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4974. Solve the following for real numbers:

2<m,y,2<4,

22 +y? + 22 =29,

xy+yz+ze+28=6(zx+y+2).

Daniel Sitaru
The solutions start with computing x + y + z : we have
(22 + > +2%) + 2y +yz + 22 +28) =29 + 12(x + y + 2),
that is,
(x+y+2)?2—12x+y+2)+27=0.

It follows that t +y+ 2z =3 orx +y+ 2 =9. Since 2 < z,y, z < 4, we must have
T4y+z=09.

Solution 1 by Michal Adamaszek, Kee-Wai Lau, and Cao Minh Quang (done independently).

Leta=x—-3,b=y—3,c=2—3.Then we have —1<a,b,c <1,
at+b+tc=(x+y+2)—9=0
and
>+ +c=(x -3+ (y—3)2+ (2 —3)?
= (@ +y*+2%) —6(x+y+2)+27=29—-54+27=2.
Since we have three numbers a, b, ¢, without loss of generality, we may assume that
ab > 0. Then we have

2=a’+ 0+ < (a+b)?+cF=(—c)P+?=27<2,
and thus ab = 0 and ¢ = 1.

Now, it is easy to verify that we must have {a,b,c} = {—1,0,1}, equivalently,
{z,y,2} ={2,3,4}. 0

Solution 2 by Michel Bataille, Mohamed Amine Ben Ajiba, Prihwijit De,

Oliver Geupel, Walther Janous, Didier Pinchon, Kenji Tonozuka, Chikara Tsug-
awa, and the proposer (all done independently).

Since z + y + z = 9, we have

zy+yz+ze=6(x+y+z)— 28 =26.
Let s = xyz. Then it follows that x,y, z are the roots of the polynomial
fO)=@t—2)t—y)(t—=z) =t>—9t> +26t —s
Since 2 < x,y, 2 < 4, we have f(2) <0 and f(4) > 0. However, note that

@)= f4) = 24—,
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Thus, we must have s = 24 and
f(t) =12 — 9% 426t — 24 = (t — 2)(t — 3)(t — 4)
that is, {z,y, 2} = {2,3,4}. O
Solution 3 by proposer.
x>2y>22>22=(x—-2)(y—2)(2—2)>0
(xy — 2z —2y+4)(2—2) >0
xyz —2zxy — 20z +4r —2yz +4y+42—-8>0
(1) xyz —2(xy+axz4+yz)+4(x+y+2)—8>0
r<4;y<4;z<4=4—-2)4—y)d—2)>0
(16 —4y —4x + 2y)(4—2) >0
64 — 162 — 16y + 4yz — 162 + 4oz + 4oy — zyz > 0
(2) 64— 16(x +y+2) +4(zy+yz + 2a) —xyz >0
By adding (1); (2):
2wy +yz+2z) +56 —12(x+y+2) >0
2zy+yz+zx) +56 > 12(x +y + 2)
(3) xy+yz+ze+28>6(x+y+2)
Equality holds in (3) for:
x = 2;y =4;z € [2,4] and permutations.
By 22 + 3?2 + 22 =27= 22 =27-22 —4%2 = 22 = 9 = ~ = 3. Solutions are:
(z,y,2) = (2,4,3) and permutations.
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