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5005. Let z,y,z > 0 such that xyz = 1. Show that
x Y z 3 z3 3 23
( + + ) < + +
l4+z4+2y 14+y+yz 14242z l+2x4+2zy 14+y+yz 1+z4z2z

Daniel Sitaru

We make some preliminary observations. Let

(a,b,¢) :( 1 1 1 )

l+z4oy’ 1+y+yz 14+24 2z

and (u,v,w) = (za,yb, zc). Then a = z(z+zx+2yz) "t = 2(1+2+z2) L =w,b=u
and ¢ = v. Then

1
u+v+w=a+b+c= + * + i
l4+x+zy zz+axy+axyz xy+xyz+ xyze
1tz +uay 1
S l4z+ay

Solution 1 by Henry Ricardo and the proposer (independently).
Since the function f(t) = t® is convex, we have

az + by + c2)® < ax® + byd + 2B
( Y Y
which is the desired result. (I

Solution 2 by Didier Pinchon.
By the weighted power mean inequality,

(az® + by + 23 > ax 4+ by+cz =u+v+w,
which establishes the result. O

Solution 3 by Michel Bataille and Oliver Geupel, independently.
By Holder’s inequality (applied with (p, q) = (3/2,3)), we have
(w4 v +w) = (az + by + cz) = a?3a'Pa + b¥30 3y + 2313,

< (a+b+ )3 (ax® + by’ + %)/,
Cubing this inequality gives the result. O

Solution 4 by Boris Colakovic.
Let (z,y,2) = (a/B,8/7,7/a) and § = v+ ~vya+ af. The left side of the proposed
inequality is equal to 1, while the right side p is equal to

1 Ck3’)/ 5304 735 1 043’)/3 ﬂ3a3 7353
B ) - U 2 20

- K 52 a2 52,},2 ’y2a2 + 04262

1



2 DANIEL SITARU - ROMANIA

By the Radon inequality,
Npt vt (At pt )
A4+ 4+02 T A+ p+v)?
(87, va, af), it follows that
1(By+Ba+ap)® 8
=0 (By+Ba+aB)? 607

The desire result follows.

applied to (A, p,v) =

=1.

Solution 5 by proposer.
Let be: p; =

1
14+z+zx
1 1 1
Prt P2t ps = 1—|—x—|—xy+ 1+y+yz+1+z+zx -
B 1 1 1 B
B 1+x+%+l+z+zx+l+y+% B
z 1 T
_ + + _
z4+zx+1 14+zx+2z l+zy+z
z+1 T oz +1 Tz
24z +1 1+%+x z4zr+1
ozt 14z
Cz4zz 41
p1+p2t+ps=1
Let be f:(0,00) — R; f(z) = 23
f'(x) = 32%; f"(x) = 62 > 0; f convexe
By Jensen’s inequality:

ﬂmx+my+mz

1 . _ 1 . —
1+m+ry7p2 T 1+4y+tyz 1P3 =

x) +paf( )+P3f( )

Z+zx+1:

23

z Y
( + +
14+z+axy 1+y+yz 1—|—z—|—zx 1—|—x—|—wy

Equality holds for: x =y =2 = 1.
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