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1501. If a,b,c > 0 such that : a® + b2+ c2 =3 and A > 0,n > 0, then :
a? b? c? 3
2 T3 T3 =
b +Ac+n c“+2Aa+n a*+2Ab+n 1+A+n

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

a? b? c?

+ +
b2+ Ac+n c2+2Aa+n a’?+2Ab+n
at b* ct Bergstrom

~ a?b? + Aca? + na? + b2c2 + Aab? + nb? + c2a? + Abc? + nc?
2)\2 2)\2
(chca ) CBS (chca )
2h2 + A b2 2 =
chca + chc ab“ 4+ anyc a chc a?b? + A \/(chc azbz)(z:cyc aZ) + nZ(:yc a?

(chc az)z

=
1 1
& (ea®)’ + 1 [ (@) (Loye) + e
a’? +b% +c? =3 3(Xeyca?) = 3

- 1 2 " 1+A+n
Yeye@® + A ’§(chc a?)".3 +nYya?

a? b2 c? 3
+ + >
b24+Ac+n c2+2Aa+n a?+Ab+n 1+4+A+n
Va,b,c>0|a2+b2+c2:Sandlzo,nzo,”:” iff a=b =c=1(QED)

1502. If a,b,c > 0, then prove that :
3,.2

zzac > ) a’b?
a+b

cyc cyc

Proposed by Neculai Stanciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

a’c2(a+b—-b
zz sz—zz ( ) a’b?
a+b a+b

cyc cyc cyc cyc

ca CBS
—ZZac —Zabc ——Z a’b? >

cyc cyc cyc

2b2 2ab 2p2 . Z
e / 4 / (a+ b)z
cyc cyc yc
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Zazbz—Zabc. Zazbz. Z ¢ ;04: ZazbZ; Zabc. Za
< 4abc ~ o " v4abc

cyc cyc cyc

? a3c?
@Zazbz 2abc2a—>true ZZ ZZaZbZ
a+b

cyc cyc cyc cyc

Vab,c>0"=" iffa=b=c(QED)

1503. If a,b, ¢ > 0 and Vab + vbc + Vca = 3, then prove that :
(a +2b)(b + 2¢)(c + 2a) = 27

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Leta = A,vb = B,+/c = Cand then : assigningB+ C=x,C+A =y,
A+B=z=2x+y—-z=2C>0,y+z—x=2A>0andz+x—-y=2B>0
=>x+y>zy+z>x2+x>y=xYy,zformsides of a triangle with
semiperimeter, circumradius and inradius = s, R, r (say) and ZZA = Zx = 2s

cyc cyc
:ZA=S—>(1)=>A=s—x,B=s—y,C=s—z:-ABC=rzs—>(2)
cyc

and such substitutions = z AB = Z(s —x)(s—y)=> z AB = 4Rr + r? - (3),

cyc cyc cyc
2
ia (1) and (3)
ZAzz ZA —ZZABV” =" 52—2(4Rr+r2):>ZA2
cyc cyc cyc cyc

2
=s? —8Rr —2r? - (4) and also,z A%BZ = ZAB — 2ABC ZA
cyc cyc cyc

ia (1),(2) and (3)

M2 (4Rr 4 12)" — 21282 = Z AZB? = r2((4R + )2 — 252) - (5)
cyc
Now, (a + 2b)(b + 2¢)(c + 2a) = (A% + 2B2)(B? + 2C?)(C? + 2A?)
=2 Z A*BZ +2 Z AZB* + 9A2B2C2 + 2 Z AZB*

cyc cyc

cyc
=zz AZB? ZAZ—C2 +9A2B2CZ+ZZAZB4

cyc cyc cyc

A-G ? chcAB =3
> 2 ZAZ ZAZB2 + 3A%2B%C2 + 6A%2B%C% >27 = ZAB
cyc cyc cyc
via (2),(3),(4) and (5) ?
- 2(s? — 8Rr — 2r2).r2((4R + r)? — 2s2) + 9r*s? > (4Rr + r2)’
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& 4s* — (32R? + 48Rr + 19r?)s? + 5r(4R +1)3 | < |0
Now, Rouche = s —(m—n) > 0ands? — (m+n) <0,
where m = 2R? + 10Rr —r? and n = 2(R — 2r)./R2 — 2Rr
(s2 —(m+n))(sz—(m—n)) <0=>s*—s22m)+m?—-n?<0
= s* — s2(4R? + 20Rr — 2r?) + r(4R + r)® < 0 - in order to prove (x),
it suffices to prove : LHS of () < 4s* — 4s%(4R? + 20Rr — 2r?) + 4r(4R + 1)3

(+%)
& (16R? — 32Rr + 27r%)s? | > |r(4R +1)3
Gerretsen

Again, (16R? — 32Rr + 27r?)s? (16R? — 32Rr + 27r%)(16Rr — 5r?)

? ? R
>r(4R+r)3 © 48t3 —160t? + 145t —34 >0 (t = ;)

? Euler
s (t- 2)(32t(t —2) +16t% + 17) >0->true~t > 2= (%+) = (¥) is true

« (a+2b)(b+2c)(c+2a)=>27Vab,c>0|Vab+vVbc + vea = 3,
"="iffa=b=c=1(QED)
1504.
Ifa,b,c >0and 2(a+ b + c) + ab + bc + ca = 9, then prove that :

a+1 b+1 c+1 3

+ + < —
a?+10a+21 b?2+10b+21 ¢c2+10c+21" 16
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

z a+1 B 3(a+3)—(a+7)<
aZz+10a+21 2(a+3)(a+7) ~ 16
cyc cyc

Z 3 Z 1 3 3(a+7-a) 1 3
=14 — < - — < —
a+7 a+3" 8 7(a+17) a+3" 8

cyc cyc cyc

Z 1 ()51
7 a+7 a+3_56

cyc cyc

Bergstrom Y v @
Now, Z Z 2 2 2 ( — )
+7 as+7a (chc a) -2 chc ab +7 chc a

cyc

2
2Xcyca+t chc ab=9 (chc a)

- (chc a)z - 2(9 -2 chc a) + 7chca

_SZ a (;) 3t2 t_z
"Tlia+7 - 7@ +11t—18) | - L“¢
cyc

cyc

Bergstrom 3 3
9=22a+2ab > 6Vabc+3Va?b2c2=x24+2x-3<0

cyc cyc
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(+%)
(x—Vab )=>(x Dx+3)<0=>x=3Vabc<1>abc < 1

g Lia+3 “(@+3)(b+3)(c+3) abc+27+9Yyca+3Yycab

2% cyc@ + Yeycab =9
and

via (++) 9-2%cyca+6Xyca+27 _ Z 1 (*:) 36 + 4t
> 1+27+9%ca+3(9-2%gca) 4ia+3 — 5543t
)+ ( )=>32 +z - 3t? 36+4t751

S (% %k k —
7cyca+7 cyca+3_7(t2+11t—18) 55+3t 56

3t2(55 + 3t) + 7(t> + 11t — 18)(36 + 4t) 251
7(t2 + 11t — 18)(55 + 3t) ~ 56
© 143t3 + 1312t% — 9957t + 14202 é 0
o (t— 3)(143t2 +1741(t-3) + 489) é 0 - true =+ 9 — ZZ a= Z ab

cyc cyc

2
1
<—<Za> St24+6t—27>0=>+9)(t—-3)>0=t>3= (s)istrue

3 cyc
a+1 b+1 c+1 3
+ + < —
a’+10a+21 b?+10b+21 c2+10c+21" 16
Vab,c>0|2(a+b+c)+ab+bc+ca=9"=" iffa=b=c=1(QED)

1505.If x,y,z > 0 and (x + y)(y + z)(z + x) = 64,then prove that :
X y y/ 1

G+E+2y)? G0y +22?2  x+y)z+ 220> - 24

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

x y z
(y + z)(x + 2y)? + (z+x)(y +22)? + (x+y)(z+2x)?

2 2 2 2 2
_ (x —:c Zy) (y -|Y ZZ) (ﬁ)z Bergstrom (ZCYC ﬁZy) _ (chc x? + ny)

C(y+zx)  (yz+ay) (zx+yz) T 2¥eyeXy 2y Xy
2 2 2\ 2
< (chc x) (chc x)
Bergstrom \ Yicye X2 + 2 ) Xy 2 ? 2
< cye cyc _ (Ecyc x) 2 1 o Z xy < 12
2 chc Xy 2 Ecyc Xy 24

cyc

(x +y)2(y + 2)%(z + x)?

(x+y)(y+z)(z+x) 64 12 i/

6 RMM-CYCLIC INEQUALITIES MARATHON 1501-1600
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3
o 27 H(x +y)? > 64 (Z xy)

cyc (*) cyc

Now, (Z x) (Z xy) Aéc (3.3/xyz) (3. 3 xzyZZZ) = 9xyz

cyc cyc

o (3e)(Z )= o(3e) ()

=>91_[(x+y)28<;x><;xy>

cyc

2 2 2
= 81 n(x +y)? > 64 (Z x> (Z xy> > 64 (3 z xy> (Z xy)
cyc cyc cyc cyc cyc
3
=27 n(x +y)? > 64 (Z xy) = (%) is true

cyc cyc
X y VA 1
+ + >
y+z2)(x+2y)2 (z+x)(y+22)?% (x+y)(z+2x)2" 24
Vxyz>0 | x+y)y+2z)(z+x)=64"=" iff x =y =z =2 (QED)

1506. If a,b,c > 1 and a + b + ¢ = 6,then prove that :
a b C

+ + > 2
at—a+1 b?2—b+1 ct2—-c+1

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

a
Leta—l=x,b—1:y,c—1:zandthenzz

azi—a+1
cyc
_Z a _Z x+1 _Z:J|c+1+x2—x2
Li(a-1)?%+a x2+x+1_ x2+x+1
cyc cyc

=3 - AG 3 1 .3
_ > =3 —=
Zx2+x+1 2x+x 3

cyc cyc cyc

( Zx—Z(a 1)a+b+c 6 :3>:2

cyc cyc
a

+
aZi—a+1 b2—b+1 2—c+1~

ZVabc>1|Za—3

cyc
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"="iffa=b=c=2(QED)

1507.If a,b,c > % and a + b + ¢ = 3,then prove that :
1 1 1

+ + >3
3a2—-3a+1 3b2—-3b+1 3c2-3c+1

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

1 3 3
23a2—3a+1_29a2—9a+3_;(Sa—l)z—(3a—1)+1

cyc cyc

3
ZZxZ——x-l-l (x=3a-1y=3b-1,z=3c—1andx,y,z>0) >3

. @Z(yz—y+1)(z2—z+1)Zn(xz—x+1)

cyc cyc
()
@xyszy+xyz+Zx2 + 2 — x2y?z? —xysz—Zx >0
cyc cyc cyc cyc
- A-G
Now,'-'z:x=z:(3a—1)a+b;c 36 - LHS of (x) >
cyc cyc

5 1 ?
3(xyz)3 +xyz+§.36+2 —x2y2z2—6xyz2x—6 >0
cyc
? ?
o35 -5t +8-t°>0(t=3%xyz) ot -3t5+5t3-8<0
?
e t-2)(5—t* -2+ +2t+4) <0
(+%)
Now,t* —t3 —2t2 +t+2=(t*—-2t2+1) —t(t? - 1)+ 1
=(tz—l)z—(t—1+1)(t2—1)+1:(tz—l)z—(t—l)z(t+1)—t2+2
=-1D*(2+t) -t +2=tt—1D?+e3(? —2t+1)—t2+2

1
=t(t—-1)%+ E(16t4 —32¢% + 32)

1
= t(t—1)2 +E((4t2 +4t+3)(2t—3)% + 5) >0

St -t -224+t+2>0- (1)
A-G 1 1
Again, t = }/xyz < 3 x=§.6=>t—2 <0-(2)~(1),(2) = LHS of () =

cyc

E—2)(t(t* -3 — 22 +t+2) +4) < 0> () = (x) is true
1 1

1
+ + >3vabc>— Z —3
3a2—3a+1 3b2-3b+1 3c2—3c+1 D¢ 3| a

"="iffa=b=c=1(QED)

cyc

8 RMM-CYCLIC INEQUALITIES MARATHON 1501-1600
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1508. If a,b,c > 2 and a + b + ¢ = 9, then prove that :
1 1 1

—4a+5+b2—4b+5Jr 4c+5

3
2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

1
az—4a+5
cyc

z z zl+x — x? Z x?2 A;G
(a— 2)2+1 x2+1 x22+1 x2+1 =

cyc

3 ZZx_s——zx_3—— 3 (-.-zx=z(a—2)“+b$°=99—6=3)

cyc cyc cyc cyc

Leta—2=x,b—2:y,c—2:zandthenzz

3 1 1 1 3
22 _4a+5 bZ_4bi5 ¢ 4c+5—zvabc>2|c2“=9'
"="iffa=b=c=3(QED) ’
1509. If a,b,c > g and a + b + ¢ = 6,then prove that :
a b C 6
Z+1 b2+1 Z+1°5

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

33a—4+4)
Za2+1 Z9a2+9 9a2 24a+16 +24a—7
’ ) 3(3a-4+4)
B yc(3a—4)2+8(3a—4)+25

—Z 3@+M) 34 4> 0and analogs) > 2
= x2+8x+25 X =aa an anaogs _5

Z x+4 () 2

=1 —_ > —

x2+8x+25 "5
cyc

x+4 ?12—x

?
> > — 2
Now, 5552 5 ©75(x+4) =12 x)(x% + 8x + 25)

Zx:Z(sa—aL)“”’é“66:>x<6<12:>12—x>0>

cyc cyc

cyc

9 | RMM-CYCLIC INEQUALITIES MARATHON 1501-1600
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e x( 2)2;0 t x+4 >12—x d l
— -
XX = rue 2 +8x+ 25 = 75 and ana OgS
x+4 12-% 36— X 36-6 2 st
_— = = — *
Zx2+8x+25 75 75 75 5 15true

cyc cyc
P SC%yap >4|Z =6
22 +1 b2+1 2+1-5 P73 a=5

cyc
"="iffa=b=c=1(QED)

1510.If x,y > 0 and x + y + xy = 3, then prove that :
X+ 1+8V2
Vo —x2+9—y2 + 4ys >
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumva Chakraborty-Kolkata-India

x+y)?
xy=3—(x+y)s%=>t2212—4t(t=x+y)

S>t2+4t-1220=> (t+6)(t-2)=20=>t=>2- (1)
Now, /9 — x2 + /9 — y?2 cgs \/i.\/18—((3|c+y)2—ny)HyJ;xy:3
\/E.\/18— (x+y2-2(3-@+y))=V2./18 -2 —6+21)

8 — zw%)

=vV2.. /(4-t)(t+6)= \/2(4—t)( ;6) < x/i.( >
xX+y

via (1) 22 — 3t
<n0te:2 < t=3—xy<3<4>:\/_ =>J9—-x2+,9 -y 3

t 11v2 (3«/_ 1)tvw ®W11V2 3v2-1
1T 2 2 2
y?

22 — 3t

<V2.
.'.\/9—x2+\/9

x+y 1+8\/_

Vx,y>0|x+y+xy=3,
"="iffx =y =1 (QED)
1511. If a,b,c > 0 and a? + b? + c? = 3, then prove that :
a3 b3 c3 3

+ + >
b2+c¢c2 c24+a?2 a?+b%2 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

a3 Chebyshev 1 a?
- > Z -
Z:b2+c2 - 3 Z:b2+c2 Za

cyc cyc cyc
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a? b? c?
WLOGassumingaZb2c=>~b2_|_CZ 2c2+a22a2+b2)

_ 1 Z at Z Berg;troml (chca ) Z a +b2+c =3
3 a’?b? + c2a? @ - 3 Zchca b2

cyc cyc cyc
2 2

2
1 (chc az) chc a ; 3 2 > 27 sz
ﬁ. 2 Z azbz . = E a a = a
cye ’chc a? cyc cyc () cyc

Assigningb+c=x,c+a=y,a+b=z=2>x+y—-z2=2c>0,y+z—x =2a
>0andz+x—-y=2b>0=>x+y>2zy+z>x,z+x>y = xyzformsides
of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

yielding22a=2x=Zs:Za:s—>(1)=>a:s—x,b:s—y,c:s—z

cyc cyc cyc

~ abc = r?s - (2)and such substitutions = z ab = Z(s —x)(s—vy)
cyc cyc
ia (1) and (3)
:'Zab =4Rr+r? > (3),z:a2 = Za —Zzabvm ="
cyc cyc cyc

cyc
s*—2(4Rr+12) > ) a® =5 —8Rr—2r% > (4)

cyc
2

ia (1),(2) and (3)
Zazbzz Zab — 2abc Za M= (4Rr+r2)2—2rzs.s

cyc

= z a?b? = r?((4R + 1)? — 2s%) - (5)

cyc cyc

cyc

Via (1),(4), (5), (x) & s?(s? — 8Rr — 2r2)° > 27r*((4R + )% — 252)’
& s8% — (24Rr — 61r?)s® + r2(192R? + 96Rr — 96r2)s*

()
—r3(512R3 — 1344R%*r — 768Rr? — 100r3)s? — 27r*(4R + r)* | > | 0 and

4 Gerretsen
+ (s* — 16Rr + 5r?) 0 - in order to prove (*+), it suffices to prove :

LHS of (++) > (s — 16Rr + 5r2)"
& (20R — 13r)s® — r(672R? — 528Rr + 123r?)s*
+r2(7936R3 — 7008R?r + 2784Rr? — 200r3)s?

(x%)
—-r3(36224R* — 37504R%r + 20496R?*r? — 3784Rr? + 3261r*)| > |0

Gerretsen

and - (20R — 13r)(s — 16Rr + SrZ) 0 .. in order to prove (xxx),

it suffices to prove : LHS of (x*x) > (ZOR —13r)(s? — 16Rr + 51'2)3

& (288R? — 396Rr + 72r%)s* — r(7424R3 — 12576R?r + 4956Rr? — 775r%)s?
(xxx%)

+12(45696R* — 92544R%r + 53424R?*r? — 14316Rr® + 1299r*) | > |0

11 | RMM-CYCLIC INEQUALITIES MARATHON 1501-1600
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2 Gerretsen

and - (288R? — 396Rr + 72r?)(s? — 16Rr + 5r?) 0 - in order
to prove (xxx), it suffices to prove : LHS of (****) >

(288R? — 396Rr + 72r2)(s? — 16Rr + 5r2)"

(*****)

& (1792R% — 2976R?r + 1308Rr? + 55r3)s? | >
r(28032R* — 54912R%r + 35568R?r? — 7104Rr? + 501r*)

erretsen
Now, LHS of (xxxx) (1792R3 2976R?r + 1308Rr? + 55r3) (16l:r)

?
> r(28032R4 — 54912R%r + 35568R?*r? — 7104Rr? + 501r*)
? R
& 160t* — 416t + 60t> + 361t — 194 > 0 ( = F)

Euler

<:>(t—Z)((t—Z)(160t2+224t+316)+729)>0—>true t > 2
= (*****) = (****) = (***) = (**) = (*) is true
L + L + < >3 vab, >0|a?+b%+c? =3,
“"b2+c2 c2+a? a2+b2_2 @b, ¢ a ¢
"="iffa=b=c=1(QED)
1512.If a,b,c > 0 and a + b + ¢ = 3, then prove that :
a® . b3 . c3 >3
9—-a? 9-b2 9-¢c2 8

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

3

a+b+c 3 a
2:9—512 Z(S—a)(3+a) z(b+c)((a+b)+(c+a))

cyc

Holder (chc a)
— 3 chc((b +c)(a + b)) +3 chc((b +c)(c+ a))
_ (chc a)3 _ (chc a)3
3(Xeyca? +3Xcycab) + 3(Xyca? +3%gcab) 6 ((chc a)z t oy ab)
(chc a)3 _ 3 . al b3 c? 3

== + + > —
2 8 9—-a2 9-b%2 9-c27 8
6<(chc a)Z +—(ZC}; a) )

vab,c>0la+b+c=3"=" iffa=b=c=1(QED)

1513.
If x,y,z € R and x? + y? + z? = 3, then prove that :
82-x)2-y)2-2)=(x+yz)(y +zx)(z + xy)

Proposed by Nguyen Hung Cuong-Vietnam

12 | RMM-CYCLIC INEQUALITIES MARATHON 1501-1600
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Solution by Soumava Chakraborty-Kolkata-India

|Case : exactly two among x,y, z equal zer0| and then : LHS >

e 2 y2 52
8(2-3)’ < _.\/%;yx'?Z<<3\/§=>(2—x),(2—y),(2—z)>2—\/§>>0
= RHS

|Case : exactly one among x,y, z equals zero|WLOG we may assume x = 0 and

so,y,z # 0 with y? + z? = 3 and we are to prove : 16(2 —y)(2 —z) > y?z? -» (1)

y>0,z<0} { vy2,22 <3
and

Sub —case : yz < 0f - or
| y2<0| {y<0,z>0 ~—V3<yz<V3

32(2 — \/§) ( min{(2-y),2-2z)}>2— V3 and max{(2 - y),2-2)}> 2)
9 A-G 3
~ 8.574374 > 22 y?z? ( 3=|yl?+1z|*> = 2lyz| = lyz|] < E)

} ~ LHS of (1) >

= (1) is true (strict inequality)
[Sub — case : yz > 0|and (1) & 64 —32(y + z) + 16yz > y*z2
S 64 +yz(16 —yz) = 32(y+ z) - (a)

3
Now, 0 < yz = |yz| < 2 < 16 .. yz(16 —yz) > 0 = LHS of (i) > 64 and if

y +z < 0,then (a) is definitely true and so, we focuson : y + z > 0 and then :
Z4z2=

