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1501.  𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑠𝑢𝑐ℎ 𝐭𝐡𝒂𝐭 ∶ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟑 𝒂𝐧𝐝 𝛌 ≥ 𝟎, 𝐧 ≥ 𝟎, 𝐭𝐡𝐞𝐧 ∶ 

𝒂𝟐

𝐛𝟐 + 𝛌𝐜 + 𝐧
+

𝐛𝟐

𝐜𝟐 + 𝛌𝒂 + 𝐧
+

𝐜𝟐

𝒂𝟐 + 𝛌𝐛 + 𝐧
≥

𝟑

𝟏 + 𝛌 + 𝐧
 

 
  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝒂𝟐

𝐛𝟐 + 𝛌𝐜 + 𝐧
+

𝐛𝟐

𝐜𝟐 + 𝛌𝒂+ 𝐧
+

𝐜𝟐

𝒂𝟐 + 𝛌𝐛+ 𝐧
 

=
𝒂𝟒

𝒂𝟐𝐛𝟐 + 𝛌𝐜𝒂𝟐 + 𝐧𝒂𝟐
+

𝐛𝟒

𝐛𝟐𝐜𝟐 + 𝛌𝒂𝐛𝟐 + 𝐧𝐛𝟐
+

𝐜𝟒

𝐜𝟐𝒂𝟐 + 𝛌𝐛𝐜𝟐 + 𝐧𝐜𝟐
≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐

∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 + 𝛌∑ 𝒂𝐛𝟐𝐜𝐲𝐜 + 𝐧∑ 𝒂𝟐𝐜𝐲𝐜
≥
𝐂𝐁𝐒 (∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 + 𝛌.√(∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 )(∑ 𝒂𝟐𝐜𝐲𝐜 ) + 𝐧∑ 𝒂𝟐𝐜𝐲𝐜

 

≥
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

𝟏
𝟑
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐
+ 𝛌.√

𝟏
𝟑
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐
. (∑ 𝒂𝟐𝐜𝐲𝐜 ) + 𝐧∑ 𝒂𝟐𝐜𝐲𝐜

 

=
𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟑 𝟑(∑ 𝒂𝟐𝐜𝐲𝐜 )

∑ 𝒂𝟐𝐜𝐲𝐜 + 𝛌.√
𝟏
𝟑
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐
. 𝟑 + 𝐧∑ 𝒂𝟐𝐜𝐲𝐜

=
𝟑

𝟏+ 𝛌 + 𝐧
 

∴
𝒂𝟐

𝐛𝟐 + 𝛌𝐜 + 𝐧
+

𝐛𝟐

𝐜𝟐 + 𝛌𝒂+ 𝐧
+

𝐜𝟐

𝒂𝟐 + 𝛌𝐛 + 𝐧
≥

𝟑

𝟏 + 𝛌 + 𝐧
  

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟑 𝒂𝐧𝐝 𝛌 ≥ 𝟎,𝐧 ≥ 𝟎,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1502. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

𝟐∑
𝒂𝟑𝐜𝟐

𝒂 + 𝐛
𝐜𝐲𝐜

≥∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

 

 
  Proposed by Neculai Stanciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝟐∑
𝒂𝟑𝐜𝟐

𝒂 + 𝐛
𝐜𝐲𝐜

−∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= 𝟐∑
𝒂𝟐𝐜𝟐(𝒂 + 𝐛 − 𝐛)

𝒂 + 𝐛
𝐜𝐲𝐜

−∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

 

= 𝟐∑𝒂𝟐𝐜𝟐

𝐜𝐲𝐜

− 𝟐𝒂𝐛𝐜∑
𝐜𝒂

𝒂 + 𝐛
𝐜𝐲𝐜

−∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

≥
𝐂𝐁𝐒

 

∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟐𝒂𝐛𝐜.√∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

. √∑
𝟏

(𝒂 + 𝐛)𝟐
𝐲𝐜

≥
𝐀−𝐆
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∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟐𝒂𝐛𝐜.√∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

. √∑
𝐜

𝟒𝒂𝐛𝐜
𝐲𝐜

≥
?
𝟎 ⇔ √∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

≥
? 𝟐𝒂𝐛𝐜

√𝟒𝒂𝐛𝐜
.√∑𝒂

𝐜𝐲𝐜

 

⇔∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

≥
?
𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ∴ 𝟐∑
𝒂𝟑𝐜𝟐

𝒂 + 𝐛
𝐜𝐲𝐜

≥∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

  

