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5030. Let 0 < a ≤ b and c > 0 be real numbers. Show that∫ b

a

∫ b

a

x+ y√
xy + c

dxdy ≤ (b2 − a2) ln
( b+√b2 + c

a+
√
a2 + c

)
Daniel Sitaru

Solution 1 by Michal Adamaszek.
Let x, y, c ∈ R+. We start by proving the following inequality:
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The proof of this inequality is obtained by the following calculation:
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Note that the denominator is positive. We focus on the numerator.
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This completes the proof of the inequality. As for the problem, we now have:∫ b
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= 2
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as desired. �

Solution 2 by proposer.
Let be f : (0,∞)→ R; f(t) = t−
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f convexe. By Jensen’s inequality:

(1) λ1f(x1) + λ2f(x2) ≥ f(λ1x1 + λ2x2)

fro x1, x2 > 0;λ1, λ2 > 0, λ1 + λ2 = 1 Let’s take in (1):
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= 2 · b
2 − a2

2
· (ln(b+

√
b2 + c)− ln(a+

√
a2 + c)) =

= (b2 − a2) ln
( b+√b2 + c

a+
√
a2 + c

)
Equality holds for a = b. �
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