3
(@ o (64+t16-1)">1024(3+20) (t=yz)
t* —32t3 + 128t + 1024 > 0 & (t— 6)(t3 — 26t> — 28t — 168) + 16 > 0 and
3
Tts5< 6 .. it suffices to prove : t3 — 26t> — 28t— 168 < 0
© 413 — 10412 — 112t - 672 < 0 © (t —23)(2t— 3)? — 397t — 465 < 0 > true
3
w0<t< 3 < 23 = (a) = (1) is true (strict inequality)
We now focus on the cases when none of x,y,z equals zero
|Case : x,y,z < 0|and then : 8(2 —x)(2 - y)(2 —z) > 8(23) = 64 - (2)

and (x + yz)(y + zx)(z + xy) = xyz + x%y?z% + xyzz x? + z x2y?

cyc cyc

2
2 2 2 _
x“+y“+z2-=3 1
= 4xyz + x*y?z? + Z x2y? < 4xyz + x%y?z? + 3 z x2
cyc cyc
x2+y2+22=3
and
v XyzZz<0

< x’y?z22+3<1+3
A-G
( 3=xI2+yl2+1z1? = 3|xyzl? = |xyz|? = x%y2z2 < 1) =4 <64
via (2)

< 82-x)2-y)2-2)
~82-x)2-y)2-12) > (x+yz)(y+zx)(z + xy)
|Case : exactly two among x,y,z < 0|and WLOG we may assume y,z < 0 and *

0<x<V3-.82-x)2-y)2-2)>8(2-+3)(22)=32(2-V3) - (3)
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and (x + yz)(y + zx)(z + xy) = 4xyz + x*y?z% + Z x?ty? <

cyc
2

2yzzZ <1
<

1 X2+ y2 +22=3 x
4xyz + x%y?z? + 3 Z x? < 4xyz + x*y*z? + 3
cyc
v xyz >0~ x?y?z2 <1
=>xyz<1
~ (3),(4) > it suffices to prove : 32(2 — \/§) >8e7>4/3 49> 48

282 -x)2-y)2-2)>x+yz)(y+zx)(z + xy)

4+1+3< )=>(x+yz)(y+zx)(z+xy)<8—>(4)

|Case : exactly one among x,y,z < 0|and LHS =8| 8 —xyz + Zny— 4Zx

cyc cyc
x2+y2+zz=3 2
= 8|5+ Zx +22xy —xyz—4Zx
cyc cyc cyc
2 2
xyz<0
=8 Zx —42x+4+1—xyz =8 Zx—Z +8—-8xyz > 8
cyc cyc cyc
xzyzzzsl
and
xyz<0
~ LHS > 8- (5) and (x + yz)(y + zx)(z + xy) < 4xyz + x?y?22+3 < 4
via (5)

<8 < LHS-82-x)2-y)(2-2)>x+yz)(y+zx)(z+ xy)
Case: x,y,z > 0| andthen: 82 —-x)2-y)(2—-12) = (x +yz)(y + zx)(z + xy)

© 64 + 16ny — SZZx > 12xyz + x%y?z? +§:x2y2

cyc cyc cyc
x2+y?+22=3 64
=14 ? xz + +16z Xy =
cyc cyc

2
12+3xyz s 32(chc x). LeyeX s 9x2y2z2 3 Y x%y?
\/§ (Z 2)2 Zc sz
Feye X2 cycX y
64 Leycx” + 48Ycycxy  9x%y?z? 4 3(Zeye x?) (Beye ¥°y?)

3 (chc xz)z
- 36xyz + 32 (chc x) (chc x?)

’3 chc x?

2
((64203'0 x* +48 chc xY)(chc xz)z —27x%y?2? - 9(chcx2)(2cyc xzyz))

9(chc x2)4

=4

=1
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2
(36xyz +32(Zeyex) (chcxz))
=
3 Yeycx?
Assigningy+z=Xz+x=Y,x+y=2Z2=>X+Y-Z=2z>0,Y+Z—-X=2x
>0andZ+X-Y=2y>0=2X+Y>ZY+Z>XZ+X>Y=>X,Y,Z form
sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r(say)yieldingZZx:zX=Zs:Zx=s—> (o)

cyc cyc cyc
>x=s-X,y=s—-Y,z=s—Z. xyz=r?s - (+¢) and such

substitutions = z Xy = Z(S — X)(S — Y) = ny = 4Rr + ]‘Z - (ooo)

cyc cyc cyc

2
ia (+) and (+++)
and2x2= Zx —Znyvm = s? — 2(4Rr +r?)

cyc cyc cyc

= zxz =52 — 8Rr — 2r? — (seee) and also,z x%y?

cyc cyc
2

i (c)’(co) d(ooc)
= z xy | —2xyz z x| (4Rr + rz)z —2r’s.s > Z x%y?

cyc cyc cyc
= rz((4R + r)z — ZSZ) - (coccc) o (o)’ (oo)’ (ooo)’ (oooo) and (ooooo) = (*) =
2
(64(52 — 8Rr — 2r?) + 48(4Rr + rz)) (s> —8Rr — Zrz)2 — 27r*s?
—~9(s? — 8Rr — 2r?) (r2((4R +1)? — 257))
9(s2 — 8Rr — 2r2)4
2
(36r?s + 32s(s? — 8Rr — 212))
>
- 3(s2 — 8Rr — 2r?)
& 256s'2 — (12288Rr + 42241?)s'% + r?(250368R? + 163776Rr + 23541r?)s®
—r3(2782720R3 + 2572176R?r + 724152Rr? + 6400013 )s®
r*(17835072R* + 20546880R°r + 8418096R?*r? + 1473144Rr? + 93714r*)s*

g5 (62505984R5 + 83818752R*r + 43993920R3r2) <2
+11329968R?r3 + 1433976Rr* + 71400r5

46 ( 93392896R° + 140089344Rr + 87555840R*r? ) (g)
+29185280R3r3 + 5472240R?r* + 547224Rr> + 22801r®) —

R
Now, 688768t> — 1977828t% + 1834338t — 557705 (t = ;)

Euler
= (t—2)(688768t> — 600292t + 633754) + 709803 > 709803 > 0,
1073220t* — 4106172t + 5683266t% — 3426096t + 766554

3 _ 2 Euler
— (t—2) (107322‘“ 1959732t ) +969570 > 969570 > 0 and
+1763802t + 101508

3574848t5 — 17142456t* + 31580580t3 — 28406220t + 12606927t
t—2) (3574848t3 - 2843064t2)
—2223690 = (t—2) +5908932t + 6601764 / | + 2125764
+15378255
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Euler
> 2125764 > 0 - P = 256(s? — 16Rr + 5r2)°
+(12288Rr — 11904r2)(s? — 16Rr + 5r2)°
+12(250368R? — 481344Rr + 225141r2)(s? — 16Rr + 5r2)"

+4r3(688768R3 — 1977828R?r + 1834338Rr? — 557705r%)(s? — 16Rr + 512)°

160t (1073220R4 —4106172R3r + 5683266R2r2)( 2 _ 16Rr + 5r2)2 +
—3426096Rr3 + 7665541
5 ( 3574848R°% — 17142456R*r + 31580580R3r2

—28406220R?r3 + 12606927Rr* — 2223690r°
Gerretsen
> 0 - inorder to prove (xx), it suffices to prove :
[LHS of (x+) > P]
& 2476160t° — 14330976t° + 33045330t* — 39546092t3
+26192019t% — 9169998t + 1332368 > 0

4 3 2
o (t—2) <(t 2) (262992t +2213168t3(t — 2) + 5435346t ) N 7440174>

) (s2 — 16Rr + 5r?)

—99364t + 4053179
Euler
>0->true~t > 2= (xx) = (x)is true

282-x)2-y)2-2)=(x+yz)y+zx)(z+xy)Vx,y,Z2> 0
and so, combining all cases,8(2 — x)(2 —y)(2 —z) = (x + yz)(y + zx)(z + xy)
VxyzeR|x2+y2+2z2=3/"=" iffx=y=1z=1(QED)
1514.
If a,b,c > 0 and abc = 1, then prove that :

bvb(b® + c®) + ava(a® + c°) b\/—(a + b®) + cv/c(a® + c®)
Ve(a +b) Va(b + c)
a\/—(a + b®) + cvc(b® + c5)
vb(a + )
Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

LHS = (b5 cve )

<) <\/_(a 1) Vble+ o
aa bvb | __ava
) (e e Va6 w9) PO ) (oo s ) O
bvb cVe b* a

0w'\/E(a+b) +\/B(c+a) - vbc(a + b) +\/ﬁ(c+a)

Bergstrom (b+0¢) 2

\/ﬁ((c +a)+ (a+ b))

—_ (b + ¢)? A-G
LHSZZ<(b e )'x/ﬁ((c+a)+(a+b)) =

cyc

and analogs - (2) ~ (1) and (2) =
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3 [Teve(d + ©)?
54 ¢5 e
3. (H(b T )> abc Hcyc((c +a)+ (a+ b))

cyc

Cesaro 3 5 Hcyc(b + C)Z
= 3 \/B(abc) "abc[leyc((c+a) + (a+Db))

abc=1 _ 3 Hcyc(b +¢)?2 ?
= 6 \[abc [leye((c + @) + (@ + b)) =6

)
= n(a + b)? é abc H((c +a)+(a+h))
cyc ) cyc
Assigningb+c=x,c+a=y,a+b=z2=>x4+y—-z2=2c>0,y+z—x =2a
>0andz+x—-y=2b>0=>x+y>2zy+z>x,2+x>y = xYyzformsides
of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

yielding22a=2x:25=>2a:s=>a:s—x,b:s—y,c:s—z
cyc cyc cyc
~ abc = (s — x)(s — y)(s — z) = abc = r?s and via such substitutions, (x) ©
x?y?z? > r’s(x + y)(y + z)(z + x) © 16R?*r?s? > r?s.2s(s? + 2Rr + r?)
©s?<8R?—2Rr-r? o s?—4R?> —4Rr—3r2—-22R+r)(R—-2r) < 0 - true

Gerretsen

Eul
vs2—4R?-4Rr—-3r? < Oand —2Q2R+1r)(R-2r) user 0 = (%) is true
_bvb(b® + ¢®) + ava(a® + c®) N bvb(a® + b®) + cvc(a® + c®)

) Ve(a +b) Va(b+ ¢
N ava(a’ + b®) + cVc(b® + ¢°)

vVb(a + ¢)
" lffa:b:czl(QED)

>6Vab,c>0|abc=1,

1515.
If a,b,c > 0 and abc = 1, then prove that :
m(%‘* b5+c5+i/6.1/m)
VYbc. Vb3 + 3 + Yac. Ve + a3
\/b3—+c~"'>(3{/5.4 a5+b5+%.i/m)
Vab.Va3 + b3 + Yac.Vc3 + a3
VT (Va b+ e Ve )
Vab. Va3 + b3 + Vbc. Vb3 + 3

Proposed by Zaza Mzhavanadze-Georgia

_|_

>3.12
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Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle
(+(A+B)+ (B+C) > (C+A) and analogs)
= VA + B, VB + C,VC + A form sides of a triangle

with area F (say) and 16F? = 2 Z(A +B)(B+C) — Z(A + B)?

cyc cyc
= ZZ ZAB+B2 —ZZA2 —ZZAB
cyc cyc cyc cyc
= 6ZAB+ ZZAZ —ZZAZ —ZZAB = 4F =2 ZAB - (1)
cyc cyc cyc cyc cyc
Now,V 23,2 0 TIER E D N & R
) ) ) z ) YN —_— P — -
ow, v Ly y+z)(z+x) 2 xy(y+z)(z+x)(*w)4
cyc cyc
2
e X
Via Bergstrom, LHS of (x) > ( e y)
chc (xY(chc Xy + ZZ))

2
2

YeyeX ? 3 ?

(cyc y) ZZ@ Exy 23xyz§x—>true

= 2
(chc xY) + Xxyz chc X cyc cyc

b5 £ 5 Y5 5
N e

¥be.v/b3 + ¢3 + ¥ca.\/c3 +ad
4/ 5 5 4[5 5 4/ 5 5 4,5 5
3\/bc.\/b3+c3<\/a§/-_l_b +\/c +a> 3\/ca.\/c3+a3<\/ai/%_b +\/b3:C>

We have : LHS =

b Va
VabJa b+ VeaJeor r @ | Vaboa 1b 1 UbeJbi 1 et
:ﬁ(B+C)+$(C+A)+xZTy(A+B)
x = Vab.\Ja3 + b3,y = ¥bc./b3 + ¢3,z = Yca./c3 + a3,
N CET N TN e

Ve Va Vb
- VBtC+—LVC+A +—— VATB >
y+z Z+x x+y

x via (1) and (2) V3 4 a5+b5 b5+C5
ar, Y — T E AB.— = (3 E v - X )
(y+z)(z+x) 2 Vea

cyc cyc

cyc
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Cesaro

and

A-G 3 a5+b5 b5+C5 c5+a5 ~abc=1

S PR X X ) =3 1P| JatabeE P38
Va2b?c?

=3.Y2 vab,c>0|abc=1"=" iffa=b=c=1(QED)

1516. If a, b>O,T_+T—2then
1 1 A A+1

. + + <
a’?+b+2bJVa b2 +a+2aVvb a+b 2

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

1 1 AM-GM
—+—=20r,1 < XYaborab>1
Va7
1 1 A AM-GM
<

+ +
a?+b+2bva b2+a+2aVb a+b
2 A 1 A A+1

SZa\/E+2b\/E+2\/%=(ab)(\/_l_Jr\/LE)JrzmS 2’
a

1
since ab > 1and—+—=2

va' Vb
1517. If a,b,c = 0 and a + b + ¢ + abc = 4, then prove that :

3(a®? + b%? + ¢?) + 13(ab + bc + ca) > 48

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

A-G
4=Za+abc > 3.Vabc+ abc = t? +3t—4 <0 (t = Vabc)

cyc

>t-1)(t?+t+4)<0=>t=Vabc<1=>abc<1=4—-abc>3
a+b+c+abc =4
S Za23—>(1)

cyc

2
Now,3(a? + b? + ¢2) + 13(ab + bc + ca) = 3 (Z a> + 72 ab

cyc cyc

2
>3 Z a 47 3abcz a a+b+ctabe=4
cyc cyc
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3<z)7 3(4z><z>48<4zb0>

s 7. 3x(4—3|c)£48—3x2 (sza)@T 3x(4—x)£3(4—x)(4+x)

cyc

(:)7\/_>w/3(4 x(4+x)<:>49x>3(4 x)(4+x)2
o3x3+12x2 +x— 192>0<:>(x 3)(3x? +21x+64)>0—>true
.x—ZaZS(VIa(l)) ~3(a® + b% + c2) + 13(ab + bc + ca) > 48

cyc

Va,b,c>0|a+b+c+abc:4,”=” iffa=b=c=1(QED)

a?’+b3< a + b2\’
2 “\a+b

Proposed by Nguyen Hung Cuong-Vietnam

1518.If a,b > 0, then:

Solution 1 by Ravi Prakash-New Delhi-India
Puta=1rcos0,b=rsin0,r>0,0<86 <72—r

The given inequality can be written as

r_3 (sin 0 + cos? 0) < 1%(cos? 0 + sin? 0)3
2 ~ 1r3(cos @ + sin )3

< (sin @ + cos 0)*(sin? @ — sin @ cos O + cos? Q) < 2
1
& (1 + sin26)? (1 - Esin 20) <2 (1+2sin20 +sin?20)(2 —sin20) < 4
& 2+ 4sin260 + 2sin? 20 — sin 20 — 2 sin? 20 —sin® 260 < 4
© sin®260 —3sin20+2 >0 < (1 —sin20)%(2 +sin20) > 0
which is true. Equality when 0 = l—ror when a = b.
Solution 2 by Ravi Prakash-New Delhi-India
Fora,b > 0, consider
2(a? + b*»)3 — (a + b)3(a® + b3)
= 2(a® + 3a*b? + 3a®b* + b®) — (a® + 3a?b + 3ab? + b3)(a® + b?)
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= 2a® + 6a*b? + 6a’b* + 2b° — (a® + 3a°b + 3a*b? + 2a®b® + 3a®b* + 3ab® + b®)

= a® — 3a°b + 3a*b? — 2a3b3 — 3ab® + 3a?b* + b
=(a—b)*(@*+ab+b*) >0
Equality when a = b. Thus:

a3+b3< a? + b2\’
2 “\a+b

Equality when a = b.
1519. If a,b > 0 and a + b = ab, then prove that :

! + +J(1+ 2)(1+102)>21
a’+2a b2+2b a — 4

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

1 Bergstrom

2 2 >
" 4212a+b2+2b+\/(1+a )(1+b2) >

+yJ1+ (@ +b)?—2ab+azbz * L

a?+b2+2(a+b)

4 4
a2+b2+2ab+‘/1+(“+b)2_2(“+b)+(“+b)2:ﬁ+ 2x2-2x+1
’21 ? 21x% — 16
>—((x=a+b)ey2x2-2x+12———

4 IS 4x
va+b=ab:4(@a+b)<(a+b)’=>x=>4-(1)
21x2—16_17x2+4(x2—16)>17
Coaxz T 4x2 ~ 4

2
? —
» (21x% — 16)

?
& 32x% — 32x° — 425x* + 672x% — 256 > 0
?
& (x—4) ((r— 4)(32x* + 224x° + 855x% + 32561 + 13040) + 52224) > 0

>0 (x) &

o 16x4(2x% — 22 + 1) > (2122 — 16)°

21
2 2) >

Zrza T prrzp TV Ta)A b 25

Vab>0|a+b=ab”=" iffa=b =2 (QED)

- true via (1) = (%) is true ..

1520. If a,b,c > 0 and — + —

+ L 12, then prove that :
a+b b+c cta

1
+ + <3
2a+3b+3c 2b+3c+3a 2c+ 3a+ 3b

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India
1 1 1

2a+3b+3c+2b+3c1+3a+2c+3a+3b:

+ +
a+t+b+a+c+2(b+c) b+c+b+a+2(c+a) c+a+c+b+2(a+b)
1 1 1
- + + (x=b+cy=c+a,z=a+b)
2x+y+z 2y+z+x 2Z+x+y
1 1 1 1 1 1
= + + = + +
xt+y+z+x y+z+x+y z+x+y+z Y+Z Z+X X+Y
X=y+zY=z+x,Z=x+Yy)
Now,X+Y—-Z=2z>0,Y+Z—-X=2x>0andZ+X-Y=2y>0
>X+Y>ZYH+Z>X,Z+X>Y=>X,Y,Z formsides of a triangle with
semiperimeter, circumradius and inradius = s, R, r (say) yielding

ZZx—ZX Zs:Zx—s:>x—s—Xy—s—Yz—s—Z

cyc cyc cyc

- (1)

1 1 1 1
- + =12 —+—+—=12
a+b b+c c+a X'y z
1 1 1 Yeye(s —Y)(s —17) 4Rr + r?
= =12= = > — =12
s—X+s—Y+s—Z s—X)(s—=-Y)(s—-12) r2s
N 4R +r 2)
= d
5T T12r
_ 1 1
Now, via (1),

2a+3b+3c+2b+3c+3a+2c+3a+3b
 TqZAXEAY) TqX2 4330 XY (TeyeX) + Doy XY
T X+VDNYH+Z)(Z+X)  2s(s?+2Rr+r2)  2s(s?+2Rr +r2)
B 4s2 + s2 + 4Rr + r? via (2) 5s% + 4Rr + r? ; 3
2s(s% + 2Rr +r?) (4R6+ l‘)

(2+2Rr+r2)

& (4R +1)(s? + 2Rr +r?) — 2r(5s? + 4Rr + r?) % 0
)

Gerretsen

Now,LHS of (*) >
(4R + r)(16Rr — 5r% + 2Rr + r?) — 2r(5(4R? + 4Rr + 3r?) + 4Rr + r?)

Euler
= 2r(16R? — 23Rr — 18r?) = 2r(R — 2r)(16R+ 9r) > 0 = (x) is true
1

+ + <3
2a+13b+35 2b+13c+3a 2c+3a+3b

1
Vab,c>0 =12,)"=" iffa=b=c=—= ED
@b ¢ |a+b+b+c+c+a ’ na ¢ 8(Q )

1521.

