
4945. Let x,y, 2z € R. Prove that:

Z\/(—cosx—l—cosy—I—cosz)Q + (—sinx +siny 4 sinz)? > 3

cyc

Proposed by Daniel Sitaru - Romania

Solution 1 by editors.
Let u = cosxz+isinz, v = cosy+isiny and w = cos z+isin z. Since |a|+]b| > |a+b|
for a,b € C, we have that

(| —utv+w|+u—vtwl) + (| —uto+w|+utv—uw)
F(ju—v+wl) +fu+v—w)
> 2w| + 2[v| + 2|u| = 6.
The left side being twice that of the proposed inequality, the result follows. O

Solution 2 by UCLan Cyprus Problem Solving Group.
For real a, b, c,d, we have

Va2 + 02+ V2 +d2>\/(a+e)?+ (b+d)2.

This is equivalent to 24/(a%+ b2)(c2 +d2) > 2(ac + bd), a consequence of the
Cauchy-Schwarz inequality.
Let a; = —cosxz+cosy+cos z,b, = —sinx+siny+siny, with ay, by, a., b, defined

analogously. Then
1
> Va2 42 = 52( a2 + b2 + /a2 +b2)
1
> 53 V(@ +a,)? + (b +b,)?
1
=3 Z V/(2cos 2)2 + (2sin2)2 = 3.
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Solution 3 by proposer.
The inequality to prove can be written:

Z|(—cosm+cosy+cosz) +i(—sinz +siny +sinz)| > 3

cyc

Z| — (cosx +isinz) + (cosy + isiny) + (cos z +isinz)| > 3

cyc

Denote:
U = cosx + isinx
v=cosy+isiny ;u,v,weC
w = cosz+ isinz
|u] = |v] = |w| = 1. Remains to prove:
g | —u+v+w| >3
cyc
Denote:

a=—-u+v+w

b=u—v+w =a+b+tc=ut+v4+w

c=u+v—w
a=u+v4+w—-2u=a+b+c—2u

b
O=b+c—2u=u= % Analogous:

c+a a+b .
== Tw = 5 . Remains to prove:
b+c c+a a+b
— >
> sty 5| 23
cyc
(1) > lal >3
cyc
We will prove (1):
(2) bl +]c| > [b+c|=[2u[=2|ul=2-1=2
(3) lc| +]al > [e+a| =[2v]=2-|v|=2-1=2
(4) la| +[b] > [a+b] = [2w[ =2 |w[=2-1=2

By adding (1); (3); (4):
2(lal + [0 +]c|) = 2+2+2
2(|al +[b] +[c]) = 6
la| + 0] + |¢| > 3
> la| >3
cye

The proof is complete.
4974. Solve the following for real numbers:
2<z,y,2<4,
22 + 4% + 2% = 29,
xy+yz+zzx+28=06(z+y+2).
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Daniel Sitaru - Romania
The solutions start with computing x + y + z : we have
(2 +y* +2%) + 22y +yz + 22 +28) =29 + 12(x + y + 2),
that is,
(x+y+2)2—12(x+y+2)+27=0.
It follows that t +y+2 =3 orx +y+ 2 =9. Since 2 < z,y, z < 4, we must have
r+y+2=09.

Solution 1 by Michal Adamaszek, Kee-Wai Lau, and Cao Minh Quang (done independently).

Leta=x—-3,b=y—3,c=2—3.Then we have —1<a,b,c <1,
a+b+c=(x+y+2)—9=0
and
a2+ b+ =(x -3+ (y—3)?+(z-3)?
=@ +y°+2%) —6(x+y+2)+27T=29-54+27=2.
Since we have three numbers a, b, ¢, without loss of generality, we may assume that
ab > 0. Then we have

2=+ +P<(a+b)?+2=(—c)+c*=22<2,

and thus ab = 0 and ¢ = 1.
Now, it is easy to verify that we must have {a,b,c} = {—1,0,1}, equivalently,
{z,y,2} ={2,3,4}. O

Solution 2 by Michel Bataille, Mohamed Amine Ben Ajiba, Prihwijit De,

Oliver Geupel, Walther Janous, Didier Pinchon, Kenji Tonozuka, Chikara Tsug-
awa, and the proposer (all done independently).

