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If a,b,c € R and abc(16a* + 1)(16b* + 1)(16c¢* + 1) > 4913,
then prove that :
a’+b*>+c* >3
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

abc(16a* + 1)(16b* + 1)(16c* + 1) > 4913 =173

= a’b?*c?(16a* + 1)?2(16b* + 1)?(16c* + 1)? > 17°

= Ya?b2c2(16a* + 1)2(16b* + 1)2(16¢c* + 1) > 289
= Yxyz(16x2 + 1)2(16y2 + 1)2(1622 4+ 1)2 > 289 (x = a2,y = b%,z = ¢?)
= In ((i/x(16x2 +12) (VYy(ey? + 1)?) (Vz(1622 + 1)2)) > In 289
= ZIn 3;/x(16x2 +1)2>1In289 (v a,b,c+0>x,y,z>0)

cyc

(*)
= Z In(x(16x% + 1)?) > 31n289
cyc

1280x* —32x% + 1
x2(16x% + 1)2

Now, f(x) = In(x(16x2 + 1)?) is concave as f''(x) = —

( discriminant of (1280x* —32x% + 1) = 1024 — 5120 < 0)
= 1280x* —32x24+1>0

Jensen 1
Y In(x(16x2 +1)?) < 3162+ 1)) [t=3) x>0

cyc cyc

via (%)
= 3In(t(16t% +1)?) >31In289 = t(256t* + 32t2 + 1) > 289 =
256t5 + 32t3 +t—289 > 0 = (t— 1)(256t* + 256t3 + 288t% + 288t + 289) > 0
1
:>t=§Zx2 1>x+y+z>3-a’+b*>+c%2>3
cyc

Va,b,c€R|abc(16a* + 1)(16b* + 1)(16c* + 1) > 4913,
"="jiff(@a=b=c=1)or(a=1b=c=-1)or(a=b=-1,c=1)

or(a=-1,b=1,c=-1) (QED)