Ifx,y,z>0andx(x+1) +y(y+ 1) + z(z+ 1) < 18, then prove that :
1 1 1 3

- + >
x+y+1 y+z+1 z+x+1"5

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

) 1 1 1 Bergstrom
1 Z >12 hen : =
cycx and then x+y+1+y+z+1+z+x+1
? > i Z ( +1)<18=>Z <18 Z 2
2Ny X+3 36—2%ga?+3 | LIITUS = o
cyc cyc cyc
? 3 3 2 1 ? 5
2—@—2—@15239—22
5 30—2%x% 5 .

cyc

( —zzx2 > zzx—36=>39—zzx2 zzzx+3 > 0)

cyc cyc cyc cyc

? 1 3
@szzlzatrue:-z—z—
x+y+1 5
cyc cyc
2 1 1 Bergstrom
C zz < 12 and then : >
cycx ancdthen x+y+1+y+z+1+z+x+1
9 CBS 9 chcxzslz 9 9
> —_— =
2Ycycx+3 2v/3.12+3 15

2 IBchcxz +3

1 3
z ——— > — and so, combining both cases,
x+y+1"5

cyc
1 1 1 3
+ + > =
x+y+1 y+z+1 z4+x+1"5
Vx,y,z>0|x(x+1)+y(y+1)+z(z+1) <18 (QED)

1522.If a,b,c > 0,ab + bc + ca = 3 then:
1 1 1 3

+ + = —
1+a)? (1+b)?2 (1+0)?% 4
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

Lemma:
1 1

>
(14x)2 T A+y)? = 1+xy

Vx,y=0
Proof:
1 n 1 _ 1 xy(x—y)%+(xy—1)>2
1+2)2  (A+y)2  1+xy  (A+02A+y)2(1+xy) —

Back to the problem:
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1 1 Z 1 Bergstrom 1 9 3

= - > = > — = —
LHS zz[(1+a)2+(1+b)2]—2 1+ab — 2Yab+3 4

1523.If a,b,c > 0 and a? + b? + c? = 12, then prove that :
1 1 1 -

+ +
va®+1 Vvb3+1 V3 +1

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

1 ? 7 —-2a 1 ?(7-2a)?
> =3 >
Va3 + 1 9 a’+1 81
7 ?
@az<12:a<2¢§<5:7—2a>0)@(ﬁ+4x7—2®2—81so

& 4a5 — 28a* + 49a° + 4a? — 28a — 32 < 0
<:>(a—2)2(4a3—12a2—15a—8);0@4a3—12a2—15a—820
<:>(a—4)(2a+1)2—420—>true°-°a<;<4=>a—4<0
! 27—2a and analogs = ! + ! + ! 227—2a
Va3 +1 9 Va®+1 vb3+1 Ve3+1 9

cyc
72N 72 32 aebtect =127 2

~—Z6=1
3 9

1 1

>1
V@1 \/b3+1 et
Vab,c>0|a?+b%+c2=12"=" iffa=b =c =2 (QED)

1524. If a,b,c > 0 and ab + bc + ca = 2abc, then prove that :
a b C -

c(c+a)+a(a+b)+b(b+c)_

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

a b c _a+c—c+b+a—a c+b—b_

c(c+a) a(a+b) b(b+c) " c(c+a) a(a+b) b(b+c)
1+1+1 1 1 1 ab+bc+ca Z Z

c a b cta a+b b+c abc b+c b+c

cyc cyc
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ab + bc + ca = 2abc 1 ®ab+bc+ca
Zb+c

= <
- 2abc

cyc
Assigningb+c=x,c+a=y,a+b=z=2>x+y—-z2=2c>0,y+z—x =2a

>0andz+x—-y=2b>0=2>x+y>2zy+z>x,z+x>y=>xyzformsides
of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

yielding22a=2x:25=>2a:s=>a:s—x,b=s—y,c=s—z
cyc cyc cyc
~ abc = r?s - (2) and such substitutions = Z ab = Z(s —x)(s—vy)
cyc cyc

Z b= 4Rr 4 1% - (2) - (x) zl sz+4Rr+r2<4Rr+rZ

= = - S(*x) & - =

a r+r X 4Rrs ~  2ris
cyc cyc

& 2R(4R+7r1) > s?2 +4Rr +r? © s2 < 8R? — 2Rr — r? - true
Gerretsen

? ?
s < 4R +4Rr+3r2<8R?2—-2Rr-r2 < 4R?2-6Rr—4r2>0

?
< 2(R-2r)(2R+r) = 0 - true via Euler = (x) is true
a c
>1
c(c+a)+a(a+b)+b(b+c) -
3
Vab,c> O|ab+bc+ca= 2abc” =" iffa=b = c=5 (QED)

1525.If a,b,c > 0 and ab + bc + ca + 2abc = 1, then prove that :

1 1 1 9
—+—+——(a+b+c)=>=
a b c 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

A-G
1 = 2abc +z ab > 2abc + 3. 3\/azbzc2 =>2x34+3x2-1<0

cyc

1 1
(x:sx/abc):>(2x—1)(x+1)2SO:>2xS1:>3\/achE:>abc§§—>(1)

1 1 1 9 Seyeab—abcLeca—o.abe
Now,a+5+z—(a+b+c)—5: e >
chcab_%(ZCycab)z_%'abcab+bc+ca+2abc=11_2t_(1_3—2t)2—%?
abc = abe > 0 (t = abc)
<:>8t2+31t—4é0<:>(8t—1)(t+4)éO@tzabcé%—Wruevia(l)
1 1 1 9
.-.E+E+E—(az+b+c)zE
Va,b,c>0|ab+bc+ca+2abc=1,”=” iffa=b=c:%(QED)
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1526.If x,y > 0 and x + y < 2, then prove that :

1
xz(Z—x)+y2(2—y)+(x+y)(x—y—xy) > 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

X2-x)+y?2-y)+(x+y) (x—ly— XY)
=2(x%*+y?) - (3 +y?) +xx_-|;’y —xy(x +y) 222x+y
(x +Y)((x +y)? - 2xy) - ((x +y)° = 3ay(x +y) ) + xx—J;y —xy(x+y)

X+ 4(x +vy) xty=24
=(x+y)?d —2xy(x+y)—(x+y)3+2xy(x+y) + Y (x+y) s =

xy  (x+y)?2 — 2

1
=>x2(2—x)+y2(2—y)+(x+y)(E—xy)22
Vx,y>0|x+y<2"'="iffx=y=1(QED)

1527.If a,b,c > 0 and ab + bc + ca + abc = 4
then prove thata+ b + c + abc = 4

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

We need to show
a+b+c+abc>=4o0r,a+b+c+abc>=ab+ bc+ ca+ abcor

a+b+c>ab+bc+ca———- (1)

2x 2y 2z X 2xy
Leta = ,b = ,C = ,nowfrom(l)z—zz
y+z zZ+x x+y y+z (y+2)(z+x)

or,z x(x+y)(x+2z)=> Z 2xy(x+y) or
Z x3 +3xyz > Z xy(x +y) (Schur's inequality).

Equality forx =y=z=1ora=b=c=1
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1528. If a,b,c > 0 and a + b + ¢ = abc, then prove that :

(@2 -1Db*-1)(c2-1) <@+ 12+ 1)(c2+1)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=ya+b=z=>x+y—-z2=2c>0,y+z—x
=2a>0andz+x-y=2b>0=>x+y>zy+z>x,z+x>y=xyzform
sides of a triangle with semiperimeter, circumradius and inradius = s,R, r (say);

soZZa=2x:25=>Za:s—>(1)=>a:s—x,b:s—y,c:s—z

cyc cyc cyc

~ abc = r?s - (2) and such substitutions = z ab = Z(s —x)(s—vy)

cyc cyc

2
ia (1 d(3
:zab=4Rr+r2_)(3)’za2=<za> _zzabwa( )=all 3)

cyc cyc cyc cyc

s*—2(4Rr+12) = ) a® =5 —8Rr—2r% > (4)

cyc

2
ia (1),(2) and (3)
z a’b? = (Z ab) — 2abc (Z a> = ) T rZ)2 —2ris.s

cyc cyc cyc

= z a?b? = r?((4R + 1)? — 2s%) - (5)

cyc
a+b+c_= abc

Now, (a? +1)(b2+1)(c2+1) =

< 2 abc><b2+ abc)( 2. abc)

O T S ea Y AR

:(Zabc)s<a2a+bc><b2a+ca><c2a+ab>
cyc@

cyc cyc cyc

( abc<z a>3+azb2c2+abc<z ) (z >\|

a+b+c = abe abc I cyc cyc cyc

U )l

via (1),(2),4) and (5) T2s* + r*s? + r2s%(s? — 8Rr — 2r?) + r?s?((4R + r)? — 2s?)
B rs?

=@+ 1)M2+1)(c2+1) = ? > (i)

16R?
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Again, (a2 — 1)(b? —1)(c¢2 — 1) = a®b?c? — 1 — Z a2b? + Z g2 “Hbre=abe

cyc cyc

Dcyc@ 3 abc \° abc abc \’
< abc ) (asz - <chc a> - (Z a2b2> (chc a) " (; a2> (chc a)

cyc

ia (1),(2),@and (5) 1 § \3
via . an (rTS) (r4sz _ l‘6 _ 1'4((4R + r)z _ ZSZ) + 1‘4(82 — 8Rr — 21‘2))
4s? — 16R? — 16Rr — 4r? Gerretsen 4(4R? + 4Rr + 3r?) — 16R? — 16Rr — 4r?
- r2 = r?
Euler 4R via (i)
=8 < — = J@+ DO+ 1 +1)

r
a(@2-1)(2-1)(c2-1) <@+ Db+ 1)(c2+1)
Yab,c> 0|a+b+c:abc,”:” iffa =b = ¢ = V3 (QED)

1529. If x,y,z > 0 and xyz = 1, then prove that :
x \? 2 Z \2 3
(7w (o) &) =3
1+ xy 1+yz 1+zx 4

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

x \? 2 z \2ayz=1
(=) ) &) -
1+xy 1+yz 1+zx
2 2 2
x y Z XZ \2 xy 2 yz \2
+ =] +|—| = + +
1) ( 1) 1 (z+1) (x+1) (y+1)
<1+E 1+E 1+§

2 2

xyz=1 1 1 1
) o) * &)
yZ+y X+ z xy +x

> (53 ) * o) () * ) )

2

_ZX+Z+Xy+X+YZ+yayz=1 Dieye XY + Leye X ;3
(xy+ x)(yz+y)(zx + z) 1+XyZ+ Yoy Xy + Xeye X 4
? xyz=1
(:)ny+2x23+3xyz = 6 - true~
cyc cyc
A-G 4 3 xyz=1
ny+2x > 3.3/x%y?z2+3.3/xyz = 6
cyc cyc
x \? 2 z \* 3
( ) +( Y ) +(——) =2
1+ xy 1+yz 1+zx 4
Vx,y,z>0|xyz=1"="iff x =y =z = 1 (QED)
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1530. If a,b,c > 0 and a? + b% + ¢ = %,then prove that :

(=)D (-H =

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=ya+b=z=>x+y—-z=2c>0,y+z—x
=2a>0andz+x-y=2b>0=>x+y>zy+z>x,z+x>y=>2xyzform
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say);

soZZa=2x:25=>Za:s—>(1)=>a:s—x,b:s—y,c:s—z

cyc cyc cyc

. abc = r?s - (2) and such substitutions = z ab = Z(s —x)(s—vy)

cyc cyc

2
ia (1 d(3
:zab=4Rr+rZ_)(3)’za2=<za> _zzabvm( )=¢ln (3

cyc cyc cyc cyc
s? — 2(4Rr + r?)

:Za2=sz—8Rr—2r2—>(4)

1 1 1 -1)(b-1)(c—1)+ab
o (i) (o- Do 41070 DD e
3 % bb b c abc
a— ab +2abc—-1
_ Zoye cy;bc SO‘:’zab+1ZZa+2abc

cyc cyc

a?+bic =3 aC , 4 2abc
S Yty e (Ya) Y2
4
cyc cyc cyc cyc §chc a?

B % (Zeyea)(Zeyca?) + 2abe

e e
& (; a2> (4;a2 + B;ab> >3 (2 (;a> (;&) + 3abc>

ia (1),(2),(3) and (4) 2
ST (52— 8Rr - 212) (4(s? — 8Rr — 2r?) + 3(4Rr +12))
> 3(2s(s? — 8Rr — 2r%) + 3rzs)2
& 2s° — (48Rr + 30r?)s* + r?(456R? + 372Rr + 51r?)s?
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() Gerretsen
—25r3(4R +1r)3 0 and - 2(s? — 16Rr + 5r2)3 ) gse 0 .. in order to
prove (x), it suffices to prove : LHS of () > 2(s? — 16Rr + 5r2)3
& (48R — 60r)s* — r(1080R? — 1332Rr + 99r?)s?

)
+r2(6592R® — 8880R’r + 2100Rr? — 275r3) | > | 0

2 Gerretsen

and - (48R —60r)(s? — 16Rr+5r2)" > 0 - inorder
to prove (xx), it suffices to prove : LHS of (xx) > (48R — 60r)(s? — 16Rr + 5r2)Z

& (456R* — 1068Rr + 501r2)s?| > r(5696R T e B0k )
- r

Euler
Now, 456R? — 1068Rr + 501r% = (R — 2r)(456R — 156r) + 189r?> > 189r?
Gerretsen

>0~ LHSof (++x) >  (456R?—1068Rr + 501r?)(16Rr — 5r?)
?
> r(5696R% — 14160R?r + 8700Rr? — 1225r3)

? R
& 200t3 — 651t%2 +582t— 160> 0 (t = F)

Euler

?
& (t—2)(74t% + 126t(t—2) +t+80) >0 > true ~t > 2

= (xxx) = (xx) = () is true . (1 —%) (1 —%) (1 —%) +1<0

(D))<

3 1
Va,b,c> 0]|a%+b?+ c? =/ =" iffa=b=c=_ (QED)
1531.If a,b,c € Rand a + b + ¢ = 3, then prove that :

V2a2+6+32b2+6+1/2c2+6>6

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Exactly two among a, b, c equal to zero : WLOG we may assume
b=c=0(a=3)andthen:LHS = 24 +2.36 ~ 6.51874 > 6
Exactly one among a, b, c equals zero : WLOG we may assume a = 0

?
(b,c > 0withb+c=3)andthen : LHS = 6 + 1/2b2 + 6 + Y/2c2+ 6 > 6

3 7
o (i/ZbZ +6+1/2¢2 + 6) é (6 — 3\/8)3
)
Now, LHS of (*) =2b%2 + 6+ 2c2+ 6
Jensen

+3.3/(2bZ + 6)(2¢ + 6).(3{/2b2 +6+V2c2+6) 2

3 b + c\?
(b+c)2+12+3.1/4b2¢2 + 6(b + ¢)2 + 36.2. /2( > ) +6
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8(9 — x?
( f(x) = 3\/Zx2 +6Vxe(0,3)isconvexasf'(x) = (—)5 >0 >

9(2x%2+6)3

_ 3,21
P*=3 51 + 6.3/ab2¢2 + 90. S >21+6 3/45.21 ~ 79.87919

> (6-36)° (~73.185667) - J/2a? + 6 + /2b2 + 6 + /22 + 6 > 6
Jensen

[Case 3]a,b,c > 0 and then : \/2a? + 6 + 1/2b2 + 6 + /22 +6 >

3| ra+b+c L.
3. |2 (—) + 6 = 6 - combining all cases,

3
V2a2+6+3Y2b2+6+Y2c2+6>6
VabceR|a+b+c=3,"=" iffa=b=c=1(QED)

1532.If a,b, c,d € [1, 2], then prove that :

1 1 1
(a? + b? + c? +d2)< bzt d2)<25

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Via Schweitzer (1914),for 0 < m < M and x; € [m,M] (i € 1,n),

1 1 (m + M)?
(H; xi) (HZYC: x1> 4mM -~

Choosingn = 4,x; = a?,x, = b%,x3 = ¢, x4, =d? and = a,b,c,d € [1, 2]

~a?b?c%d?*€[1,4] > m=1,M = 4 and so, via (1),

1 1 1 1
aA2+b*+ct+d®\[gZtptTaetTa <(1+4)2
4 4 = 4.1.4

1 1 1
=>(a2+b2+c2+d2)(?+ﬁ+— d2)<ZSVab c,d € [1,2] (QED)

1533.If a,b,c € R and ab + bc + ca = 3, then prove that :
(2a? + b? + c)(2b% + c?2 + a®*)(2c? + a? + b?) > 64

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
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Case 1|Exactly one among a, b, c equals zero : WLOG we may assume
a =0 (b,c > 0with bc = 3) and then :
(2a? + b? + ¢2)(2b% + c? + a?)(2¢? + a® + b?) = (b? + c?)(2b% + ¢2)(2c% + b?)
A-G
= (b? + ¢?) (Z(b2 + cz)2 + bzcz) > 2bc(9b%c?) = 18.27 > 64
= (2a® + b? + c%)(2b% + ¢ + a?)(2c? + a? + b?) > 64
[Case 2]a,b,c > 0 and assigningb+c=x,c+a=y,a+b=z=>x+y—z=2c
>0,y+z—x=2a>0andz+x—-y=2b>0=2>x+y>zy+z>x,2+x>y
= x,y,Z form sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r (say); soZZa=szZs=>Za:s—>(1)=>a:s—x,b:s—y,

cyc cyc cyc
c=s—2z. abc =r?s - (2) and such substitutions = z ab = Z(s —x)(s—vy)
cyc cyc
2
ia (1) and (3)
:Zab =4Rr+r? - (3),z:a2 = Za —ZZabvm ="
cyc cyc cyc cyc

s*—2(4Rr+12) > ) a® =5 —8Rr—2r% > (4)

cyc
2

ia (1),(2) and (3)
Z:azb2 = Zab — 2abc Za M= (4Rr+r2)2 —2ris.s
cyc cyc cyc

= z a?b? = r?((4R + 1)? — 2s%) - (5)
cyc

Now, (2a? + b? + c2)(2b? + ¢? + a?)(2c? + a? + b?) > 64 abrbgeas?

3
64
a2+z:a2 b%2+ ) a? c2+z:a2 > — zab
27
3

cyc cyc cyc cyc
3
& 27a’b?c? + 54 Z a’| +27 Z a? Zaﬁb2 > 64 Zab
cyc cyc cyc cyc
via (2),(3),(4) and (5) 3
& 27r*s? + 54(s? — 8Rr — 2r?)

3 ()
+27r%(s? — 8Rr — 2r?)((4R + r)? — 25?) — 64(4Rr + r?)” [ >| 0 and
3 Gerretsen
+ 54(s? — 16Rr + 5r?) > 0. inorder to prove (+),it suffices to prove :

LHS of (+) > 54(s? — 16Rr + 5r2)°
& (324R - 297r)s* — r(7668R? — 7938Rr + 810r?)s?

()
+r?(46496R® — 58440R?r + 14550Rr? — 1825r%) [ > |0

Gerretsen

and - (324R — 297r)(s2 — 16Rr + 5r2)Z > 0 . in order to prove (x),
it suffices to prove : LHS of (++) > (324R — 297r)(s? — 16Rr + 51r2)° &
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P r<18224R3 — 34716R%r + 20535Rr2>
= —2800r3
Gerretsen

2403Rr + 1080r?)s?
2403Rr + 1080r?)s?

Again, (1350R2
(1350R? — 2403Rr + 1080r?)(16Rr — 5r2)
34716R’r + 20535Rr? — 2800r?)
? R)

?
> r(18224R3 -

& 1688t3 — 5241t% + 4380t — 1300 > 0 (
? Euler
>

(1350R? —

o (t—2)((t—2)(1688t +1511) +3672) > 0 > true ~ t >
= («) is true -~ (2a? + b? + ¢2)(2b? + c? + a?)(2¢? + a? + b?) = 64 and so
combining both cases, (2a? + b? + ¢2)(2b? + ¢2 + a?)(2c? + a® + b?) > 64
Vab,ceR|ab+bc+ca=3,"="iffa=b=c=1(QED)
If a,b,c > 0 and abc = 1,then prove that
Ve(v?.Va + o VB)  Ya(bt Ve + 2 3B)  ¥(a? e+ e V@)
b.¥c+c. Vb ac+cla

b.3a+ a.3b
Proposed by Zaza Mzhavanadze-Georgia

1534.

Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle
(“(A+B)+ (B+C) > (C+A) and analogs)

= VA + B,VB + C,VC + A form sides of a triangle with area F (say)
and 16F? = 2 Z(A +B)(B+C) — Z(A + B)?

cyc
—ZZAZ—ZZAB

cyc cyc

cyc

:22<ZAB+BZ

cyc \ cyc

:6ZAB+ZZA2—ZZAZ—ZZAB:4F:2 /ZAB—>(1)
cyc

cyc cyc cyc cyc
xy VE) Z x2y? 23
N \4 >0 > — >
oI EYE \/ G+DE+0 - 2 xy(y+2)(z+x) 54
cyc cyc
2
X X
Via Bergstrom, LHS of () > (Zeyexy) — (ZCZYC Y)
Deye (xY(chc xy + zz)) (Zeyexy)” + XYz eyex
2 \3

Xy
\/ (y+z)(z+x)27_>(2)
cyc cyc yc

2
é % S (Z xy) ; 3xysz - true -
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Ye(b%.3a + a?. 3\/_) Ya(b?.3/c + c2. §/_)+§/F(a2.%+cz.§/&)
b.Va+a b b.Vc+c Vb a.Yc+cVa
§/_< b23\/_+c 3\/_> < 3\/_+c §/_> E( b2.¥Va + a?. \/_)
a\%* C ab

§/_+cx/_ a\/_+cx/_ " b.¥a +a.3b
b
5@<b2.%+c2.%> @<a2.%+cz.%> E(w.vé’mz.%)
b

abc=1 @ b2c? . c2a? N c a’b?
- W, T e, Va,
a b
VV— Ve b (Ve Ye(Na Vb
_a Ttz b Cz‘*’ c @z T2
i f % e,
b c " a ;@ *p
=—(B+C)+L(C+A)+—(A+B)
y+z x+y

<5a5ff3«a%%

We have :

X =— =— 7= =— B =— = —
a’Y " b c’ az’ bz’ c2
2 Oppenheim

x 2 2 z
=—— VB+C +L.\/C+A +—.VvA+B >
y+z Z+x x+y

AF xy via (1) and (2) 5 AB \/§ 3 % % A-G
. S AN > —_—= — 17| =
y+2Ez+x) = z 2 Z a? b%) —
cyc cyc

cyc

3
31V a?b?c? abc 1

“ibict V9=3 Vab,c>0|abc=1"=" iffa=b=c=1(QED)

1535. If a, b, ¢ > 0 then:

1 1 1_1 1 a+b+c-3
a a+b b+c c>27a+b+c (a + b + c) atb+c

Proposed by Daniel Sitaru — Romania

Solution by Ravi Prakash-New Delhi-India

1 1 1 1
a2+ b 4 e a(a a>+b<b b)+C<C C) -
a+b+c B a+b+c -

1

@) @) ]

(abc)(“"'b"'c)
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1
Also, (abc)s < &2tc 1 > 27

abc ~ (a+b+c)3

()

Thus, from (1) and (2)

1
27 )a+b+c

(a+b+c)s

S R |
a a+b b+c cz(a+b+c)(

1 1 3 1 a+b+c-3
= 27a+b+c - (a + b+ c) a+b+c = 27a+b+c - (a + b+ c) a+b+c

Equality holds fora = b = c.
1536. If a, b, c > 0 then:

1 1 1 1
a-2a+b-2b+c-2c>(a+b+c)- 8atb+c

Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India
Using AM = GM

o) o(e)efe) e e "

2a 2b 2c
a+b+c

1 1 1 1
= a(25> +b (25> +c (2?) > (a+ b+ c)(8)a+b+c
Equality holds fora = b = c.
Solution 2 by Khaled Abd Imouti-Syria

1 1 1 X 1
f(.X') =x-2x=x" e;ln(Z)' f/(x) — e;ln(Z) + (_ p ln(Z)) . e;ln(Z)
1 1
f'(x) = (1 — ;ln(z)) . ex"®

,, 1 Iney 1 Iin@ 1
f"(0) = In(2) - e — —n(2) " (1 - ;m(Z))
1

1
x31n2(2) ex™®

F(x) = x—lzln(z)  exn®. [1 14 %111(2)] -

1
f'(x) = xlzln2 (2) - 2x > 0. So f is convex function and then:
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1

a+b+c atb+c
T).z( )

1 1 1
a-2a+b-2b+c-2cz3-(

1 1 1 1
a-2a+b-2b+c-2c>(a+b+c) (8)a+b+c
Equality holds fora = b = c.
1537.If a, b, c > 0 then:

a\/c? + b% + by/a? + ¢ + ¢\ b? + a? = V2(ab + bc + ca)

Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India

a\/c2 + b2 + b\/a2 +c% + c\/b2 + a?
= a|c + ib| + bla + ic| + c|b + ia| = |ac + iab| + |ba + ibc| + |bc + iac]|
> |ac + ba + bc + i(ab + bc + ac)| = (ab + bc + ca)|1 + i|
=+/2(ab + bc + ca)
Equality holds for:a = b = c.