Since x +y + z = 9, we have

xy+yz+ze=6(x+y+z)— 28 =26.
Let s = xyz. Then it follows that x,y, z are the roots of the polynomial
ft)=(t—2)(t—y)(t—=z) =1t —9t> + 26t — s.
Since 2 < x,y,z < 4, we have f(2) <0 and f(4) > 0. However, note that
) = fa) =24 —s.
Thus, we must have s = 24 and
ft) =13 —9t* 426t — 24 = (t — 2)(t — 3)(t — 4)
that is, {z,y, 2} = {2,3,4}. O
Solution 3 by proposer.
r=22y>22222=(x-2)(y—2)(¢-2)20
(xy — 22 —2y+4)(2—2) >0
xyz — 22y —2xz +4xr —2yz+4y+42—-8 >0
(1) xyz —2xy+rz+yz)+4(x+y+2)—8>0
r<4y<4;z<4=4-2)4—-y)d—2)>0
(16 —dy —dz+2y) (4 —2) >0
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64 — 16z — 16y + 4yz — 16x + 4oz + 4dzy — zyz > 0

(2) 64— 16(z+y+2) +4(xzy+yz+z2x) —ayz>0
By adding (1); (2):

2wy +yz+2z) +56 —12(x+y+2) >0

2y +yz+ zx) + 56 > 12(x +y + 2)

(3) 2y +yz+ze+28>6(x+y+2)
Equality holds in (3) for:

x = 2;y =4; 2 € [2,4] and permutations.
By 22+ 4?2 +22=27= 22 =27 - 22 — 4> = 22 = 9 = 2 = 3. Solutions are:

(x,y,2) = (2,4,3) and permutations.

|
5005. Let x,y,z > 0 such that xyz = 1. Show that
x Y z 3 z3 Y3 23
( + + ) < + +
l+2z+2y 14+y+yz 1+z+2z2z l+2z+2y 14+y+yz 1+z+2z2z

Daniel Sitaru - Romania
We make some preliminary observations. Let
1 1 1
(a’ b7 C) = ( ) k) )
l4+z4+zy 1+y+yz 1+2+4 22

and (u,v,w) = (za,yb, zc). Then a = 2(z+zr+ayz) ! = 2(1+2+z2) ' =w,b=u
and ¢ = v. Then

T Ty
1+x+my+x—|—xy+myz+ch—|—xyz+acyzx
_ltz+uoy 1
l+z+zy

ut+tvt+w=a+b+c=

Solution 1 by Henry Ricardo and the proposer (independently).
Since the function f(t) = t® is convex, we have

(ax + by + c2)® < ax® + by® + ¢23
which is the desired result. O

Solution 2 by Didier Pinchon.
By the weighted power mean inequality,

(az® + by’ + 23 > ax+by+cz = u+v+w,
which establishes the result. O

Solution 3 by Michel Bataille and Oliver Geupel, independently.
By Hélder’s inequality (applied with (p, ¢) = (3/2,3)), we have

(w4 v +w) = (az + by + cz) = a>/3a'Pa + b¥301 3y 4 2/31/3,

< (a+b+ )3 (ax® + by’ + %)/,
Cubing this inequality gives the result. [



8 DANIEL SITARU - ROMANIA

Solution 4 by Boris Colakovic.
Let (z,y,2) = (a/B,8/7,7/a) and § = fy+~vya+ af. The left side of the proposed
inequality is equal to 1, while the right side p is equal to

53 735 B 1 04373 ﬂ3a3 7353
( B2 * 7—’_?) N S(BQWQ T v2a? M a262>'

By the Radon inequality,

NA+p2+12 T A+ p+v)?
applied to (X, u,v) = (B, va, af), it follows that
1(By+ Ba+aB)? &

- = =1.
T (By+Pat+ap)? b2
The desire result follows. O
Solution 5 by proposer.
. _ 1 . _ 1 . _ 1
Let be: p1 = 75753 P2 = 152303 = T
TS S S S—
prp p371+x+my 1+y+yz 14+z+zx
B 1 n 1 n 1 B
_1+x—|—% 1+2+z22 1+y+%_
z 1 x
z4+zx+1 14+zx+z l1l+zy+z
z+1 T z+1 Tz
— + I — + =
z+zx+1 1—|—;—|—x z+zx+1 z4+zzx+1
ozt l4xz
T4z +1

pr+p2tps=1
Let be f:(0,00) — R; f(z) = 23
f'(x) = 3% f""(x) = 62 > 0; f convexe
By Jensen’s inequality:

f(p1z + P2y + p3z) < x) +paf( )+p3f( )

f<zl+x+xy

o)
l—i—x—f—xy

3 3

<pf
( 1+3:—|—x ) 1—|—a:+33y
) < , :

( ° + J < +
14+z+xy 1+y+yz 1—|—z—|—zm 1—|—x+xy 1+y+yz 1+z+4+z22
Equality holds for: x =y =2 =1. [

5030. Let 0 < a < b and ¢ > 0 be real numbers. Show that

b b
b+ Vb?
//udxdyg(gﬂ_a?)]< + +C>
a Ja VTY+cC a++va?+c

Daniel Sitaru - Romania
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Solution 1 by Michal Adamaszek.
Let x,y,c € R*. We start by proving the following inequality:
r+y T I Y .
Vey+e T \fylte Vai+e
The proof of this inequality is obtained by the following calculation:
T4y T Y
Veyte e Vatte

