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4945. Let x, y, z ∈ R. Prove that:∑
cyc

√
(− cosx+ cos y + cos z)2 + (− sinx+ sin y + sin z)2 ≥ 3

Proposed by Daniel Sitaru - Romania

Solution 1 by editors.
Let u = cosx+i sinx, v = cos y+i sin y and w = cos z+i sin z. Since |a|+|b| ≥ |a+b|
for a, b ∈ C, we have that

(| − u+ v + w|+ |u− v + w|) + (| − u+ v + w|+ |u+ v − w|)
+(|u− v + w|) + |u+ v − w|)

≥ 2|w|+ 2|v|+ 2|u| = 6.

The left side being twice that of the proposed inequality, the result follows. □

Solution 2 by UCLan Cyprus Problem Solving Group.
For real a, b, c, d, we have√

a2 + b2 +
√
c2 + d2 ≥

√
(a+ c)2 + (b+ d)2.

This is equivalent to 2
√
(a2 + b2)(c2 + d2) ≥ 2(ac + bd), a consequence of the

Cauchy-Schwarz inequality.
Let ax = − cosx+cos y+cos z, bx = − sinx+sin y+sin y, with ay, by, az, bz defined
analogously. Then∑√

a2x + b2x =
1

2

∑
(
√

a2x + b2x +
√
a2y + b2y)

≥ 1

2

∑√
(ax + ay)2 + (bx + by)2

=
1

2

∑√
(2 cos z)2 + (2 sin z)2 = 3.

□

Solution 3 by proposer.
The inequality to prove can be written:∑

cyc

|(− cosx+ cos y + cos z) + i(− sinx+ sin y + sin z)| ≥ 3

∑
cyc

| − (cosx+ i sinx) + (cos y + i sin y) + (cos z + i sin z)| ≥ 3

Denote: 
u = cosx+ i sinx

v = cos y + i sin y

w = cos z + i sin z

;u, v, w ∈ C
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|u| = |v| = |w| = 1. Remains to prove:∑
cyc

| − u+ v + w| ≥ 3

Denote: 
a = −u+ v + w

b = u− v + w

c = u+ v − w

⇒ a+ b+ c = u+ v + w

a = u+ v + w − 2u = a+ b+ c− 2u

0 = b+ c− 2u ⇒ u =
b+ c

2
. Analogous:

v =
c+ a

2
;w =

a+ b

2
. Remains to prove:∑

cyc

∣∣∣− b+ c

2
+

c+ a

2
+

a+ b

2

∣∣∣ ≥ 3

(1)
∑
cyc

|a| ≥ 3

We will prove (1):

(2) |b|+ |c| ≥ |b+ c| = |2u| = 2 · |u| = 2 · 1 = 2

(3) |c|+ |a| ≥ |c+ a| = |2v| = 2 · |v| = 2 · 1 = 2

(4) |a|+ |b| ≥ |a+ b| = |2w| = 2 · |w| = 2 · 1 = 2

By adding (1); (3); (4):
2(|a|+ |b|+ |c|) ≥ 2 + 2 + 2

2(|a|+ |b|+ |c|) ≥ 6

|a|+ |b|+ |c| ≥ 3∑
cyc

|a| ≥ 3

The proof is complete. □
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