Solution 2 by Tapas Das-India

ayc? + b2 + byJa? + c% + ¢y b? + a?

= Jazc? + a?b? + /b2a? + b2c? +  c2b? + c2a?

Minkowski

> \/(ac+ ba + cb)? + (ab + bc + ca)?

= J2(ab + bc + ca)? = V2(ab + bc + ca)
Equality holds for:a = b = c.
Solution 3 by Khaled Abd Imouti-Syria

a2 + b% + b a? + ¢ + c\/b? + a? > 2(ab + bc + ca)

?
Vazc? + atb? + \/b2a? + c2b? ++/c2b? + c2a? = V2(ab + bc + ca)

a’c? + a?b?  |b%a? + c?b?  |c?b? + c?a?
> + > + > =ab + bc + ca

€1

By using AM-GM

36 | RMM-CYCLIC INEQUALITIES MARATHON 1501-1600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
ac+ab+bc+cb+cb+ca_2(ac+ab+bc)

2 B 2
e; =>ac+ab+ bc

e, =

Equality holds for:a = b = c.
Solution 4 by Kunihiko Chikaya-Tokyo-Japan

b2 + 2 Mp+ ¢ b2 + 2" ™ab + ¢
2 2 Tz Tz = T2 T

= a/ b? + ¢? >?(ab+ac)

Za\/bz c2>TZ(ab+ac)—\/_Zab V2(ab + bc + ca)

cyc

cyc
Equality holds for:a = b = c.
1538.If x,y,z > 0,x + y + z = 1 then:

1< y3 z3> 1( x3 z3> 1( x3 y3>
- + += + += + >1
x\x+z x+y) y\y+z y+x) z\z+y z+x

Proposed by Lamiye Quliyeva-Azerbaijan
Solution by Mirsadix Muzefferov-Azerbaijan

Let’s group the expression on the left in another form:
1 ¥y 1 z2 1 x® 1 22 1 ¥ 1 3
. + —- + —- + —- + —- + —- 21
X x+z x x+y yy+z y x+y z y+z z x+z
iy 111 I 7] 1 u
1 2 1 a3 1 y2 1 93 1 z2 1 X
—. + = + + = + == +—- >1
yy+z z y+z Xx x+z 7z x+z X x+y y y+z
I

n I

1 1 z3 1 1
Yo e )
y+z z) x+z \x z) x+y \x 'y

3 3 3
X +z X+ z z x +
yrz ¥ N y

y+z yz x+z xz x+y xy
oy 7
Sl AR ' '
>z +o ot xy 2 1 (Both side mutliply xyz > 0)

=1

From here
x* +yt+ 7t > xyz ()
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Because:

1 1 1 1 1 1
4 4 4 _ [ 4 R A4 4 PN 4
x*+y*+z —<2x +2y)+(2x +22)+(2y +Zz) (D

3\
2 2 - 2 2

e

1 1 A4-6G
Ex4+iz4 > 2 Ex“—z“=xzz2 r (2)

[y
N| =

2 - 27 2

Z

2 )
(2) using in (1)
1 1 1 1
x*+yt + 24 > x2y? + x%22% + Y272 = (Exzyz + Eyzzz) + (Eyzz2 + Exzzz)
1 1
+ (Exzy2 + Exzzz) (3)

\

lxzyz +1y222 A;G 2 |=x2y2=y2z2 = xy?z
2 2 o 2 2

:

1 1 A-G
SV +oxtt = 2 |5y*2? S xP2 = xyz? ¢ (4)

N =
N =

lxzyz +1x222 AZE 2 lxzyz_xzzz = x2yz
2 2 - 2 2

J
(4) using in (3)
xt+y*t+ 2z > xy?z + xyz? + x’yz = xyz(x + y + z) = xyz
So, x*+yt+zt>xyz (+)
Equality holds if x =y =2z = %

1539.Ifa,b,c2—;andabc+ab+bc+ca+a+b+c20,
then prove that:a+b+c>0

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Let +3— b+3— +3— d th : —2 b=
eta z—x, Z—y,c 2—zan en:a= s o b=—"%—
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2z — 3
C =

=>abc+ab+bc+ca+a+b+c=>0

e %H(Zx -3) +%Z((2x -3)2y—-3))+ %Z(Zx -3)=0

cyc cyc cyc

1
@22x+8xyz242xy+9—> D andwearetoprove:EZ(Zx—S) >0

cyc cyc cyc

@22x29—>(*)

cyc

A-G
2Xyz > Z xy and + x,y,Z> 0 - 2xyz > ny > 33/x2y2z2

cyc cyc
27 3 A-G 9
3y3,3 > 22,2 Sl >_.._§ S 23 <2
= 8x°y°z° > 27x°y“z =>xyz_8=>1/xyz_2 x = 3 xyz_2

cyc
= (*) is true

ny > 2xyz and then, via (1),22x -9> 4(2 Xy — 2xyz> >0

cyc cyc cyc

= (%) is true . combining both cases, () is true V x,y,z > 0 constrained by (1)

3
-'.a+b+c20‘v’a,b,c2—i|abc+ab+bc+ca+a+b+c20(QED)

1540.If x,y,z € [-1,1] and x + y + Z + xyz = 0, then prove that :
Vx+1+,y+1+vVz+1<3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

ty+z+ayz=0=x(1+yz) = N
X+y+z+xyz= x yZ) =-y—Z> X = 1+yz
+z 1-y—z(1- 1-y)1-1z
ri1o1 YT _l-y-ai-y o A-ya-D)
1+yz 1+yz 1+yz

CBS
[Case1]xyz>0andthen:Vx+1+ . y+1+Vz+1 < V3. Zx+3

cyc
x+y+z+xyz = 220

= Oﬁ.Js——mxys V33 vVx+1+y+1+vVz+1<3
[Case 2] xyz < 0 and then : either[Case 2i]x,y,z < 0 so that : Vx + 1 +
Jy+1+Vz+1<Vi+V1+V1avae+1+4 y+1+Vz+1<3
or [Case 2ii] one variable < 0 and the other two > 0 and WLOG we may

assumex < 0;y,z>0and ~m? +4m+4>4m+4vVm=>0
m + 2)2 m yA
.-.m+1§¥:>\/m+1sl+f andso,\/y+1+\/z+1§1+%+1+i
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=>\/X+1+\/y+1+x/z+1sj(l_Y)(l_z)JerrY_*z

1+yz 2
( 1-y)1-2)
note :
1+yz

20':0Sy,z31>

— < —
>Vx+1+,y+1+vVz+1-3 \[ + 1

3 (1—y)(1—Z)_(1—y)+(1—Z)A;G
B 1+yz 2 =

\/(1—y)(1—z)_\/(1_y)(1_z) - (1—y),(1—z)20)

1+yz as0<y,z<1
1
1
=J(1‘Y)“‘Z)'<¢%yz ) Ja—pa-a
+1
J1+yz
=—-J/1-y)(1-12). yzl <0:0<yz<1
(1+yz)<m+1>

~Vx+1+,y+1++Vz+1<3 - combining all cases,
\/x+1+\/y+1+\/z+1S3Vx,y,zE[—1,1]|x+y+z+xyz=0,
"="iffx=y=1z=0(QED)

1541.
If a,b,c € Rand ab(a + b) + bc(b + ¢) + ca(c + a) = 6,

then prove that : a? + b% + ¢? > 3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

6 < Z be(b+¢) £ \/Z aZb? .\/Z(b + )2

cyc cyc cyc

< (ch; il j2a2+22ab<, cye & , R (ZW“ >
cyc

cyc cyc
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= z a’? > 3 (QED)

cyc

1542, If a,b,c > 0 and a + b + ¢ = 2, then prove that :

Jaz +bc++b%2+ca++cz+ab<3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Exactly 2 variables equal zero and WLOG we may assume b = ¢
=0(a=2)andthen:LHS =+/22=2<3

Exactly 1 variable equals zero and WLOG we may assume
. A-G3(b +c)
a=0(b+c=2withb,c>0)andthen:LHS =Vbc+b+c < T=3
[Case 3]a,b,c > 0 and assigningb +c=x,c+a=ya+b=z>
x+y—-z=2c>0,y+z—x=2a>0andz+x-y=2b>0=>x+y>z
y+z>x2z+x>y=xYy,zformsides of a triangle with semiperimeter,
circumradius and inradius = s,R,r (say); so 2 z a= Z xX=2s> z a=s
cyc cyc cyc
»(1)=>a=s—x,b=s—-y,c=s—z . abc=r?s - (2) and such
substitutions = z ab = Z(s —-x)(s—y)=> z ab = 4Rr +r? > (3),

cyc cyc cyc

2
ia (1) and (3)
Zazz Za —ZZabvm =" s2 _ 2(4Rr +12)

cyc cyc cyc

= Z a? = s — 8Rr — 2r? - (4),and Z:azb2 =

cyc cyc
2

ia (1),(2) and (3)
Zab — 2abc Za raese (4Rr+r2)2 —2ris.s
cyc cyc
> ) @?h? = r}((4R+1)* = 25%) > (5)
cyc

Now,(\/a2+bc+\/b2+ca+\/c2+ab

2 _
a+b+c=2
) -9

2

Za2+2ab+zz\/(bz+ca)(c2+ab)—z Za

cyc cyc cyc cyc
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2
cgs Z a® + Z ab + 2\/5.\/2(@2 + ca)(c? + ab)) —;(Z a> ; 0

cyc cyc cyc cyc
? 5 vc@® +14Ycab
© 2v3. Z a’b? + Z ab Z az—c2 ||+ abcz a< =% 2 e
cyc cyc cyc cyc

? 2
1= 2\/§ Z aZbZ + (z az) (z ab) < Schca +414'2cyc ab

cyc cyc cyc

2
& (52a2 + 142 ab| >192 Z:azb2 + (Zaz (Zab)
cyc cyc cyc cye cye
- (3)'(2)“(1 © (5(52 — 8Rr — 2r?) + 14(4Rr + rz))2
> 192 (rz((4R +1)? — 25?) + (s — 8Rr — 2r?)(4Rr + rz))
& 25s* — (608Rr — 232r2)s? + r?(3328R? + 1664Rr + 208r?) é 0 and

)
2 Gerretsen
+ 25(s? — 16Rr + 5r2) > 0. inorder to prove (+),it suffices to prove :

LHS of (+) > 25(s? — 16Rr + 5r2)"
(%)
& (64R — 6r)s? > r(1024R? — 1888Rr + 139r?)

Gerretsen

?
Now, (64R— 6r)s’> >  (64R— 6r)(16Rr — 5r%) >
?
r(1024R? — 1888Rr + 139r?) & r?(1472R — 109r) > 0 - true
Euler
«“1472R—109r = 2944r—1097r > 0 = (xx) = (*) is true

2
(\/a2+bc+\/b2+ca+\/c2+ab) -9<0
:>\/a2+bc+\/b2+ca+\/c2+ab<3‘v’a,b,c>0|a+b+c=2
- combining all cases,/a? + bc + Vb2 + ca + v/c2 +ab < 3

Va,b,c20|a+b+c:2,”:” iff(a=0b=c=1)
or(b=0,c=a=1)or(c=0,a=b=1) (QED)

1543.If a,b € R and 2(a? + b?) = 3ab + 1, then prove that :

a’+b3<2

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

1 3
Ifa+b<0,then: a®+bd =(a+b)(z(a+b)2+z(a—b)2)S0<2

and so,we now focuson:a+b >0andthen: a® +b3 <2 < (a® +b3)2 <4

o (a+b)?(a? +b? —ab)? <4 < (a? + b%2 4+ 2ab)(a? +b%? —ab)? < 4

2(a?+b?) =3ab+1 3qb + 1 3ab + 1
( + 2ab> (

2
PN —ab) <4 (Tx+1Dx+1)2<32

(x=ab) © 7x3+15x2+9x-31<0 (x —1)(7x2+22x+31) <0

ox<1 ( discriminant of 7x2 + 22x + 31 =222—-4.7.31 = —384 < 0)

=>7x24+22x+31>0

—true v 3ab+1=2(@a’*+b%?) >4ab=>x=ab<1:-a®>+b3<2
VabeR|2(a?+b%) =3ab+1"=" iffa=b =1 (QED)

1544.If a,b,c € Rand a(1 + b?) + b(1 + ¢?) + ¢(1 + a?) > 6,
then prove that : a? + b% + ¢? > 3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Let us assume : Z a’<3

cyc

CBS assumption
Now,6SZ:a+Z:ab2 SZa+ Zaz Z:azb2 <

cyc cyc cyc cyc cyc

(Zeye 02)2 2 3 Yy a’b? assumption
Za+ E}z:azb2 < Za+2az < Za+3
cyc

cyc cyc cyc cyc

:Za>3—>(*)

cyc

But:3>zaz%(za):(zaf_m

cyc cyc cyc
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$<za+3>(za_3><0:_3<za<3q<**>

cyc cyc cyc

. (%), (xx) contradict each other .. our assumption must be incorrect and so,
we conclude : a? + b? + ¢ > 3 (QED)
1545.If a,b,c > 0 and abc = 1, then prove that

(ab)2024(b2024C2 + a2026) (bc)2°24(c2°24a2 + b2026) (ca)2°24(a2°24b2 + C2026)

c2 (a2025 + b2025) a? (b2025 + CZOZS) b2(c2025 + a2025) =3

Proposed by Zaza Mzhavanadze-Georgia
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let x = a2°24b2°26, y= b2024C2026, 7 = c2°24a2°26. We have

(ab)2024(b2024c2 + a2026) (ab)2025. c2024(b2024c2 + a2026)
c2 (aZOZS + b2025) - 2025 (a2025 + b2025)
cyc cyc

(ab)29%5 (y + z) bis
) cye (bC)29%5 + (ca)?025 Z(ab)zozs Z (b0)29%5 1 (ca)20%5 ZZ x>

cyc cyc cyc

2
Cgsz(ab)zozs (chc \/m) 2 Z x = Z (\/(x + y)(x +2z)— x) =

‘2 chc(ab)zozs -
cyc cyc cyc
CBS AM-GM
= Z(x+\/yz—x) =Zw/yz > 33%xyz =3(abc)1350 =3,
cyc cyc

as desired. Equality holds iffa=b =c = 1.
1546. If a, b, ¢ > 0 then:

c*.vbe(c+ a)? + b*t.V/bc(a+b)> 4 |abc(a+Db+c) )
Z > —, (a+b+c)
c2.+/ca + b%.v/ab 3 3

cyc

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle
(+(A+B)+ (B+C) > (C+A) and analogs)
= VA + B, VB + C,VC + A form sides of a triangle with area F (say) and 16F? =

ZZ(A+B)(B+C)—Z(A+B)2 :zZ(ZABHsZ)—zZAZ—zZAB

cyc cyc cyc \ cyc cyc cyc

=62AB+22A2—ZZAZ—ZZAB:le:Z /ZAB—»(D

cyc cyc cyc cyc cyc

xy ? V3 x2y 23
T (y+2)(z+x) 27<:)zzycy(y+z)(z+x)

(Beyexy)” _ (Beyery)”
Seye (1Y (Zeyexy +22))  (Seyexy)” +2yzTeyex

2
2 3 ? . xy ? \/—
ZZ(:(ny) 23xyz2x—>true.-\/ m_ 2 - (2)

cyc cyc

c*v/be(c+ a)?2 + b*.vVbela+b)?  c*.ca(b+ c)? + a*./ca(a + b)?

Now,V x,y,Z > 0,\/
C

Via Bergstrom, LHS of (x) >

We have : +
c2.v/ca + b2%.+/ab c2.v/bc + a2.\/ab
b4v (b+c)2+a4\/ b(c + a)?
b2. \/_+a2 Vea ,
2 2
< be(e +a)? + 2 Vbe(a + b ?.\/a(b+c)2 + 2 JVea(a+b)?
= +
Ve , vab Vor , vab
b2 cZ a2 ¢z
2
%.\/ab(b+c)2 a4 ~Nab(c+ a)?
+
\/_ \/E
Yl
Vbc (c2a?(c + a)? azbz(a+b)2 Vea (a?b?(a+b)?  b?c?(b + ¢)?
a? b2 + c2 + b2 c2 + a?
l Vea _ ab Vb . Jab
bZ + ¢z az + ez
+c c+a
\/_ b2 Z(b )2 2( )2
c2 a? +< b2 x y z
+ \/_ \/a =y+Z(B+C)+Z+—x(C+A)+m(A+B)
az " b?
( Yo Ve Va )
| az 'Y T p2 't T c2 |
\ b2c 2(b+c)2 2a%(c+ a)? azbz(a+b)2/
- C=
b2 c2
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2 Oppenheim

X 2 2 Z
.VB+C +L.\/C+A +—— VA+B =
yt+z Z+x x+y

x via (1) and (2) \/§
4F. v = 2 Z AB.—
o (y+2z)(z+x) 2

cyc

22 2 242 2
:\/Sz<b c (:2+c) c*a (;2+a) >: 32(c4(c+a)2(b+c)z)

cyc cyc

> (Fe+ab+0) =) at+ (Z ab> (Z a2>

cyc cyc cyc cyc

(2] (2m)(ze) (g
) ()il (=)
()

Vab,c>0"=" iffa=b=c(QED)
1547.If a, b, c > 0 then:

1
2_
3

1 N 1 N 1
at(a+b) b*b+c) c*c+a)

3
> —
2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
1 1 1 abc=1 a4b4c4
+ + = Z N =
a*(a+b) b*(b+c) c*(c+a) a*(a+b)

N (bPc?)? - (X b%c®)? (X b*c®) (X b*c?) AM_GM
B a+b “2(a+b+c) 2(a+b+c) -

2
3(abc)3abc(a+b+c) 3

> = — 1 =
> 2@+ b+0) 2 (since abc = 1)

Equality holdsfora=b =c = 1.
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1548. If a,b,c > 0 and a? + b? + c? = 1, then prove that :

1 1 1 >3\/§+9
1—a+1—b+1—c_ 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

1 + 1 + 1 _ 1+a a2+b2ic2=12 1+a
1-a 1-b 1-c¢ 1—a? B b2 + ¢2

cyc cyc

z 1 z a Bergstrom 9 z a a?+b2+c2 =1
=)=+ ) 55— = + =
b2 + 2 b2 + ¢ 2 Yoy a? b2 + 2

cyc

cyc cyc

9+z a ;3\/§+9@z a ;3\/5
2 b2 4 ¢2 ~ 2 b2 + ¢2 (f) 2

cyc cyc
Assigningb+c=x,c+a=y,a+b=z2=2x4+y—-z2=2c>0,y+z—x =2a

>0andz+x—-y=2b>0=>x+y>zy+z>x,z2+x>y=xyzformsides
of a triangle with semiperimeter, circumradius and inradius = s, R, r (say);

5022a=2x=2s=>2a=s—>(1)=>a=s—x,b=s—y,c=s—z

cyc cyc cyc

~ abc = r?s - (2)and such substitutions = z ab = Z(s —x)(s—vy)

cyc cyc

2
ia (1 d(3
:Zab:4Rr+r2_)(3)’za2: za _Zzabvm( ):an 3

cyc cyc cyc cyc

s? —2(4Rr+r2) > Z a? = s — 8Rr — 2r? > (4),and

cyc
2

ia (1),(2) and (3) 2
Z a?b? = Z ab | —2abc Z al= (4Rr +r?)" — 2r%s.s
cyc cyc cyc

= Z a?b? = r?((4R + 1)? — 2s%) - (5)

cyc

N Z a Z at Bergstrom (chc az)z
ow, = >
b2 + c2 a3b? + a3c? Yeyc(adb? + a?b3)
cyc cyc

