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Abstract: An initial condition for the wave equation is a problem of finding a solution that
satisfies a given function in the form of an integral statement. Bringing the integral expression
to the Bessel’s function with the help of the Euler’s integral. Using a new theorem, we determine
the unknown coefficient and consider it in the starting problem.
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1. Introduction

In this article, we will look at the solution of the problem where the initial condition is an
integral condition. Here, the initial condition has undefined coefficients, which are
determined by an inequality that ensures that all the roots of the new equation are real. We
have used time analysis, Bessel’s function, Gamma function, and D’Alembert’s formula,
which simplify this starting condition. The D’Alembert’s formula is defined as:
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2. A new Theorem About the Differential Equations

Theorem . Suppose the following differential equation is given:

ayV + by —cyl —dy =0 here a>0b> ¢c<0 d<O0 . Forthe
following numbers, one condition is satisfied (b,c,d are taken positive):

b:c:d =a:2a:a

A necessary and sufficient condition for satisfying all the roots of the characteristic equation
corresponding to the differential equation is that the following inequality is
true:

a

0 < 5 < 0.3125

Proof: The proof of the new theorem is given in the solution of the problem:

3. Main Problem and Its Solutions

Consider the following issue:
utt + uxx = 0 (1)

for the wave equation
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ut(xl 0) = 0 (3)
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Note that a here is a positive number in the interval that ensures that all the roots of the characteristic
equation corresponding to the following differential equation are reals:

ayV + by —cy! —dy=0 here a>0b>0 c<0 d<0 . (4)
The following condition is satisfied for the coefficients:
(b,c,d are taken positive)
5
b:c:d =a:2a:a %6(0;47] (5)
Solution of the problem:

First, let's find a, which belongs to the part of the differential equation. Taking into account the
coefficients parameter, let's construct the following characteristic equation:

4 4 bps _Hbp b _
Br4+2pd—22p-2=0 (6)

Let's solve this algebraic equation:
b s 4
a(ﬁ -2p-1)=-p

If we apply Bezu’s theorem known from the algebra course, we get:
(B+(B*=B-1)=~—7p*
With technical conversions and this substitution, we find the following roots: lil=y

B B2
1+ /3+2 /1+%“
P12 =——F—

=, here roots always are positive.
1+ /1+Ta

1+ 3—2/1+47a

4q
1-— 1+T

B3a =

where the following condition must be satisfied to ensure that all the roots are positive:
4a a 5 . a . -
3—-2 /1 + > = 0 from here > < Te (7) when a and b are positive . > 0(8) 7-8 from inequalities
we get that %6(0; %] we will buy.That is, a=2. If we consider this in the initial condition (2), we

get the integral expression as:
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2k+ _
u(x0) = |= Zk o( 1,)k e )2(%&) G) ' f02 cos?’xsin®* xdx2k (9)

To bring this to the Bessel’s function, let's get the following formula with the help of the Euler integrals
known from the course of mathematical analysis [2]:

1 q-1 p-1 sin?x=u
cosPxsin? xdx = Ef (sin?x) 2 (1 — sin?x) 2 2sinxcosxdx —_—

O —— i

p+1\ (q+t1
—f u 2 (1—u) 2 du— B(q+1 pTﬂ%% (10)

If we take p=2v g= 2k here and consider equation (10) in (9):

_ e (—1)F 2 2k+v1r k+
u(x0) = ~ k=07, r(k+%)|’(v+%)(2) 2 r(k+v+1) \F]V()

. . 1 , )
As we mentioned above, since we take v = 3 for the half-power Bessel’s function

’ 2 . L , .
Ji(x) = — Sinx taking into account that, we get the following problem for the wave equation:
2

Ut + Upy = 0 u(x,0) = sinx u(x,0) =0

To solve this problem, if we take into account that the coefficient a is complex in the D’Alembert’s
formula and the wave equation in the finite domain and apply Euler's formula known from the course of
complex analysis (according to condition 3, the integral part in the formula will be 0.

sin(x — it) + sin(x + it)

u(x, t) =
(x,6) .
pl(x=it) _ p=i(x=it)  pi(x+it) _ o—i(x+it) . .
> + 57 el _ p~ix pt + et .
= 5 = T 5 = sinxcht
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