1 1 1 1
:x(\/wy—ﬁ—c_ \/y2+c)+y(\/ffy+c_ \/x2+c>

\/y +c—\/ﬂm+ Va2 +c—\Jry+c
VIy + ey +c VIy +eva? +c

2 2
Yt -y rm—xy
X
Vay+evy? +e(Vey+ e+ vy + c) \/m\/aﬂ +c(Voy F e+ Va2 +c)
_Iy(y—x)< 1 1
- JVxyFe

VP eaFes VP \/w2+cwm+m>)
- xy(y—x>(m<m+ Va ¥ o) = i F eIy T e+

y? +c)
Vay+e N 2 F eVl +e(VTy F e+ y2+c)<m+m>)
_wyly—x) VIY + (Va2 +c— /y? + o) + 2 — 3P

Vey+c \fy2 +eva? +e(vay + e+ 4y +c)(\/m+\/9527+c)

Note that the denominator is positive. We focus on the numerator
xy(y - x)(m(\/l'z +c— \/yQ + C) + .’Ez _ y2)

— ouly — Vzytc 22— y2) 4+ g2 — o2
=ay(y )(\/x2+c+\/y2+c( y)+ y)

VY +c¢
= —ay(y - (@ +y)( J +1) <0,
VaZ+ce+ /12 +c
This completes the proof of the inequality. As for the problem, we now have

// mdxdy—// ﬁdm“// Tl

b
:2//dedy
o Ja VY2 +e

b b 1
:2/ xdm-/ —dy
a a \/y2+c

2—a2 n m
(5 ()

as desired.
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Solution 2 by proposer.
Let be f:(0,00) = R; f(t) =t~

M\»—l

1 3 3 _s 3
") =—zt72f"t) = ~t72 = —=
F) =gt == s
f convexe. By Jensen’s inequality:
(1) Af(z1) + Ao f(22) > fF(Mx1 + Aaa)
fro 1,29 > 0; A1, Ag > 0, A1 + Ao = 1 Let’s take in (1)
T Y
A= iAo = i,y >0 A + A =1
1 Tty 2 Tty T,y 1 2

2 2
r1 =Y +cxro=a"+cC

x y
mf(y2+c)+7f(x2+c)>
> f(

< 2

+c+ x—i—c)
I+y(y )
xr 2 _ 1 y 1
- . +C 2+7 x+c 2 >
Tty (y" +¢) ; ( )"z >

m\»—A

+
>(xiy(y +o)+ iy(m +0)
(+yVy*+e (z+yva*+ec
1 1

- zy2+zctxy+yc (zy) (z4+y)+c(z+y)
z+y z+y

1
N VIY + ¢
T Y 1
+ >
@+y)Vy*+c (@+yvai+c ayte
T LY T4y
ViZ+e Valtce Vaytec

b
T+y // Y
————dzd dxdy =
/a / vry+ec s \/y +c \/z2+c) V=
By T
/a a Vy2+e Ja v o VaZ+ec
b b
d
:2/ :L'dl’/ Y
a a \/y2+c
b270,2
=2 5 ~(In(b+ Vb2 +c¢)—ln(a+ vVa®+¢)) =

(T

Equality holds for a = b.

MA271. Let a,b,c > 0 be real numbers. Show that:

1, . 5 1 1 1 9
- b 2( )>7
2(a+ +e)+ a+b+b+c+c+a -2
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Proposed by Daniel Sitaru - Romania

Solution 1 by Jian Bing.
From (a — 1)% 4 (b—1)? > 0, we have “F= > 9£b=1 where equality holds if and
only a = b = 1. Similarly, we have 4<% > bte=l ypq €4a® > ctazl  Aqding

these inequalities yields

1,5 5 4 a+b b+c c+a
(@ + 0 +c%) > — 5 5
where equality holds if and only a =b=c= 1.

By the AM-GM inequality, we have %b + a%rb > 2 where equality holds if and only
a+b=2.

Similarly we have b%c + bic > 2 where equality holds if and only b + ¢ = 2 and
C'g—a + —2_ > 2 where equality holds if and only ¢+ a = 2.

ct+a
Hence we have

3
2

1,5 9 5 1 1 1 3 9
- b 2( )>6—f:f
2(a o)+ a+b+b—|—c+c+a - 2 2
where equality holds if and only a =b=c=1. O
Solution 2 by proposer.
2 2 2 32
+b 2 +0b 1 1
VR >
4 a+b 4 a+b a+b
AM-GM 2 1 2
S 3.§/a +2 1 1
- 4 a+b a+b
24 p2 2
@) [
8(a+ ) 8(a+b)?
3.3
=% "3
a? +v? 2 3
1 >
(1) 4 +a+b*2
Analogous:
b? + ¢ 2 3
2 >
2) 4 +b+c*2
c? +a? 2 3
3 >
(3) 4 +c+a_2
By adding (1); (2); (3):
1,5 5 5 1 1 1 9
= b 2( >>7
2(a )+ a+b+b+c+c—|—a -2
Equality holds for: a =b=c=1. ]
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