_ (chc aZ)Z _ (Ecyc aZ)Z ; 3V3 a2+b2;c2 =1
chc (azbz(chca — C)) (ZCYC a)(ECYC aZbZ) - abczcyc ab 2
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5

2
3V3
— o4 Zaz > 27 Za z:azb2 —achab
2 ’chc a2 cyc cyc cyc cyc

via (1),(2),(3),(4) and (5)
=4

(%)
4(s? — 8Rr — Zrz) - 27 (srz((4R +1)%2 —25%) —r?s(4Rr + rz)) > [0 and -

P = 4(s? — 16Rr + 5r2)° + 4r(40R — 35r)(s? — 16Rr + 5r2)
+4r?(640R? — 1120Rr + 463r2)(s — 16Rr + 5r2)°
+4r3(5120R3 — 13008R?*r + 10572Rr? — 3025r%)(s? — 16Rr + 5r2)

2 Gerretsen

R
+ 5120t3 — 13008t% + 10572t — 3025 (t = ;)

Euler
= (t—2)(5120t? — 2768t + 5036) + 7047 > 7047 >0

. in order to prove (*x), it suffices to prove : LHS of (x*) > P &

(***)
(4688R* — 14680R°r + 18093R?r? — 10750Rr> + 2495r*)s? | >

r(73728R° — 248832R*r + 337536R3r? — 232020R?*r® + 77085Rr* — 9117r°)
+ 4688t* — 14680t3 + 18093t% — 10750t + 2495

Euler
= (t—2)(4688t> — 5304t% + 7485t + 4220) + 10935 > 10935 > 0
Rouche

. LHS of (xxx) >
(4688R4 — 14680R3r + 18093R%r? — 10750Rr3)< 2R? + 10Rr — r? )
+2495r* —2(R —2r)./R2 — 2Rr
?
> RHS of (**x)
& 9376R® — 56208R°r + 133530R*r2 — 163426R3r3
+111417R?*r* — 41385Rr> + 6622r°

4 3 2.2
> 2(R — 21). \/ﬁ (4-688R — 14680R :;—4;85093R 10750Rr )/;>
l'

(R —2r)(9376R5 — 37456R*r + 58618R°r? — 46190R?*r> + 19037Rr* — 3311r%)

4 3 2.2 _
2(R - 2r). /RZ — 2Rr. (4688R — 14680R -II:;—4;85093R 10750Rr)
r*

and - 9376t° — 37456t* + 58618t3 — 46190t% + 19037t — 3311r°
Euler
= (t—2)(24t* + 9352t3(t — 2) + 21210t — 3770t + 11497) + 19683 >
Euler

19683 > 0and ~* R—2r > 0 - inorder to prove (xx*x), it suffices to prove :
(9376R® — 37456R*r + 58618R%*r? — 46190R?*r® + 19037Rr* — 3311r5)2
> 4(R? — 2Rr) (4688R* — 14680R%r + 18093R?r? — 10750Rr? + 2495r4)°
< 24002560t° — 139530240t8 + 351802368t” — 468261888t° + 276650496t>
+91963584t* — 2854638963 + 2142374492 — 76262814t + 10962721 [>]| 0

& (t—2)((t—2)Q + 2554105446 ) + 387420489 > 0, where Q =
2242560t7 + 21760000(t — 2) + 81712128t° + 32666624t* + 80468480t°

{IV -~

(k%)
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Euler

+283171008t% + 525346216t + 1182938281 —> true = t > 2 = (x*xx)

L (res) o (+4) 5 (&) Ist L _3V3+9
i P g 1-c” 2z
Vabc>0|a2+b2+c2=1"=" iffa=b=c=ﬁ(QED)

1549. If a,b,c € Rand (a + b + ¢)(a® + 1)(b? + 1)(c® + 1) = 24,
then prove that : a> + b? + c¢? > 3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

24=(@+b+0(a? + )2 +1)(c+1) < [3) az.(a*+1)(b? +1)(c +1) =

cyc

= SZaZ. a2b2c2+1+2a2+2a2b2
cyc cyc cyc
3 2
’ 1 1
< 2 | — z 2 z 2., = Z 2
< BZa 27( a> +1+ a +3< a
cyc cyc cyc cyc

~ 32 = o a?)’ +27 + 27 S ye @? + 9(Seyea?)”
- ' 27

cyc

(3 chc az) ((ZCyc a2)3 +27 + 27chc aZ + 9(chca2)2)2
729

= t(t3 + 9t? + 27t + 27)" — 243.576 > 0 (t - Z a2>

cyc

= 576 <

= t7 + 18t® + 135t> + 540t* + 1215t3 + 1458t + 729t — 139968 > 0
= (t—3)(t® + 21t5 + 198t* + 1134¢% + 4617t + 15309t + 46656) > 0

=>t>3 ('-'t2a220> sat+b*+c2>3

cyc

Vab,ce ]R|(a+b+c)(a2+1)(b2+1)(c2+1) = 24,
"="iffa=b=c=1(QED)
1550.If x,y,z > 0,x + y + z = 1 then:

Jx+yz+.\Jy+xz+ Jz+xy <2

Proposed by Shirvan Tahirov, Lamiye Quliyeva-Azerbaijan
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Solution by Mirsadix Muzefferov-Azerbaijan

Jx+yz+ \Jy+xz+ [z+xy=

=JA-y-2+zy+/A-x—-2)+xz+ /1 —-y—x)+xy=

=J/1-y1-2)+/A-0A-2)+/A-0)A-y) <

AM;GM(1—y)-2|-(1—z)_|_(1—x)+(1—z)_|_(1—x)-;-(1—}’)=

2
_6-2(x+y+2) _5
= 5 =
Equality holdsforx =y =z = %

1551.If x,y,z > 0,x + y + z = 5 then:

V5x+yz+ /5y +xz+\/5z+xy <5

Proposed by Samed Ahmedov-Azerbaijan
Solution by Tapas Das-India
5x+yz=(x+y+z2)x+yz=(x+y)(x+2)

AM—-GM
Usx+yz=/(x+yx+21-1-1-1-1 <

X+y+x+z+5 2x+y+z+5
7 B 7

7\/5x+yz+Z/5y+xz+7\/52+xy=z7,/5x+yz<

cyc

Zz:c+y+z+5_2-5+5+5+15_§_5
7 B 7 7
cyc
1552. If a,b € R and ab(a? + 1)(b? + 1) = 4, then prove that :
a’? +b%>2

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

>0=>ab>0-(1)

2 2 _ _

ab(a*+1)(b*+1) =4 = ab @1 DOIT D

Now, ab(a? + 1)(b%? + 1) = 4 = ab(a?b? + 1 + a? + b%?) = 4 = a? + b?
4, 2

E—ab ~1>2©4-x*-3x>0(~x=ab>0..via (1))

<=>x3+3x—4§0<=>(x—1)(x2+x+4-)£0®x§1(°-°x2+x+4>0)
()
We have : ab(a?b? + 1 + a? + b?) = 4 = 4 = a®b® + ab + ab(a? + b?)

A; a’b® + ab + ab(2ab) (v ab>0..via (1)) > x* +2x2 +x—-4<0
S5x-1DE%2+3x+4)<0=>x<1(vx>2+3x+4>0)=> () is true
~a’+b?2>2VabeR|abla®+1)(b%?+1) =
=" iff (@a=b=1)or(a=b=-1) (QED)
1553.If a,b,c > 0 and a? + b? + c> + a + b + ¢ > 6, then prove that :

a? b2 c? 3

+ + >
Vb+c¢c Jc+a Ja+b 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

2
X
6Sa2+b2+c2+a+b+cSZa2+ 32a2:?+x

cyc cyc

<x= /32a2>:>x2+3x—1820:>(x+6)(x—3)20:>x23—>(1)
cyc

1 1 - 1
vb+c¢ \/c+a_\/a+b

4 Chebvsh a? b2 c? 1 )
= via Chebyshev, = E a
Y \/b+c \/c+a va+b =3 Vb +c

Bergs>tr0m1 Z 5 ( 9 <
- 3\4 chc\/b+ V3. ,/Zchc

Now, WLOG assuming a > b > ¢ = a® > b? > c? and
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cyc \\/E W} X .

a? b? c? 3

= + + >
Vvb+c¢c JVe+a JVa+b 2

<I

o
X

Vab,c>0|a?+b%+c*+a+b+c>6(QED)
1554.If a,b,c € R and (a3 + 1)(b3 + 1)(c3 + 1) = 729,

then prove that : a® + b? + ¢% > 12
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

(a?+2)" —16(a® +1)" = a® — 8aS + 24a* — 3243 + 3202
2 4
2 (;) (a® +2)
16

. 4
Now, 7292 = 1_[(a3 r1)? (D ang analos H—(“Z t2)
' = 16

=a%*(a-2)*(a*(a+2)*+8)=0vaeR - (a®+1)

cyc cyc

1
=27 Sgn(az +2) ( H(a2+2) >0Vab,ce ]R)

cyc cyc
= 216 < a?b?*c? + 8 + 42 a? + ZZaZbZ

cyc cyc

S%<zaz)3+s+4za2+g<za2>z

cyc cyc cyc

3 2
(Z a2> > 27a%’b%c? and (Z a2> > 3Z:a2b2 Vab,ceR

cyc cyc cyc

t3 +216 + 108t + 18t> ) 3 )
= t=za = t3 + 18t* + 108t - 5616 > 0

27

cyc

= (t—12)(t* +30t+48) > 0>t > 12
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2
'-'t2+30t+48=<2a2> +30<Za2>+48>OVa,b,ceR

cyc cyc
na?+b?+c2>12vab,ceR|(a®+1)(b3+1)(c3+1) =729,
"="iffa=b=c=2(QED)
1555.If a, b, c > 0, then:

\/(1+a)(1+b)(1+0)(1+\/_) 14
2_
\/(1+\/_)(1+\/_)(1+‘/a) ;

1
2a+3b+2b+30+20+3a)

m+b+d<

Proposed by Pavlos Trifon-Greece

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By CBS inequality, we have

1 1 ) (a+ b+ c).3? 9

1
(a+b+c)(2a+3b+2b+3c+2c+3b 2a+3b)+@b+30) + 2c+3b) 5

So it suffices to prove that

@+ @@+ b)Y+ (1 + Vabe) = *|(1 +Vab)(1 +Vbe)(1 + vea)

e 3 (Z In(1+a)+In(1+ W)) > 42 In(1 +Vab) (1)

cyc cyc

Leta=e*,b=¢e,c=¢€? x,y,z€ R,andlet f(t) =In(1 +e"),t € R. We have

W & 37w+ £+ £@) +3f () = 4[r (52) + £ B+ (5]

t

(1Jf—et)2
100+ 10431 (1) 22 (552) 4125 41252

1@ +fo) 221 (L), fo+ @221 (B2), 1@+ 2 20(25),

f”(t) —

> 0, so f is convex, and by Popoviciu and Jensen inequalities, we get

Adding these inequalities yields the desired inequality (1).So the proof is complete.

Equality holds iffa = b = c.
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1556. If a, b > 0 then:

a+b -
Ja(4a + 5b) + /b(4b + 5a)

W =

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Ja(4a + 5b) + \/b(4b + 5a) < J2(4a2 + 4b2 + 10ab) =

2
a+b a+b 1

Ja(4a + 5b) +/b(4b + 5a) = 3(a+b) 3

_ J2@(a+ b2 +2ab) < jz <4(a s+ 8t b)2> — 3(a+b)

Equality holds fora=D>b
1557.1f a,b,c > 0 and abc = 1, then prove that :

a b C 32
-+ + >
Vvi+a V1+b +VJ1+4+c 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

b
(\/llj-a Vi+b \/1+c) Zm

1

_ yZ _1 _1 _ 1\ oyz= 1
gt T

y z
xyz 1 Z Ragon 3 (chc J(,')7 xyz== 1
GeVx(y + 1)(2 +1) chyc(xz (yz+y+z+1))
(Ecyc x)

\/chcx+(2cycx)(2cycxy) 3+ (Sepex)” — 2 Depexy
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_ 3(Zeye x)%
[Bagex =3+ ()’ + (Zeyey)(Begex - 2)
3(Zeye x)%

2
chcx -3+ (chcx)2 + (ZCYTCJC)(chcx - 2)

cyc cyc
t3 7 9 t3 ? 3
A T ) tsz S > TP
t—34e24t (t3 2) " 4 o 3t—9 +3t2+t2(t—2) " 4
? ?
ot3-3t2-9t+27>0< (t—3)%2(t+3) > 0 > true
a b C Z g9 a b c 3v2
( + + ) >—> + + >
Vvi+a V1+b J1+c 2 Ji+a V1+b J1+c 2
Vab,c>0|abc=1"=" iffa=b = c=1(QED)

1558. Let a, b,c > 0 Prove that

(1 .\ 2 )(b+c—2a)3
b+c

2 (c+a—-2b)3

'<1+c+a)

2 (a+b-2¢)3
.(1 + ) _e~20(a?+b*+c?-ab-bc—ca) < 1
a+b N

Proposed by Pavlos Trifon-Greece
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

The desired inequality is equivalent to

2 2 2
. 3 _ 3 — 3 — ) <
(b+c—2a) ln(1+—b+c>+(c+a 2b) ln(1+c+a)+(a+b 2¢c) ln(1+a+b>_

< 20(a? + b + ¢* — ab — bc — ca).

Using te known inequality 0 < In(1 + x) < x, Vx > 0,we have

(b+c—-2a)l (1+ 2 )—(b+ )1 (1+ 2 ) 2al (1+ 2 )<
¢c-ewn b+c/ ¢ b+c am b+c/~

<(b+oc). -0=2

b+c
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2
=>(b+c—-2a)ln (1 + b_-l—c) < 2(b +c —2a)? (and analogs).
Therefore

Z(b+c—2a)3ln<1 +bi+c) SZZ(b+c—2a)2

cyc cyc
= 22(4a2 + b% + ¢? — 4ab + 2bc — 4ca)

cyc
=12(a? + b? + ¢ — ab — bc — ca) < 20(a? + b* + ¢ — ab — bc — ca),
as desired. Equality holds iffa =b = c.
1559. If a,b, c > 0, then prove that :
a* b* ct a+b+c
B 1208 123 B r2a 3

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
s —RHS = 3 (% _%\_J2a@’-b) 1,
a _Z a3 +2b3 3/ 3(a3+2b3)_

cyc

a(a3® + 2b3 — 3b3) ? Z Z
o 0 —
a3 + 2b3 a3 + 2b3
cyc *) cyc

(a+ b)?

N z ab3 <Z ab3 _Z ab? AGZ
W @ +203 " Liab(a+b)+ b3 Z.a®+ab+b? 3(w+b)2

cyc cyc cyc cyc

( a? + ab + b? =%.(a+b)2 +%.(a—b)2> =%za:> (%) is true
cyc
. a* b* ct a+b+c
"a3+2b3+b3+2c3+c3+2a32 3
" =" iffa =b = c (QED)
1560. If a,b, c > 0, then prove that :

Yab,c>0,

a> b* c?
F+T+;2\/a2—ab+b2+\/b2—bc+c2+\/c2—ca+a2

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

c a? 2 c2
—=——-a+b+—-b+tc+——-c+a
a b C a
a’?—ab+b? b* —-bc+c? c?-ca+a?
= + + - (1)
b b a

Now,\/az—ab+b2+\/b2—bc+c2+\/c2—ca+a2

_Z a? — ab + b2 bA;Gl az—ab+b2_|_b
B b T2 b

cyc cyc
A—Gz:az—ab+b2 1 2ab—ab+1
- b 2 b 2

cyc cyc cyc

a’ —ab + b2 1 via (1) b2 c?
gy dy e e
b 2 a

cyc cyc cyc
a’? b? c?
-'-—+—+—>\/a2—ab+b2+\/b2 bc + 2 ++/¢c — ca + a?

b ¢
Vabc>0”—” iffa=b = c(QED)

a’ b?
F?

a

1561.
If a,b,c > 0 such that e~ 2=¢ > (a+ b + ¢)**P*2 then

cl-\3 al-2\3 p1-b\3 2 5
+ - (a?*% + b?P=2 4 ¢2¢72)” > 129140163
ab bc ca

Proposed by Pavlos Trifon-Greece
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let f(x) =(x—2).Inx+x—1, forx > 0.

2x—1
We have f'(x) =Inx + (T)

Vx > 0,then f is decreasing on (0, 1] and increasing on [1, ),
hence, f(x) > f(1) =0, Vx>0, or e'™* < x* 2, Vx> 0, with equality for x = 1.
But we have el~(@+b+9) > (q 4 p + ¢)(@+b+)=2 then
el-(@a+b+c) — (q + p + ¢)(@*b+9)-2 Therefore, a+ b+ c = 1.

Now, by Holder's inequality, we have
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at-\3 pl-b 3 c1-o\3 2 3
+ + (a?* 2+ b*72 4+ 22) (b+c+a).(c+a+b)° >
bc ca ab

17| /ql-a 6 17 | (p1l-b 6 17 | (cl-c¢ 6
> . (aZa—Z)BI b6. C6 + (be‘2)3c6a6 + (CZC—Z)3a6b6
bc ca ab

— 317

17

Therefore

Cl—c 3 al—a 3 bl—b 3\ 2 3
+ + (a?72 4+ p?b=2 4 ¢2¢-2)" > 317 = 129140163.
ab bc ca

1
Equality holdsiffa=b =c = 7

1562. If a,b, c > 0, then prove that :

(a? + 2)(b? + 2)(c? +2) > 3(a +b + ¢)? + (abc — 1)?
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

(a? +2)(b? + 2)(c? +2) 3(a+b+c)? — (abc—1)2
:a2b2c2+8+42a +Zz SZa —6Zab a’b?c? — 1 + 2abc

cyc cy cyc cyc

= (abc+ abc + 1) +2((a2b2 +1)+ (b%c?+1) + (c?a® + 1) Za —6Zab
cyc cyc
A-G ?
> 33/aZb2c? + 2(2ab + 2bc + 2ca) + Z a? — 62 ab>0
cyc cyc
@Za + 33/ azb2c? >22ab
cyc cyc

3
P (Z a2> +27a%b%c% +9 (Z a2> .va?b2¢c2 + 27 (Z a2> Vatbict

cyc cyc cyc

3
?
=8 Zab
() cyc

Assigningb+c=x,ct+ta=y,at+b=z2>x+y—-z2=2c>0,y+z—x =2a
>0andz+x—-y=2b>0=>x+y>zy+z>x,z+x>y=xyYyzformsides
of a triangle with semiperimeter, circumradius and inradius = s, R, r (say);
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soZZa=Zx=Zs=>Za:s—>(1)=>a=s—x,b=s—y,c=s—z

cyc cyc cyc

=~ abc = r?s - (2)and such substitutions = Z ab = Z(s —x)(s—y)=>

cyc cyc
2
ia (1),(3)
Zab=4Rr+r2—>(3),Za2: Za —ZZabvm= s? — 2(4Rr + r?)
cyc cyc cyc cyc

:Zaz =s2 —8Rr—-2r? - (4)
cyc

Via (1),(2) and (4),LHS of () >
(s> — 8Rr — Zrz)3 +27r*s? + 9(s?> — 8Rr — Zrz)z. Uris?
3 Mitrinovic
+27(s> — 8Rr — 2r%).{r8s* >
(s — 8Rr — 2r?)’ + 27r*s? + 9(s% — 8Rr — 2r2)”. 3/r*.27r2
+27(s%* — 8Rr — 2r?). /8. 72914

= (s? — 8Rr— 2r2)3 +27r*s? + 27r%(s? — 8Rr — Zrz)2 +243r*(s? — 8Rr — 2r?)

? ia (3)
>8 z ab | "= 8(4Rr+ r2)3
cyc

& s% — (24Rr — 21r?)s* + r2(192R? — 336Rr + 174r?)s?

?
—r?(1024R® — 960R?r + 1272Rr? + 394r%)| > |0 and

~
*
—~

3 Gerretsen

» (s — 16Rr + 5r?) > 0. inorder to prove (+x),

it suffices to prove : LHS of (+x) > (s? — 16Rr + 5r2)3
& (8R+ 2r)s* — r(192R? — 48Rr — 33r?)s?

(k%)
+1r2(1024R3 — 960R?*r — 24Rr? — 173r%)| > |0 and ~
Gerretsen

(8R + 21')(52 —16Rr + 5r2)2 > 0 . inorder to prove (xxx),

it suffices to prove : LHS of (++x) > (8R + 2r)(s* — 16Rr + 5r2)2

(k%)
& (64R% + 32Rr + 13r?)s? | > |r(1024R3 + 192R?*r — 96Rr? + 223r?)

Gerretsen

Finally, (64R? + 32Rr + 13r%)s?> >  (64R? + 32Rr + 13r?)(16Rr — 5r?)
> r(1024R3 + 192R?*r — 96Rr? + 223r%) © 144r3(R — 2r) > 0 - true via Euler
= (kxxx) = (##x) = (xx) = (x) is true = (a? +2)(b? + 2)(c? + 2)
>3(a+b+c)?+(abc—1)?2Vab,c>0,"="iffa=b=c=1(QED)
1563. If a,b > 0, then prove that :
32a’b?(a3 + b3) < (a® + b?)(a + b)®

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

A-G
(a? + b% 4+ 2ab)? > 4(a? + b?)(2ab) = (a + b)* > 8ab(a? + b?)

