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5005. Let x, y, z > 0 such that xyz = 1. Show that( x
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Daniel Sitaru

We make some preliminary observations. Let

(a, b, c) =
( 1

1 + x+ xy
,

1

1 + y + yz
,

1

1 + z + zx

)
and (u, v, w) = (xa, yb, zc). Then a = z(z+zx+xyz)−1 = z(1+z+zx)−1 = w, b = u
and c = v. Then

u+ v + w = a+ b+ c =
1

1 + x+ xy
+

x

x+ xy + xyz
+

xy

xy + xyz + xyzx

=
1 + x+ xy

1 + x+ xy
= 1.

Solution 1 by Henry Ricardo and the proposer (independently).
Since the function f(t) = t3 is convex, we have

(ax+ by + cz)3 ≤ ax3 + by3 + cz3

which is the desired result. □

Solution 2 by Didier Pinchon.
By the weighted power mean inequality,

(ax3 + by3 + cz3)1/3 ≥ ax+ by + cz = u+ v + w,

which establishes the result. □

Solution 3 by Michel Bataille and Oliver Geupel, independently.
By Hölder’s inequality (applied with (p, q) = (3/2, 3)), we have

(u+ v + w) = (ax+ by + cz) = a2/3a1/3x+ b2/3b1/3y + c2/3c1/3z

≤ (a+ b+ c)2/3(ax3 + by3 + cz3)1/3.

Cubing this inequality gives the result. □

Solution 4 by Boris C̆olaković.
Let (x, y, z) = (α/β, β/γ, γ/α) and δ = βγ+γα+αβ. The left side of the proposed
inequality is equal to 1, while the right side ρ is equal to

ρ =
1

δ

(α3γ

β2
+

β3α

γ2
+

γ3β

α2

)
=

1

δ

(α3γ3

β2γ2
+

β3α3

γ2α2
+

γ3β3

α2β2

)
.
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By the Radon inequality,

λ3 + µ3 + ν3

λ2 + µ2 + ν2
≥ (λ+ µ+ ν)3

(λ+ µ+ v)2

applied to (λ, µ, ν) = (βγ, γα, αβ), it follows that

ρ ≥ 1

δ

(βγ + βα+ αβ)3

(βγ + βα+ αβ)2
=

δ3

δ · δ2
= 1.

The desire result follows. □

Solution 5 by proposer.
Let be: p1 = 1

1+x+xy ; p2 = 1
1+y+yz ; p3 = 1

1+z+zx

p1 + p2 + p3 =
1

1 + x+ xy
+

1

1 + y + yz
+

1

1 + z + zx
=

=
1

1 + x+ 1
z

+
1

1 + z + zx
+

1

1 + y + 1
x

=

=
z

z + zx+ 1
+

1

1 + zx+ z
+

x

1 + xy + x
=

=
z + 1

z + zx+ 1
+

x

1 + 1
z + x

=
z + 1

z + zx+ 1
+

xz

z + zx+ 1
=

=
z + 1 + xz

z + zx+ 1
= 1

p1 + p2 + p3 = 1

Let be f : (0,∞) → R; f(x) = x3

f ′(x) = 3x2; f ′′(x) = 6x > 0; f convexe

By Jensen’s inequality:

f(p1x+ p2y + p3z) ≤ p1f(x) + p2f(y) + p3f(z)

f

(∑
cyc

1

1 + x+ xy
· x

)
≤
∑
cyc

( 1

1 + x+ xy
· x3
)

(∑
cyc

x

1 + x+ xy

)3

≤
∑
cyc

x3

1 + x+ xy( x

1 + x+ xy
+

y

1 + y + yz
+

z

1 + z + zx

)3
≤ x3

1 + x+ xy
+

y3

1 + y + yz
+

z3

1 + z + zx
Equality holds for: x = y = z = 1. □
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