= (a? + b%)(a + b)°® = 8ab(a? + b?)(a + b)(a? + b?) > 32a?b?(a3 + b3)
= 32a?b%(a + b)(a? + b% — ab) © (a? + b?)? > 4ab(a? + b% — ab)
& (a? + b%)? — 4ab(a? + b?) + 4a%?b2 > 0 © (a2 + b2 —2ab)2 >0

& (a—Db)* >0 > true - 32a%b%(a3 + b3) < (a? + b%)(a + b)°
Vab>0"="iffa=b (QED)
1564.

1 1
> 1, then:
a+b+1+b+c+1+c+a+1_ en

a+b+c>ab+ bc+ ca

If a,b,c > 0 and

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

1 1 1 1+a+b—-(a+b)
+ + 215 ) >
a+b+1 b+c+1 c+a+1 a+b+1
cyc
3>1+Z a+b . (a + b)?
= _—
- a+b+1 - (a+b)2+(a+b)
cyc cyc
Bergstrom (2 chc a)Z

=
2Yyc@?+2%cab+2y . a
2

> @+ ) ab+tYaz()al =>a’+2) ab> ) az ) ab

cyc cyc cyc cyc cyc cyc cyc cyc

~a+b+c>ab+bc+ca

1 1
>
a+b+1+b+c+1+c+a+1_1(QED)

Va,b,c>0|
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1565.

4(ab + bc +
Ifa,b,C>Oand2’25_<1+lnz< (a c+ca)

3

>> > (a+ b + ¢)? then:

(2(a+b)**? —1)bc . 2+t —1)ca (2(c+a)**—1)ab - 8abc(a+ b + c)?
b+c c+a a+b o 3

Proposed by Pavlos Trifon-Greece
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
4(ab + bc + ca)

Let x := 3 .Since (a+ b+ ¢)?> > 3(ab + bc + ca) = 2,25.x,then

1+ In?(x) > x. This inequality is true forx < 1. If x > 1,

let f(t) =In(t) —Vt—1,t > 1. We have

ool 1 _ (irmi-)
N S BT

f(x) < f(1) = 0 or 1 + In?(x) < x, which is not true.

< 0, Vvt> 1,then f is strictly decreasing, hence

3
Therefore, x <1or ab+ bc+ca < 2 ¢))

Now, let us prove that forall t > 0, 2t! > t> +1 (2).

t?+1
Letg(t) = t.Int —In > , t>0.

tr+283 +t2+ (£ —1)2
t(tz + 1)

and g''(t) =

2t
We have g'(t) = Int+ 1 — 11 > 0,then g' is

increasing and since g'(1) =
0,then g is decreasing on (0, 1] and increasing on [1, ©), hence

2

1
gt)=g(1)=0,vt>0 & t.lntZln( ),thenZtt >t?+1,Vt > 0,

equality for x = 1. Now, we have

Z (2(a+ b)*+P — l)bc = Z (a+ b)zbc b (a + b)? cgs 4abc(a+ b + c)?
b+c - anc ab+ca — 2(ab+ bc+ ca)

cyc cyc cyc
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w 8abc(a + b+ c)?
— 3 )

as desired. Equality holds iffa=b =c =

Nlr-n

1566. If a,b,c > 0 and a?® + b? + ¢ = 3, then prove that :

2 \3 2 \3 2 \3
<5a+—> +(5b+ ) +(5c+ ) > 648
b+ c c+a a+b

Proposed by Nguyen Hung Cuong-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

3

2 \3 2 A-G
Z(5a+—> —Z(a+a+a+a+a+—) >
b+

cyc cyc

6 2a’ Bergstrom
. —_— — >
E 6 brec =216.vV2 E a3b s =216.vV2 E b+ aic

cyc cyc

216 \/E (chca ) C 216 \/— (chca 2+b2+c2 =3
V2. o 2
LeyeVa'b +a V3. chyc(a3b + ab?3)
212
a ?
648./2. Beye ) > 648

V3. (Zeye a?). J (Zeyca?)(Zeycab) —abe Y yca

2
>
o2 <Z a2> >3 (Z a2> (Z ab) - 3abcz a
cyc (T) cyc cyc cyc
Assigningb+c=x,c+a=y,a+b=z2=>x+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>x2+x>y=>xYyzformsides
of a triangle with semiperimeter, circumradius and inradius = s, R, r (say);

soZZaszzZs:>Za=s—>(1):>a=s—x,b=s—y,c=s—z

cyc cyc cyc

~ abc = r?s - (2)and such substitutions = z ab = Z(s —x)(s—y)

cyc cyc

:>Zab =4Rr +r? - (3),2 a’ = <za> —Zzab vie W

cyc cyc cyc cyc
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s?2—2(4Rr+r?) > Zaz =s?2—-8Rr-2r?- (4)

cyc

Via (1),(2),(3) and (4), () &

(*%)
> |0 and

2(s? — 8Rr — 2r?)%? — 3(s? — 8Rr — 2r?)(4Rr + r?) + 3r?s?
Gerretsen
 (s? —16Rr + 5r?)2 > 0 . inorder to prove (), it suffices to prove :

(***)
LHS of (x*) > (s> — 16Rr + 5r?)? & (5R—7r)s?| > |r(72R? — 108Rr + 9r?)
Gerretsen

Now,(5R—7r)s2 > (5R—7r)(16Rr — 5r2) > r(72R? — 108Rr + 9r2)

? ? Euler
< 8R?2—-29Rr+26r2>0< (R-2r)(8R—13r) >0 ->true~R > 2r
2 3 2 3 2 3
=4 (***) = (**) = (*) 1S true - (5(1 + b_'l'C) + (Sb + c-l-—a) + (SC + a-l-—b)

> 648V a,b,c>0|a?+b%+c2=3"""iffa=b=c=1(QED)

Solution 2 by Tapas Das-India

Note: Vasc's inequality (a® + b? + ¢?)? > 3(a®b + b3c + c3a)

2 \3 2 \3 2 \3 aM-6Mm
(5a+—) +(5b+—) +(5c+—) >
b+c c+a a+b

3

5
6| 2a’ az
> (6 =216.V/2 =
[zl -mea(y )

5 3
az a2 a* Bergstrom & CBS
=216./2 Zﬁ —216.2 <Z—>
az(b + ¢)? a*(b +c)
a2 z Vasc
> 216.v2 2a?) >

O

(3((a3b + b3c + c3a) + (a3c + c3b + b3a)))

2\2
216.&% = 216. (Z az) —216.3 = 648

1567. If a,b,c = 0, then prove that:
(@2024 _ 2022 4 3)(p2024 _ 2022 4 3)(2024 _ 2022 | 3) > 9(gb + bc + ca)

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

? ?
a?02% — q2022 + 3> g% + 2 © a?'%%(a®’ -1) > a* -1

o (@ -1) ()" -1)2 06 (- 1)° ((a2) "+ (@) """ + - +1) 20
- true . a?%?* — q2022 4 3 > q? + 2 and analogs =
LHS > (a? + 2)(b? + 2)(c? + 2) - it suffices to prove :

(a? +2)(b? +2)(c? +2) || 2

9(ab + bc + ca)
a=b=c=0andthen:LHSof(-)=8andRHSof(-)=0=>
LHS > RHS

Exactly two among a, b, c equal zero and WLOG we may assume

b = ¢ = 0 and then : LHS of (¢) = 4(a2 + 2) and RHS of (¢) = 0 = LHS > RHS
Case 3|Exactly one among a, b, c equals zero and WLOG we may assume
a =0 (b,c > 0) and then : LHS of (+) — RHS of (+) = 2(b? + 2)(c? + 2) — 9bc
= 2b%c? + 4(b% + ¢2) + 8 — 9bc ’S 2b2¢2 4 8bc + 8 — 9bc
= (bc — 1) + b?c® + bc+ 7 > 0 = LHS > RHS
[Case 4] a,b,c > 0 and LHS of (+) = a?b?c? + 2 +22a2b2 +4z:a2 +8

cyc

cyc
=(a?b*c2+1+1)+2 ((azbZ +1)+ (b%2c?+1) + (c?a® + 1)) + 42 a?

cyc
cyc

A-G ?
> 33/azb2c? + 42 ab +4z a’? > 9(ab + bc + ca)

cyc

7
o 42 a? + 33/ azb2c?

> s z ab
cyc “)

cyc

?
Now,z a? + 33/ a2b2¢? > ZZab
3

~

cyc

cyc
2
cyc

=N Zaz +27a%b%c% +9 Zaz 3azb2c? +27 Zaz atb4ct

cyc
3
?

5 8 Zab
(%)

cyc

Assigningb+c=x,ct+ta=y,a+b=z>x+y—-z2=2c>0,y+z—x=2a

cyc

cyc

>0andz+x—-y=2b>0=>x+y>zy+z>x,z+x>y=xYyzformsides

of a triangle with semiperimeter, circumradius and inradius = s, R, r (say);

soZZa=Zx=Zs=>Za=s—>(1)=>a=s—x,b=s—y,c=s—z
cyc

cyc

cyc

~ abc = r?s - (2)and such substitutions = Z ab = Z(s —x)(s—vy)
64 |
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2
ia (1),(3)
=>Zab=4Rr+r2—>(3),Za2: Za —ZZabvm=

cyc cyc cyc cyc

s? —2(4Rr+r?) > Zaz =s2 —8Rr—2r? - (4)
cyc

Via (1), (2) and (4), LHS of (x) > (s? — 8Rr — 2r2)°
+27r*s? + 9(s* — 8Rr — Zrz)z. Vs + 27(s? — 8Rr — 2r?). Vst Mitrgom
(s — 8Rr — Zrz)3 +27r*s? + 9(s? — 8Rr — Zrz)z. 3rt.27r2
+27(s? — 8Rr — 2r2). }/r8.729r*

= (s> — 8Rr— Zrz)3 +27r*s? + 27r%(s? — 8Rr — Zrz)2 + 243r*(s? — 8Rr — 2r?)

7 ia (3)
>8 z ab| "= 8(4Rr+r?)’
cyc

& s% — (24Rr — 21r?)s* + r2(192R? — 336Rr + 174r?)s?

?
—r?(1024R® — 960R?r + 1272Rr? + 394r3)| > |0 and

~
*
N

3 Gerretsen
(52 — 16Rr + 5r2) > 0 - in order to prove (), it suffices to prove :

: LHS of (%) > (s? — 16Rr + 5r2)3 =
(8R + 2r)s* — r(192R? — 48Rr — 33r?)s?
(%)

+12(1024R3 — 960R?*r — 24Rr? — 173r3)| > |0
2 Gerretsen
and - (8R + Zr)(s2 — 16Rr + 5r2) > 0 . in order to prove (*xx),
it suffices to prove : LHS of (++x) > (8R + 2r)(s* — 16Rr + 5r2)2

(%)
& (64R% + 32Rr + 13r?)s?| > |r(1024R3 + 192R?*r — 96Rr? + 223r?)

Gerretsen

Finally, (64R? + 32Rr + 13r%)s?> >  (64R? + 32Rr + 13r?)(16Rr — 5r?)
? ?
>r(1024R3 + 192R?*r — 96Rr? + 223r%) & 144r3(R — 2r) > 0 - true via Euler
= (xxx%) = (x¥xx) = (xx) > (x) is true - Z a? + 33\/ a?b?c? > ZZ ab

cyc cyc
:42 a? + 33 a2b2¢c2 > 22ab+ BZaZ > SZab = (e0) = (o) is true
cyc cyc cyc cyc
. combining all cases, () is true V a,b,c > 0
(a2024 — 2022 4 3)(b2°24 _ p2022 4 3)(c2°24 _ 2022 4 3) > 9(ab + bc + ca)
Vab,c=>0"="iffa=b=c=1(QED)
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1568. If x,y > 0 and xy = 1, then prove that :

x*+3x+y?+3y+ 11

- 2
x2+y2+1

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

x2+3x+y2+3y+

o x2+y2+1
xy=1
= 2_2xy+3 = 2 -24+3t+——
t2-1D(t>2-2+3t)+9
(t=x+y) = P > 11

SE-1DE2-2+30+9>11(2-1) o t* +3t3 —14t2 - 3t+22>0

? A-G
@(t—Z)((t—Z)(t2+7t+ 10)+9)20—>true°-'t=x+y > 2./xy=2

~x2+3x+y?+3y+ 11

_ >
x2+y2+1—
Vxy>0|xy=1"=" iff x =y =1 (QED)

1569.1f x,y,z > 0,x + y + z = 3 then:
2x 2y 2Z 1 1 1
v

+ + <—+
x0+yt Yo 4zt Z6 4 xt T xt oyt z4

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

2x 2y 2z AM-GM 2x

+ + < — =
x6+y*t yb+2zt z6+xt 2x3y?

B 1 _x2+yz+z2 _xzyzzz(x2+y2+zz) B
= szyz T xiyzzz xtytzt =

Z(nyZ) (x222) ab)<(% a<2)v a,b,c>0

x4 y4 74
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xtyt+ytzb it 1 11
= 44,4 ==Ztat3
xtytz xt oyt oz

Equality holds forx =y =z = 1.
1570. If x,y,z > 0, then prove that :

27(x + Y*y + 2)*(z + x)* > 4096x3y3z3(x +y + z)3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

(x+y)(y+z)(z+x)ég(x+y+z)(xy+yz+zx)

& )lz) )

? A-G A-G
(Z x> (Z xy) > 9xyz — true Z x = 33%/xyz and Z xy > 33/x%y?z2 =

cyc cyc cyc

(Z x> (Z xy) >9%yz - (x+y)y+2)(z+x) > g(x+y+ z)(xy + yz + zx)

cyc

4 4
27.4096
:>27(x+y)4(y+z)4(z+x)42T Zx ny
cyc cyc
3 3 3
27.9xyz.4096 A-G 27.9xyz.4096
> (3;4 <z x> (Z xy) > 3‘;4 <Z x> (27x%y?z?)
cyc

cyc cyc
=27(x +Y*(y +z2)*(z + x)* > 4096x3y3z3(x +y+ z)3 Vx,y,z > 0,
"="iff x =y =z (QED)
1571.If a,b,c € R and a? + b? + ¢? < 2, then prove that :
2024ca — ab — bc > —-2024

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

2 = a?+b?% +c?

2024ca + 2024 — ab — bc >

2024ca + 1012(a®? + b%? + c?) —b(c+ a) =
1012(c? + a? + 2ca) — b(c + a) + 1012b% = 1012(c + a)? — b(c + a) + 1012b?

~o(F 1012(c + a)? — b(c + a) + 1012b? is a quadratic polynomial in "b”or "c + a”
- with discriminant = (1 — 4.10122)(c+ a)? or (1 — 4.1012%)b%2 <0

with equality forb=c+a =0 . 2024ca — ab —bc > -2024V a,b,ce R
la2 +b2+¢2<2”="iff(@a=1,b=0,c=-1)or(a=—-1b=0,c=1) (QED)

1572.If x,y,z € [—2, 2], then prove that :

2(x® +y° + z°) — xty? — y*z? — z*x? < 192

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

2<x<2=>(x+2)(x—-2)<0=2>x>-4<0=>4—x*>0and
similarly,4 —y? > 0 and 4 — z? > 0 and settinga = 4 — x?,b = 4 — y?,
c =4 —z% we notice that: [0 < a,b,c < 4|(~ a = 4 — x? < 4 and analogs) and
x* =4 —a,y*> = 4 —b,z? = 4 — c and via such substitutions,
2(x% +y® +2°) — xty? — y*z? — z*x? < 192

@22(4—@3 —Z((4—a}2(4—b))—192 <0

cyc cyc

)
@Za2b+202a2 < 22a3+82ab+482a

cyc cyc cyc cyc cyc
Now, (a —4)? > 0 = a? + 16 > 8a = 2a® + 32a = 16a? (~ a = 0) and analogs

= 22(13 +322a > 16Za2 - (1)
cyc cyc cyc
Also, 162 a> 42 a? - (2) (v 4= a=>4a > a? (~ a > 0) and analogs) and
cyc cyc
moreover,4z ab > a’b + b%c+ c?a (~ 4 > a,b,cand ab,bc,ca > 0)

cyc
ab,bc,ca = 0= chc ab=0

=>82ab22a2b+42ab > Zazbﬁ(S)

cyc cyc cyc cyc
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(1)+(2)+(3)=>22a3+82ab+482“aZZ“a2b+202:aZ

cyc cyc cyc cyc cyc
= (x) is true = 2(x® + y® + z°) — x*y? —y*z? —z*x? <192V x,y,z € [-2,2],
"=" (x=2,y=2,z=2)or(x=-2,y=-2,z=-2)or(x=2,y=2,2=-2)
or(x=2y=-2,z=2)or(x=2,y=-2,z=-2)or(x=-2,y=2,Z2=2)
or(x=-2,y=2,z=-2)or(x=-2,y=-2,z=2) (QED)
1573. Find all values of k such that

z a? +Z a >kz a
b?% + c2 \b+c™ b+c

cyc cyc cyc

is true for all a,b,c > 0.

Proposed by Nguyen Van Canh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a? 2 a 2
7+m+\/;+ a+1
——— - 2.
—_— (o)
2 a+1 a-0*t
Let us prove that the given inequality is true for k = 2.

Forb=c=1,we have k <

WLOG, we assume thatab + bc + ca = 1. We have

AM-GM

a 2a ~ 2a 2
cyc ¢ cyc 2 a(b + C) cyc a ¢
Now, by AM — GM inequality, we have
a* 2(h2 1 2 2 2 2 2(p2 4 2
- > > —
b2+c2+a(b +c%) > 2a :>b2+cz_2a a?(b? + c?) (and analogs)

2
a
= sz—-l—cz > 2(a? + b% + ¢?) — 2(a®b? + b*c? + c?a?) (2)

cyc

From the results (1) and (2), it suffices to prove that

a
b+c

a2+b2+cz+2abc(a+b+c)zz

cyc
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a a(ab + bc + ca) . 1 ) bc
Z =Z =Za +abcz—=2a +ach(a+ )
b+c b+c b+c b+c

cyc cyc cyc cyc cyc cyc

HM-AM b+c
< Za2+abcz<a+T) < a? +b%+c%+2abcla+b +0c).

cyc cyc

So the given inequality is true for
k = 2. Therefore, the given inequality is true for all .
1574. Find all values of k such that

z a +Z a3 >kz a?
\b+c b3 +c¢3 bz + ¢%

cyc cyc cyc

is true foralla,b,c > 0.

Proposed by Nguyen Van Canh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
For b = ¢ = 1,we have

al
+
f \/ 2 a3 +1
2 2 2 2.We will prove that the values of k are
TraE T o

k < 2. For this, it is suffices to prove that the given inequality is true for k = 2.

AM-GM

" a
We havelz Z > ZZ— =
cyc\Jb+c 2 a(b+ Cyca+(b+c)
nz a? 14 a® + b® + c® + a?b%c? C1a a® + b® + c® + a?b?c? -
b?% + c2 (a? + b2)(b% + c2)(c? + a?) Yeyca?b?(a? + b?) + 2a%b%c? ~

cyc

a® + b® + c® + a?b%c?

<1+ .
2(a3b3 + b3c3 + c3a3) + 2a%b?c?

From these results, it suffices to prove that

> a® + b® + c® + a?b?c?

(a®b® + b3c® + 3ad + azbzcz)z

cyc

a
b3 +¢3
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1 a3
33,3 22,2 2h2,2
@abcé +abc§ > a“b“c~,
b3 + ¢3 b3 + ¢c3

cyc cyc

a3 a3

which is true because Z —_ = Z —_— =

b3 +¢3 a3 + b3+ ¢3
cyc cyc

Therefore, the values of k such that the given inequality is true for all a,b,c > 0 are

k<2

1575.If x,, > 0(k =1,2,...,n),then prove that :

1
Z g(xi} +xjx5 +x3) = Z Xp > Z X1 (le + Xx,X3)

cyc cyc

Proposed by Neculai Stanciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

Z\/%(ﬂ"‘x%xz"'xz) Z\/ .(x1+x2) = Z(x1+x2

cyc cyc cyc

2x3 + x,x
n , 1 NP B : 2X3
= Z xi and again,z X4 —(in +X%3) < Z >
k=1 cyc

cyc

A- G5
6Zxk+62x2x3 < xk+ z(x2+x3

cyc cyc

=zzxﬁ+32xﬁ=zxﬁ
=
1. 4,2
Z §(x1+x1x2+x2) Zxk le (2x1+x2x3)

cyc cyc

Vx,>0(k=12,..,n),"=" 1ffx1—xz— * = X, (QED)
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1576.If a;, > 0 (k = 1,2, ...,n), then prove that :
a a;
/ +
Zl \/a% + (n? — 2)a,a; + a3 \/a§+(n2 —2)aza, + a3 |
| >3

as

T ot
\/a% + (n2 - 2)aqa, + a3 /

Proposed by Neculai Stanciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

We assign a; = a,a; = b,a; = c and then :
a, a; as
+ +

\/a% + (n? — 2)ayaz + a3 \/a§ + (n% — 2)aza, + aj \/ai + (n?2 - 2)a,a, + a3
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z Z a? Bergstrom
=
&2 /b2 + (n2 2)bc+¢2 4 Va.\/ab? + (n2 — 2)abc + ac?
ab,c ab,c 5
> (chc a) =
V 2eye a.\[chc ab + Yy ab? + 3(n? — 2)abc
2
= (chc a) >
V 2eye a.\[(chc a)(chc ab) + 3(n2 — 3)abc
2
(Zoe) s

1 n2-3 1N

Deye ’ 2 _ =+
\/m-\/(zcyca).( y3tl) +3(n27 3)(2cyca)3 \/3 9

as

a a
L + 2 +

\/a% + (n% — 2)ayaz + a3 \/ag + (n2 — 2)a3a1 + a2 \/ai + (n?2 - 2)a,a, + a3

s

+
/\/a2 + (n? — 2)aya; + a3 Ja3 + (n% — 2)aza, + a3

.3 | |
H and analogs - Z a; |

cyc +
\ \/ai + (n? —2)a,a, + a3 /

3
>n——3” =" iffa; = a, =+ = a, (QED)
1577.If a,b > 0 and a3 + b3 = ab, then prove that :
1
5> 128

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 1 a®+b® (a®+b3)?%-2a’b® 3.:p3 =ap a’b? — 2a°b®

E-I_F ~ Tapé abheé abheé
1—2ab ?
—WZ128@128t4+2t—130(t=ab)

? A-G
e (4t-—1)(32t3+8t2+2t+1)<0->true~vab=a3+b3 > 2,/a3b3
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=>t2>4t3=>t<1=>4t 1<0'1+1>128
= ~ 4 = a5 bs"

1
Vab>0|a®+b3=ab =" iffa=b =5 (QED)
1578.If a,b,c > 0and a + b 4+ ¢ = 1, then prove that :

a’? b2 2 , , ,
—+—+—2=3(a” +b* +¢“)
b c a
Proposed by Nguyen Hung Cuong-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=y,a+b=z2=>x+y—-z2=2c>0,y+z—x
=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,z+x>y=>x,y,zform
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say);

5022a=2x=Zs:Za=s—>(1)=>a=s—x,b=s—y,c=s—z

cyc cyc cyc

~ abc = r?s = (2) and such substitutions = z ab = Z(s —x)(s—vy)

cyc cyc

2
ia (1),(3
:Zab=4Rr+r2—>(3),Za2: Za —ZZabvm(:)()

cyc cyc cyc cyc

s’ —2(4Rr+r?) > Zaz =s?—8Rr—2r?- (4)

cyc

a’? b? c? a? (a+b)?
WS PO N (220
b c a b b

cyc cyc cyc cyc

_ Z ((a + b)(a + C))Z _3 Z a Berg;trom (chc a?+3 chc ab)Z ) Z ]
cyc bc+a)® chc bc? + chc ab + 6abc

cyc cyc

2 2
3 ((chc a)” + Xeye ab) 3 Z via (1),2),3) (s? + 4Rr + r2)?
" (Zeye@)(Zegcab) — 3abe + 6abce 4 - s(4Rr +r?) + 3r2s
_(s?+4Rr+ r?;—R fs:gtf:)r +r?) - 9r’s® 7 3(a? 4 b + c2) “PEs=1 3 chyczz
cyc
via (1),4) 3(s? — 8Rr — 2r?)
s

& (s? + 4Rr + r2)” — 3s?(4Rr + 12) — 9rs?
> 3(s? — 8Rr — 2r?)(4Rr + 4r?)

?
& s* — (16Rr + 22r?)s? + r?(112R? + 128Rr + 25r2)o
®
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Gerretsen

Now,LHSof () >  (16Rr — 5r?)s? — (16Rr + 22r?)s?

? ?
+r?(112R? + 128Rr + 25r%) > 0 & 112R? + 128Rr + 25r%| > 2757

(ex
Gerretsen ?
Again,27s> <  108R? + 108Rr + 81r? < 112R? + 128Rr + 25r?
? ? Euler
©R*+5Rr—14r2 >0 © (R* —4r?) +5r(R—2r) >0 > true R > 2r
a? b?: 2
= () = (istrue .+ —+—> 3(a®+b? +c?)

1
Va,b,c>0|a+b+c=1,”=” iffa=b=C=§(QED)

—

Solution 2 by Tapas Das-India
2 2 2

a c
(a+b+c)<—+—+—>23(a2+b2+c2)0r
b ¢ a

a3 ab? 5 a* a?b? )
z—+z—22 a orz—+z ZZZa or
b c ab ac

(Za?)’ (T ab)?
Y ab Y ab

(ZaZ)Z—ZZab.ZaZ +(Zab)2 ZOOr(ZaZ—Zab)Z > 0 true

2 p2 2 2, p2 4 o2

a* b* ¢ _ 3(a“+b"+c

,Now —+—+—=> ( ):3(a2+b2+c2)(asa+b+c=1)
b ¢ a a+b+c

-2 z a’ > 0(Bergstrom) or

1579. If a,b, c > 0, then prove that :
a’?+b%2 b +c?2 c?2+a*> 3(a®+b%+c?)
+ + <
a+b b+c c+a a+b+c

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
Assigningb+c=x,c+a=ya+b=z2=>x+y—-z2=2c>0,y+z—x
=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,z2+x>y=>xyzform
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say);

soZZa=2x=Zs:Za=s—>(1)=>a=s—x,b=s—y,c=s—zand

cyc cyc cyc

such substitutions = Z ab = Z(s -x)(s—y)= Z ab = 4Rr + r? - (2),

cyc cyc cyc
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2
ia (1),(2)
Za2=<2a> —ZZabvm: s? — 2(4Rr + r?)

cyc cyc cyc

=>Za2 =s? —8Rr—2r? - (3)

cyc
a’+b? b%2+c? c?2+a? 3(a?+b?+c?)
+ + <

) a+b 2b+c c+a a+b+c

3 a b+c —Zbc 3 a?
o chc ZZ( ) chc Z—>Zza_’(l)

Deyc@ b +c chca b + o

(s—y)(s—z) s? —s(Zs—x)+yz
b+c z z X

cyc cyc cyc

—s?
" 4Rrs Xy +3s + z
cyc cyc

(s? + 4Rr + rz)2 — 16Rrs? — sz(s2 + 4Rr + r?) + 12Rrs?
- 4Rrs

r(4R + r)? + rs? 3 a? b
_ ( ) chc +zz C —ZZa
4Rs chca b

via (1) and (3) 3(s? — 8Rr — 2r?) N r(4R + r)? + rs?

Now,

S 2Rs
_ 6R(s? — 8Rr — 2r?) + r(4R + r)* + rs* — 4Rs? 2o
- 2Rs -
© (2R +1)s* = r(32R* + 4Rr —r?)

&
Gerretsen

Now, (2R + r)s > (2R+ r)(16Rr — 5r2) > r(32R? + 4Rr — r?)
& 2Rr — 4r? > 0 < 2r(R—2r) > 0 - true via Euler = (x) = (i) is true
~a*+b* b*+c? c+a? <3(a +b? +¢?)

2 + + <
a+b b+c ct+a a+b+c
Vab,c>0/=" iffa=b=c(QED)

1580. If x,y,z € [0, 2], then prove that :
2(x+y+z)—(xy+yz+1zx) <4

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

[Case 1]x =y =z = 0 and then : LHS = 0 < 4

Exactly 2 among x,y,z equal zero and WLOG we may assumey =z = 0
and0<x<2andthen: LHS—RHS=2x-4=2(x—-2)<0
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>2(x+y+z)—(xy+yz+zx) < 4

Exactly one among x,y, z equals zero and WLOG we may assume x = 0

and0 <y,z<2andthen:(y—2)(z—2)>20=>yz—2y—2z+4>0- (1)
via (1)
Also,LHS—RHS =4+4+yz—-2y—-2z > 0=>2(x+y+z)—(xy+yz+zx)<4

1 1 1 1
0<x,y,zSZand'-'O<x§2.'-;25=»;—§=a(say)20=>x=
2 1
Za+1 and similarly, setting §_§=b > 0 and E_EZCZ 0,we get :
2
y=2b+1andz= andthen:2(x+y+z)—(xy+yz+zx) <4 &

2c+1
42 ! 42( ! ! )<4
2a+1 2b+1 2c+1/~

cyc cyc

o |ea+ v+ @a+ =) (@b+ D+ D) 20

cyc cyc cyc

& 8abc+1>0->true~ab,c>0-2(x+y+z)— (xy+yz+zx) <4and
.. combining all cases,2(x+y+z)— (xy+yz+1zx) <4Vxy,ze€|[0,2],

14 n

=" iff(x=2y=z=0)or(y=2,z=x=0)or(z=2,x=y=0)or
x=y=2z=0or(y=z=2,x=0)or(z=x=2,y=0) (QED)

1581.If a,b,c > 0 and a + b + ¢ = 3, then prove that :
4 N 4 N 4 - a N b N C
(a+b)3 (b+c)2 (c+a)® b+c c+a a+b

Proposed by Nguyen Hung Cuong-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

a+b+c=3 4 3—(b+0¢) 4 3
s —Rus “E ) oms-) e = M m )
Cc(b+c)3 b+c x3 x+
y

cyc cyc
3 2 2
— 3 —
x x +4= (x—2) (x+1)20
x3 Z x3

(x=b+c,y=c+a,z=a+b)=z
cyc cyc

. 4 N 4 N 4 - a 4 b 4 C
“(a@a+b)3 (b+c)B (c+a)®* " b+c c+a a+b
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Vabc>0|la+b+c=3"=" iffa=b=c=1(QED)

Solution 2 by Tapas Das-India

3

a _4 a 11AM;GM4( a +1+1)
b+c “b+c22 ~ 27\b+c¢c 2 2

_4( a +1)3_4<a+b+0)3_4( 1 ) . i btc—3
" 27\b+c 27\ b+c — \(b+0¢)3 stneea €=>

1 c
<4. <4,
+a”~ (c+a) anda+b_ (a + b)3

imilarly,
similarly,—

using this result we get

4 N 4 N 4 - a 4 b 4 c
(a+b)3 (b+c)3 (c+a)® " b+c c+a a+b

1582.If a,b,c > 0 and a + b + ¢ = 1, then prove that :

1
ab+bc+ca—3achZ

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Exactly 2 among a, b, c equal zero and WLOG we may assume
1

b=c=0(a=1)andthen:LHS=0<Z

Exactly 1 among a, b, c equals zero and WLOG we may

Ac(b+c)? 1
assumea =0 (b+ c=1)and then: LHS =bc < =

[Case 3]a,b,c > 0 and then : LHS “"= 1 Zab Za — 3abc

cyc cyc
3

éla+bic=11 Za
~4 4

cyc

71
@Za2b+2ab2 SZ Za3+3 2abc+Za2b+Zab2

cyc cyc cyc cyc cyc
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@Za3+6abc+3 Za2b+2abz >4 Z:a2b+§:ab2

cyc cyc cyc cyc cyc

@Za3+6abc22a2b+2abz—>true

cyc cyc cyc
Schur
Za3 + 6abc > Zazb +Z:ab2 + 3abc > Z:a2b+z:ab2
cyc cyc cyc cyc cyc

1
= ab + bc + ca — 3abc < 1 and combining all cases,ab + bc + ca — 3abc < 1

1
Va,b,cZO|a+b+c=1,”=” iff (a=0,b=c=5)

or <b=0,c=a=%) or (c=0,a=b=%) (QED)

1583. If a,b,c € R and abc(a® + b3 + ¢3) > 3, then prove that :
a’+b%>+c2>3

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
2

abc(a® + b3 + ¢2) > 3 = a?b?c? Z at| =9

cyc

9
> Z a® + ZZ a’b3 > pZcz (1)

cyc cyc

[Case 1] a?b?c? > 1 and then : Z a?

cyc

= Z a® + 3| 2a?b?c? + Z a*b? + Z a’b*

cyc cyc cyc

= Z a® + Z a*b? + Z a’b* + 6a’b?c? + 2 z a'*b? + Z a’b*
cyc cyc
via (1)

A-G
> Z a® +2 Z a3b? + 6a?b?c? + 2(3a’b?*c? + 3a’b%*c?) >

cyc cyc cyc

cyc cyc
? ?
pzcz 18a%b?c? > 27 © 2x* —3x* + 1> 0 (x = abc)
?
o (x?2-1)2x*-1)=>0->true~x?—1>0and2x*>2>1=2x>—-1>0
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3

Zaz >27=>a’+b%?+c*2>3

cyc

[Case 2] a?b?%c? < 1 and then : z a?

cyc

= Z a® + 3| 2a?b?c? + Z a‘*b? + z a’b*

cyc cyc cyc
= Z a® + Z a*b? + Z a’b* + 6a’b?c? + 2 z a*b? + Z a’b*
cyc cyc cyc cyc cyc
A-G A-G
> Z a® + ZZ a3b3 + 6a’b?c? + ZZ:(a“b2 +a*c?) >
cyc cyc cyc
via (1)
and
v abc(a3+b3+c3) 23
Z a® + 2 Z a’b3 + 6a’b?c? + 4abc(a® + b3 + ¢?) >

cyc cyc
ot 6a?b?c? +12 > 27 & 2x* —5x2+3 >0 (x2 —1)(2x2 —3) > 0

Struewx?—1<0and2x2<2<3=22x2-3<0=>®*-1)2x2-3)<0
3

Z a’> | =27 > a®? +b? + c¢? > 3 . combining both cases,a? + b% +¢? > 3
cyc
Vab,ceR | abc(a® + b3 +c¢2) >3, =" iff a? = b? = c? and a’b?c? = 1 and
~abc(a® +b3 +c3) >3
~ equalityiff @a=b=c=1)or(a=b =c=-1) (QED)

1584. If a,b € R and a®b3(a* + b*) > 2, then prove that :
a’? +b%>2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

a’bi(a*+b*) >2>0and - a*+b*>0(a*+b*#0) - a%b?>0
=>ab>0- (1)
Now,V x,y € R, (x + y)* = (% + y? + 2xy)? > 4(x% + y?)(2xy)

(* (m+n)? > 4mnV m,n € R) - choosing x = a?,y = b?,
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(a® + b?)* > 4(a* + b*)(2a?b?) - (i) and a? + b? > 2ab - (ii)
via (1) 3b3(a4+b4) 22
and - ab > 0. (i).(ii) = (a? + b?)5 > 16a°b3(a* + b?) > 32
~a’®+b%>2vabeR|a3b3(at+b*) > 2,
"="iff(@a=b=1)or (a=b=-1) (QED)
1585. If a,b, c € [3,5] and a? + b? + c¢? = 50, then prove that :
at+b+c>12

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

a,b,ce[3,5]>0<a-3,b—3,c—3 <2andassigningx =a — 3,
y=b-3,z=c—-3with0 <x,y,z < 2,we get:
Z(x+3)2=50 '-'Za2=50 = Zx2+62x=23 > @1)and (1) =

cyc cyc cyc cyc

all of x,y,z cannot be zero and so,we now focus on the scenario when 2 among x,y, z
equal zero and WLOG we may assume y = z = 0 and then :
(1) = x? + 6x — 23 = 0 whose non — negative root ~ 2.65685;but 0 < x < 2

~ 2 among x,y,z cannot be equal to zero and hence, we now focus on the scenario
when exactly one among x,y,z equals zero and WLOG we may assume x = 0
and then : (1) > y? +z? + 6y + 6z = 23 > (i)

via (i)

-pr0531ble letus assume:y < landthen: 6y +y> <7 (vy>0) =

23-22-62<7=>22+62—16>0= (z+8)(z—2) > 0 — impossible
“Z—2<0andz+8>0=>(z+8)(z—2)<0.-.y<«1

« If possible,let us assume : y > 1 and then : y? + z? + 6y + 6z = 23 =
y?—2y+1+z>—-4z+4+8y+10z+ 18 =23 > 8y + 10z
=5-(y—-1)2-(z-2)?<5=>5>8y+10z>8+10z=> 10z < -3 >

impossible - z>0-.y* 1.y« 1,y#*1=y=1whenx = 0 and putting
x=0,y=1in(i),weget:22+6z—16=0=>(z+8)(z—2)=0=>z=2
(vz>0)andx=0,y=1z=2>x+y+z=3=>a—-3+b-3+c—-3=3

= a+b+c =12 = |equality case for a = 3,b = 4,c = 5 and permutations|

The final scenario that remainsis: 0 < x,y,zZ < 2 and then :
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(x—Z)(y—Z)(z—Z)SO=>xyz+4Zx—Zny—8S0

cyc cyc

xy,z>0=>xyz>0
:—22xy$8—4zx—xyz < 8—4Zx=>2x2+62x

cyc cyc cyc cyc cyc

= (2")2 —2) xy+6) x< <zx>2+8—42x+62xvm=§1)

cyc cyc cyc cyc cyc cyc

23 <t?>+2t+8 t=2x >t242t-15>0=> (t—3)(t+5)>0

cyc

>t>3 ('-‘t22x>0>-'-Z(a—3)>3:>a+b+c>12

cyc cyc

-'-a+b+c212‘v’a,b,c€[3,5]|a2+b2+c2=50,
n_n iff(a:3,b=4,c=5)0r(a=3’b=5’c=4)0r(a=4’b=5’c=3)

or(a=4,b=3,c=5)or(a=5b=3,c=4)or(a=5b=4,c=3) (QED)

1586. If a,b,c > 0 and abc = 1, then prove that :
(Vb +e)(b + ) . (Ve ++a)(c+a)
vb(Va ++vb) +Ve(vVe ++Va)  Ve(vb + V) +Va(va +Vb)
N (Va++b)(a+b) -
Va(Ve +Va) + vb(vb + V)

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

3

VAB,C>0(A+B),(B+C),(C+A) form sides of a triangle
(+(A+B)+(B+C) > (C+A) and analogs)
= VA + B,VB + C,VC + A form sides of a triangle with area F (say) and 16F? =
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( )—ZZAZ—ZZAB

ZZ(A+B)(B+C)—Z(AH?.)2 ZZZ ZAB+B2
cyc

cyc cyc

cyc cyc

cyc
=62AB+22A2—ZZAZ—ZZAB:A}F:Z ZAB—>(1)
cyc
73

cyc cyc cyc cyc
xy ? \/_ Z x%y?
N Vx,v,2> 0, -—
owvxyz \/ (y+z)(z+x) xy(y+z)(z+x)
_ (chc xY)

(chc xY) _
cyc (xY(chc xy + ZZ)) (chc xY)Z + Xxyz chc X

Via Bergstrom, LHS of (x) > 5
2
? 3 ? ) xy ’\/_
ZZ®<;xy> 23xyz;x—>true-.\[ m_ > - (2)
We have (Vb ++e)(b+¢) N (Ve++Va)(c+ a)
"Vb(va +vb) +Ve(vVe+Va)  Ve(vb +Vc) +vVa(va + Vb)
(Va+vb)(a+b)
\/—(\/—+\/—)+\/—(\/—+\/—)
<\/—+\/—>( +a) (\/EJE\/E>(a+b)

Vb ++c

7a >(b+c) N .
Vb ++c  Va++vb ve+va Vb ++c

) ap (e )

abc=1 <
= +
VatVb Vet
\/E< = ‘7 > M( 7 7
——(B+C)+L(C+A)+L(A+B)

y+1z
Vb +Vc \/—+\/_ \/_+\/_
JZ = A=aB=DbC=c
Vb Ve
2 Oppenheim

X = )
< va V7
X 2 y 2 z
=—— VB+C +——VC+A +—— VA+B >
y+z Z+x x+y
x via (1) and (2) 3 A-G
4F. Xy > 2 ZAB.£:\/§. Zab >
y+2z)(z+x)
cyc cyc cyc
(Vb ++c)(b +¢)

3 abc_=1 .
V3 3Varbtet s e e  eve rva)
(Ve ++Va)(c+a) N (Va++b)(a+b) -
Ve(vb +c) +Va(vVa++vb)  Va(Ve+vVa) +Vb(vb ++c)

b c al(va
Vab,c>0|abc=1""=" iffa=b=c=1(QED)

1587.If a,b,c > 0, then prove that :
bvc(vVa + vb) + cvb(Ve + Va) c\/E(x/B+\/E)+a\/E(\/E+\/E)
b(a + ¢)

a(b + c)
RMM-CYCLIC INEQUALITIES MARATHON 1501-1600
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b\/_(\/_+\/_)+a\/_(\/_+\/_)
c(a+Db)

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

VABC>0,(A+B),(B+C),(C+ A) form sides of a triangle
(+~ (A+B) + (B+C) > (C+ A) and analogs) = VA + B,VB + C,v/C + A form
sides of a triangle with area F (say) and 16F? =

zzmm)mc)_zmmz=zz<zAB+Bz>_zzAZ_zzAB

cyc cyc cyc \ cyc cyc cyc

=6ZAB+ZZAZ—ZZAZ—ZZAB=>4F=2 /ZAB—>(1)
cyc

cyc cyc cyc cyc

73

> _

2 xy(y + z)(z+x)_4
cyc

xy ? \/_ x2y?
y+2z)(z+ x) Z

(chc xY) _ (chc xY)
chc (xY(chc xy + ZZ)) (chc xY)Z + Xyz chc X

2
?7 3 ? . Xy 7\/_
ZZ <ny> 23xysz—>true--\/ (y+z)(z+x)_ 53 — - (2)

Now,V x,y,z > O,\/

Via Bergstrom, LHS of (x) >

cyc cyc

We have : PYe(Va+vb) + cb(Ve + va) | cva(vb + Ve) + ave(va +vb)

a(b +¢) b(a + c)
b\/—(\/—+\/—)+a\/—(\/_+\/_)
c(a+b)
bc bvc(Va+vb) + cvb(Ve + Va)
" ca+ab’ bc
ca c/a(¥b++c)+ avc(va +Vb)
ab + bc’ ca
ab b\/_(\/_+\/_)+a\/_(\/_+\/5)
bc +ca’
bc(\/E+\/E+\/_+\/_> <\/_+\/_ \/_+\/_> ab<\/5+\/z+\/z+\/a>
B Ve % " Va va 'k
B ca +ab ab + bc bc + ca

x y Z
=—@B+0)+——(C+A)+——(A+B
y+z( * )+z+x( * )+x+y( +B)
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Vb ++/c B Ve++a C_\/E+\/F>

va ' Vb T Ve
2 Oppenheim

X 2 2 y/
=——VB+C +L.\/C+A +——.VvA+B =
y+z Z+x xX+y

Xy via (1) and (2) \/5_ \/II_)+\/E \/E+\/(_l
4F'\/cyc(Y+z)(Z+x) = 2 ZAB'7_\/§'\/Z< Ja_ b )

cyc cyc

<x= bc,y =ca,z = ab,A =

e 3s<m+¢e ﬁwa)(«ewa \/E+\/B><\/E+\/B \/B+x/E>
=V PIUVeE W U T v Va

e (VBB O (e + f))s _
=3, 3( AR V3. 383
. bVe(Va+vb) + evb(Ve +Va)  cva(vb + V) + ave(Va + Vb)
a(b+c) b(a + c)
, DVa(Vb +V¢) + avb(Ve + Va)
c(a+b)

>6Vab,c>0"=" iffa=b=c(QED)

1588. If a,b,c > 0, then prove that :

lve s et
Bl Il el

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+ A) form sides of a triangle
(~(A+B) +(B+C) > (C+A) and analogs) = VA + B,VB + C,VC + A form
sides of a triangle with area F (say) and 16F? =
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ZZ(A+B)<B+Q_Z<A+B)Z=zz<zAB+Bz>_zzAz_zzAB

cyc cyc cyc \ cyc cyc cyc

=6ZAB+ZZAZ—ZZA2—ZZAB:4F=Z /ZAB—>(1)
cyc

cyc cyc cyc cyc

xy ? \/_@z x2y? 23
y+z)(z+x) - xy(y + z)(z+x)(w)4

(chc xY) _ (chc xY)
chc (xY(chc xy + ZZ)) (chc xY)Z + xyz chc X

2
? 3 ? . xy ?\/_
ch)(ny) 23xyz2x—>true.-\[ (y+z)(z+x)_ - — - (2)

cyc cyc

Now,Vx,y,z>O,\/ C

Via Bergstrom, LHS of (x) >

\/E b a c b a
4= T E = +=
b'b
We have : ba a + + ¢ cb
c |a, ¢ |[a |b
<tb ﬂﬂﬁ ﬁ+ a
b b C a a
_c,\/;+a_\/bc+a.\/;+5 Veca b\/;+z Vab
B b+c +a a+
abc b abc abc
\ az <ﬁ+ﬁ> \} b2 \j c2
= +
b+c c+a a+b

_c.\/ab+b.\/ﬁ a.\/bc + c.\/ca b.\/a+a.\/ ab

+ +
ab + ca bc + ab ca + bc

cx/_+b\/_ a\/_+c\/_ b\/a+a\/_

= bc.

ab+ca bc +ab ca+bc
ZE) (5 (e
ca + ab ab+bc bc + ca
=YL( +C)+—(C+A)+—(A+B)
<x—bcy ca,z=ab,A = \/7 \/7 f)
, Oppenheim

= S VBTC 4 L CER + VAT 2

86 | RMM-CYCLIC INEQUALITIES MARATHON 1501-1600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

4F'j (y + zﬁz +x) T ZAB g =3 \[2 <\E\[g>
o

cyc cyc

+ + >3Vab,c>0"=" iffa=b=c(QED)
E+ c \/E+ < 2+\[§
[ b C a b a
1589. If a,b,c > 0, then prove that :
\/c(a+c)+\/b(a+b)+\/c(b+c)+\/a(a+b)+\/b(b+c)+\/a(a+c)>
b C a C a b B
(B8l Bk

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

32

VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle
(+~(A+B)+ (B+C)>(C+A) and analogs) = VA + B,VB + C,VC + A form
sides of a triangle with area F (say) and 16F? =

ZZ(A+B)(B+C)—Z(A+B)2 :ZZ<ZAB+B2>—ZZA2—ZZAB

cyc cyc cyc \ cyc cyc cyc

:6ZAB+ZZA2—ZZAZ—ZZAB:4F:2 /ZAB—>(1)

cyc cyc cyc cyc cyc

?
=

xy ? V3 Z x%y? 3
7 > 2
o y+z)(z+x) — 2 xy(y+z)(z+x)(*w)4

(chc xY)Z _ (chc xY)Z
chc (xY(chc xy + ZZ)) (chc xY)Z + Xyz chcx

2
?7 3 ? Xy 7 V3
> E > E S A
_4<:>< xy) > 3xyz ) x - true \/Cyc(y+z)(z+x)_ > - (2)

cyc cyc

cyc

Now,V x,y,z > 0,\/

Via Bergstrom, LHS of (x) >
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_\/c(a+c) +\/b(a+b) Jc(b +c) +Ja(a+b)

(Fef) &

\/b(b +c) +\/a(a+ c)

b
(58
vbe(Jela+0) +bla+b)) vea(Jelb+0 + /ala+b))
+
a(b+c) b(a +¢)
\/E(\/b(b +c)+ \/a(a + c))
c(a+b)

+
_ bc c(a+c)+ b(a + b) N ca c(b+c)+ a(a+Db)
" ca+ab’ bc bc ab + bc’ ca ca
ab b(b + ¢) ala + ¢)
+ . +
bc + ca ab ab
_ bc c+a+ a+b 4 ca b+c+ a+b
" ca+ab’ b C ab + bc’ a C

ab \/b+c+\/c+a _ i (B+C)+—(C+A)+—(A+B)

We have

bc+ca a
b+c c+a a+b
x =bcy=ca,z=abA =
2 Oppenhenn
B+C \/c+ +—

Y
xy via (1) and (2) b+c ct+a
4F. -_ > 2 ZAB
y+2z)(z+x)
cyc cyc cyc
A-G 3/(a+b)(b+c)(c+a)c
> js.sj( )(abc)( ) B /3.3.%:3\/5

yJela+co)+ybla+b) Jelb+c)+ala+b) bb+c)+Jala+c)

() o(E) T (B

>3vV2Vab,c>0"="iffa=b=c(QED)

1590. If a,b,c > 0, then prove that :
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z\/b(az +ab + b?) +\/c(a? + ac + ¢?) -
Vvab ++ac B

3va+ b +c.

cyc

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle

(+(A+B)+ (B+C) > (C+A)andanalogs) = VA + B,VB + C,VC + A form

sides of a triangle with area F (say) and 16F? =

ZZ(A+B)(B+C)—Z(A+B)2 =ZZ<ZAB+B2>—22A2—22AB

cyc cyc cyc \ cyc cyc cyc

=6ZAB+22A2—ZZAZ—ZZAB:4F=2 ’ZABe(l)
cyc

cyc cyc cyc cyc

xy ? V3 Z x%y? ? 3

Now,V x,y,z > 0, —_— 2 — S > —
ow. vy, z \/cyc(y+z)(z+x) 2 xy(y+z)(z+x)(*w)4

cyc

(Beyexy)” _ (Beyexy)’
Zeye (¥ (Zeyexy +22))  (Beyexy)” +xyzSeyex

2
? 3 ? xy 7 \3
=— =3 z t <2 2
4@(2363’) Xyz x — true \/Cyc G+DZ+0 2 - (2)

cyc cyc

Via Bergstrom, LHS of (x) >

We have : \Vb(b2 + bc + c2) +/a(a? + ac + c2)

Vac + Vb
+\/b(a2 + ab + b2) + \/c(a? + ac + c?) +\/a(a2 + ab + b2) + \/c(b? + bc + c2)
Vab + +ac Vab +vbc

_ Vab b2+bc+c2+ cZ + ca + a?
~ Vbc+Vea' a b

N vVbc c2+ca+a2+ a? + ab + b2
Jca ++Vab’ b c
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N VJeca a2+ab+b2+ b2 + bc + ¢2
vab ++vVbc c a

X z
=—(B+C)+L(C+A)+—(A+B)
ytz x+y

x =Vab,y = Vbc,z = Veca

\A ’a2+ab+b2 ’b2+bc+c2 ’c2+ca+a2/

20ppenhe1m
=y— VB +— VC+A +Ty

xy via (1) and (2) V3
4F. — = 2 z AB.—
o y+z)(z+x) 2

cyc

_ z(\/a2+ab+b2'\/b2+bc+c2>
c a
cyc

A-G 3ab |3b
4 z(/% /_>@ 2 b= 3BT
cyc cyc

. \Vb(bZ + bc + ¢2) +/a(a? + ac + c2) +\/b(a2 + ab + b2) +/c(a? + ac + c2)

Vac ++be Vab +Vac
\/a(az+ab+b2)+\/c(b2+bc+c2)
=>3.Vva+b+c
Vab +bc
Vab,c>0"=" iffa=b=c(QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let x := Va,y == Vb, z := /c. We have

Z:\/b(a2 +ab + b?) ++/c(a? + ac + c2) AM;M vb.3ab + Vc.3ac

T vab ++/ac N T Vvab + ac
2
\/— y + Z2 C,-'B;S (chc Y, y2 + ZZ)
B Z = 2x+y+2z)

cyc
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2 cye X% 4 2 N0y (0% + y2) (22 + 22)

= 3.
V3 2x+y+2)
2
C”ES\E Zchcx2+Zchc(x2+yz)_\/_ 3 Veye ¥ + (Zeye ¥)
= V3 2(x+y+2) - 2xty+o)
AM-GM

> 3 x2+y?2+2z2=3Va+b+c.
Equality holds iffa = b =c.
1591. If a, b, c > 0 then:
[ a b
ab - 2b + bc-2c + ca - 2a > 2(ab + bc + ca)

Proposed by Daniel Sitaru — Romania

Solution 1 by Tapas Das-India

b(25) + be (2¢) + ca 21) z
a c|Zc ca| aa ab bc b\ €2lab+bc+ca
ab + bc + ca = (2%) . (2%) . (2&) l

1 1
— (Zac . 2ab . 2bc)ab+bc+ca — Z(ab+bc+ca)’(ab+bc+ca) =2

c a b
s ab2b+ bc-2c+ca-2a>2(ab+ bc + ca)
Equality holds fora = b = c.
Solution 2 by Khaled Abd Imouti-Syria

c a b ?
ab - 2b + bc-2c + ca-2a > 2(ab + bc + ca)

ab c bc a ca by ?
€1 = (ab + bc + ca) (Zb) + (ab + bc + ca) (ZC) + (ab + bc + ca) <2a> =2

By using weighted AM-GM inequality
1

e, = <(2%)ab . (2%)bc . (Zg)ca>m

1
e, > 2 (ca+bc+ab)-7(ab+bc+ca)

3122
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Equality holds fora = b = c.

1592. If a’b > 2,b%c > 2,c%?a > 2, then prove that :
at .\ b* N ct .-
a’b—-2 b2c—-2 c2a-2"

Proposed by Fazil Maharramov-Azerbaijan
Solution by Soumava Chakraborty-Kolkata-India

Since a’b > 2,b%c > 2,c?a > 2
. a N b ) ct
“a’b—-2 b2c-2 czg—z
2
Bergstrom () g2 ? ?
> MZB@ Zaz +48282a2b
Ycyca?b — 6 &

cyc cyc

Now, BZ a’b CES 8. (Z a2> (Z a2b2> <8 (Z az) _ (chgaz)z

cyc cyc cyc cyc

2 2
? Yeve@® ?
< Zaz +48 & 8. Zaz . f “y?‘: < Zaz +48
cyc cyc cyc
? Y e a?
& 8t.3t2 < 9t* + 48 (t = ’ cy:;
? chc a?
e (t—2)23t2+4t+4) >0 > true ~ t= T>0:>(*)istrue

a* b* ct
. 2 2 2 "no__rn s — —
--aZb_2+b2c_2+c2a_228Vab>2,b c>2,cca>2)="iffa=b=c

ZCYC aZ 2 no__m :
and T=2:>Za=12:. =" iffa=b =c=2 (QED)
cyc

1593.If a > 2,b > % C > 4,then prove that :
a3 N 3b3 N c3 -
9b-6)2 (c—4)* (3a-—-6) "

?
>®3t4—8t3+1620

6

Proposed by Fazil Maharramov-Azerbaijan
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Solution by Soumava Chakraborty-Kolkata-India

Si cob>lesan & 3 @
meea =40 =23.C7% " 9p-6)2 " (c—4)? ' (3a—6)2
a3 27b3 c3 Radon (a+ 3b+¢)3 x3 ; 6

= >
©Ob—6Z2  Bc—122  Ba—62 = 9(a+3b+c—8) = 9(x— 8)” =
(x=a+3b+c) © x3—54x% + 864x — 3456>0=>(x 6)(x — 24)2>0

2
- true '.'a+3b+c>2+3,§+4=8=»x—6>2>0,equalityiff

a 3b C a+3b+c 24 3
= =—>iff 2a =9b -6 - (i),

3b—2 c-4 a—2 a+3b+c—8 24-8 2
6b =3c—12 > (ii),2c = 3a — 6 — (iii) ~ (i) and (iii)  6a = 27b — 18 and
6a=4c+12=>27b—-18=4c+ 12 = 54b = 8c + 60 — (1) and also,

via (ii),54b =27¢—-108 - (2) -~ (1),(2) 2 8c+ 60 =27c—108=>c¢c = ETY
46 150

Putti —168 (ii) and (iii) tivel t:b= da=
utting ¢ = 19 in (ii) an 111) respectively,we ge 19 and a 19

L C seva>2b>2e>4,
“b-62 (c-42 @Ba-62-°"" 3"

150 46 168

1ffa—F,b=E, :—(QED)
1594.
2.3 1 2.3 1 213 1
If a,b,c > 0 and ab“c® > —,bc“a >7.ca b >7,thenprovethat:
a’ b’ c’ 1

+ + >
7ab%¢c3 —1  7bc2a3 -1 7ca’?b3 -1 2

Proposed by Fazil Maharramov-Azerbaijan

Solution by Soumava Chakraborty-Kolkata-India

1 1 1
. 2.3 <" he2nd <~ ~n2h3 ~
Since ab“c >7,bca >7.cab >,7
a’ b’ c’
+ +
7ab%¢c3 —1  7bc%2a3 -1 7ca’b3 -1

a’ b° c?

7a3b2c® — a? + 7b3c2a3 — b2 + 7c3a?b3 — 2
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Holder (Zeye a3)3 2 1

> >
~ 21a?b*c? Y ycab -3 ¥ a? T 2
3

2 Za3 +32a2§21a2b2c22ab

cyc cyc () cyc

[uy
[uy

Loy @®\? _ (Teyea®\?
Now, Power — Mean inequality = < cy; = cy?:
3

3 3
2\ 2 2\ 3 2\ 2
:Za323<2°y;a)2=>2 Za3 218(2“;“) _3<ch;a >2

cyc cyc
3 3

L
2 Ya <Z°YT°“>:(1>

cyc

9

cyc cyc

3 3 4
ove @2\ 2 7
to prove (x), it suffices to prove : 2 Z a? < y3 ) +3 z a? > 5 Z a?
cyc

cyc cyc

7 Y e a?
<:>2.27t6.t3+9t22§.81t8 <t= f “y; >®t2(6t7—7t6+1)20

& (t—1)%(6t° + 5t* + 4t% + 3t + 2t + 1) > 0 > true = () is true

4
A-G 7
Again, 21a%b?c? Z ab < — Z a2> - (2) ~(1),(2) = in order

. a’ . b’ N c’ >1v be> 0 b23>1
”7ab2C3—1 7bc2a3—1 7ca2b3_1—2 ab,c ab®c 7,

1 1 a?
bc?a3 > 7.cazb3 > 7,” =" iffa=b = cand /zcy:; =1= Zaz =3
cyc

~"="iffa=b=c=1(QED)

1595. If a > % b > i, c%, prove the inequality

3a? N 2b? N c?
4b—1 9c¢c-3 2a-1

> 2.In what case is equality possible?
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Proposed by Fazil Maharramov-Azerbaijan

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Let x :== 3a + 2b + 3c. By CBS inequality, we have

3a? 2 b? c? (3a+ 2b + 3¢)?
+ + > =
4b—-1 9¢c—3 2a-1 3@4b—-1)+2(9c—3)+92a-1)

B x? _, (x—6)2>2
T 6(x—3) +6(x—3)_

Equality holds when 3a + 2b + 3¢ = x = 6 and

a b B c B 3.a+2.b+3.c _
4b—1 9¢c—-3 3Q2a-1) 3.(4b—-1)+2.(9¢—3)+3.32a—-1)

_ 13
T 21

x 1 1 6
= ==thena=—,b=-,c
6x-18 3 21 7

1596. If a, b, c > 0 such that ab, bc,ca > 1, then
4
al(bc—1)+b3(ca—1)+c2ab-1) < 6613b3c3

Proposed by Fazil Maharramov-Azerbaijan
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Lemma : forx > 0,we have x — 1 < ﬁx3.

Proof: By AM — GM inequality, we have

4 4 4 g 11 sfa 11
277" To7X Ty T =2 gy T

4 1 3
with equality for Exs =3 orx = 7 Using this lemma, we have

al(bc—1)+b3(ca-1)+c3(ab—-1) <

4 4 4 4
< a3 3 3 3, .3 3 _4 3,33
_a.27(bc) +b.27(ca) +c.27(ab) 9abc.

Equality holds fora=b =c = ;
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1597.If a,b,c > O suchthat:a+ b+ c=3 and A > 0, then :

a b C 3
B(b-l—)w) +E(c+la) +E(a+lb) ZE(1+(ZA+1)abc)

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

%(b+)\c)+b(c+la)+ S@+ap) > 3(1+(21+ 1abc)

@Za+leZZ+Z(ZA+1)abc
cyc cyc

3 3 2
“+b+°=3(3_7) z A z 2py2 z > 32abe + — ab
(= 27 a + 9abc a a = abc + 2 apc

cyc cyc cyc

3 2
2A
=N z al|l + “be z a’b? z a | > 54Aabc+ 27abc - true

cyc cyc cyc

3 2 and
A—G “A20
(Z a) > 27abcand - 2 (Z a2b2> (Z a> >

cyc cyc cyc

2
2 22
21 (3Y/a*b*c?) (3Vabe)” = 542abZc? = ﬁ(Z a2b2> (Z a> > 54Aabc

cyc cyc
a b C 3

.-.B(b+lc) +E(c+la)+a(a+)tb) 2§(1+(2)L+ 1)abc)
vab,c>0|la+b+c=3"=" iffa=b=c=1(QED)

1598.If x,y,z,A > 0,x + y + z = 3 then:

1 1 N 1 N 1 - 3
)(x+/1)3 (y+2)3 (z+2)3 (A+1)3
y z 3

2 >
S R S AN e TS N g Iy
Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

1 1 1 1 - 3
T BT ERN ¢ E W)
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1
Let f(p) =m ,PE€(0,3)and A= 0,f'(p) = —(10_'_—11)4.

12
f'(p) = RS > 0so f is convex € (0,3).Using Jensen inequality

fx)+ fy) + f(2) = 3f (m) =3f(1) or
1 1 1 3
equality holdsa=b =c

CE T T ER CE Bk

2 X y z - 3
O ES  ER ) CAN W E W)

Radon (x + y + z)4'
P S 3
(xy + 4%) (xy+yz+zx+A(x+y+2))

4
(x+y+2) >3=(Afl)3(asx+y+z=3)

<(Z;)2 +Alx+y+2)

1599.If a,b,c > 0,a + b + ¢ = 1 then:

1, 1,127 s )>45
p T Ty b TheT =74

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

1 1 1 27
—+—4- +—(ab+bc+ca)—

a’ b
3/1 1 1 1/1 1 1 b+ b Bergstrom
— 4 —+— — — >
(a+b+c>+4( ot )+ (ab+bc+ca) =

4

31+1+1)> 1ab+bc+ca 27 AM-GM
—(ab+bc+ca) >

=4 a+b+c +4 abc
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3 271 1 (Ex?23¥xy
ZZ'9+2 —.—.——.(ab + bc + ca)? (sincea+b+c=1) >

4 "4 abc
27,127 be(at b+ )_27+9_45
=4 "2 |abc P2PC\@ O3 T2,

Equality holds for:

=b= = —
a C 3

1600. If a,b,c > 0 such that: abc =1and 0 < 41 < 27n,then :

A A
> —
n(a+b+c)(ab+bc+ca)+ab_|_bc_|_ca_9n+3

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

Z aA; 33abc=3 - (1)

cyc

~n(a+b+c)(ab+bc+ca)—9n >

>3Zb9—3 stil A
=°n, . a n=2n a ~3 ab+bc+ca

cyc cyc
? ab -3
o 3n Zab—S 21(2°y°—>
o 3 Yeycab
cyc O]

Now,0 < 1 < 27n= RHS of (x) < 27n (M)
, - B 3chcab

A-G — ?
<-.-Zab S 33 azpzez L 13:>Zab—320>s3n<zab—3>

cyc cyc cyc

2
chcab—3>? 1 ?
oY ab-3-3(22¢2 " o@n>0o Zab—B >0
2. ( Yoeab )20 0 ST

cyc cyc
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_ A A
- true = (x) istrue . n(a+b+c)(ab+bc+ca)-9In>-——————
ab + bc + ca

= n(a+b+c)(ab + bc+ ca) + A >9 +)L
fia e\ crea ab + bc+ca — n 3

Va,b,c>0|abc=1and0<AS27n,”=” iffa=b=c=1(QED)

99 RMM-CYCLIC INEQUALITIES MARATHON 1501-1600



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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