∀ 𝒂, 𝐛, 𝐜 > 0,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 
 

1503. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 √𝒂𝐛 + √𝐛𝐜 + √𝐜𝒂 = 𝟑, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
(𝒂 + 𝟐𝐛)(𝐛 + 𝟐𝐜)(𝐜 + 𝟐𝒂) ≥ 𝟐𝟕 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐋𝐞𝐭 √𝒂 = 𝐀, √𝐛 = 𝐁,√𝐜 = 𝐂 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝒂𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐁 + 𝐂 = 𝒙, 𝐂 + 𝐀 = 𝐲, 
𝐀 + 𝐁 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐂 > 0, 𝑦 + 𝑧 − 𝑥 = 𝟐𝐀 > 0 𝑎𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐁 > 0 
⇒ 𝒙 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 ⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡  

𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝟐∑𝐀

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 

⇒∑𝐀

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝐀 = 𝐬− 𝒙,𝐁 = 𝐬 − 𝐲, 𝐂 = 𝐬 − 𝐳 ∴ 𝐀𝐁𝐂 = 𝐫𝟐𝐬 → (𝟐)  

𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝐀𝐁

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

⇒∑𝐀𝐁

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟑), 

∑𝐀𝟐

𝐜𝐲𝐜

= (∑𝐀

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟑)

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝐀𝟐

𝐜𝐲𝐜

 

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒) 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨,∑𝐀𝟐𝐁𝟐

𝐜𝐲𝐜

= (∑𝐀𝐁

𝐜𝐲𝐜

)

𝟐

− 𝟐𝐀𝐁𝐂(∑𝐀

𝐜𝐲𝐜

) 

=
𝐯𝐢𝒂 (𝟏),(𝟐) 𝒂𝐧𝐝 (𝟑)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬𝟐 ⇒∑𝐀𝟐𝐁𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝟓) 

𝐍𝐨𝐰, (𝒂 + 𝟐𝐛)(𝐛 + 𝟐𝐜)(𝐜 + 𝟐𝒂) = (𝐀𝟐 + 𝟐𝐁𝟐)(𝐁𝟐 + 𝟐𝐂𝟐)(𝐂𝟐 + 𝟐𝐀𝟐) 

= 𝟐∑𝐀𝟒𝐁𝟐

𝐜𝐲𝐜

+ 𝟐∑𝐀𝟐𝐁𝟒

𝐜𝐲𝐜

+ 𝟗𝐀𝟐𝐁𝟐𝐂𝟐 + 𝟐∑𝐀𝟐𝐁𝟒

𝐜𝐲𝐜

 

= 𝟐∑(𝐀𝟐𝐁𝟐(∑𝐀𝟐

𝐜𝐲𝐜

− 𝐂𝟐))

𝐜𝐲𝐜

+ 𝟗𝐀𝟐𝐁𝟐𝐂𝟐 + 𝟐∑𝐀𝟐𝐁𝟒

𝐜𝐲𝐜

 

≥
𝐀−𝐆

𝟐(∑𝐀𝟐

𝐜𝐲𝐜

)(∑𝐀𝟐𝐁𝟐

𝐜𝐲𝐜

)+ 𝟑𝐀𝟐𝐁𝟐𝐂𝟐 + 𝟔𝐀𝟐𝐁𝟐𝐂𝟐 ≥
?
𝟐𝟕 =

∑ 𝐀𝐁𝐜𝐲𝐜  = 𝟑

(∑𝐀𝐁

𝐜𝐲𝐜

)

𝟑

 

⇔
𝐯𝐢𝒂 (𝟐),(𝟑),(𝟒) 𝒂𝐧𝐝 (𝟓)

𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐). 𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝟗𝐫𝟒𝐬𝟐 ≥
?
(𝟒𝐑𝐫 + 𝐫𝟐)

𝟑
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⇔ 𝟒𝐬𝟒 − (𝟑𝟐𝐑𝟐 + 𝟒𝟖𝐑𝐫 + 𝟏𝟗𝐫𝟐)𝐬𝟐 + 𝟓𝐫(𝟒𝐑+ 𝐫)𝟑 ≤
(∗)

𝟎 

𝐍𝐨𝐰,𝐑𝐨𝐮𝐜𝐡𝐞 ⇒ 𝐬𝟐 − (𝐦− 𝐧) ≥ 𝟎 𝐚𝐧𝐝 𝐬𝟐 − (𝐦+ 𝐧) ≤ 𝟎, 

𝐰𝐡𝐞𝐫𝐞 𝐦 = 𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 𝐚𝐧𝐝 𝐧 = 𝟐(𝐑 − 𝟐𝐫). √𝐑𝟐 − 𝟐𝐑𝐫 

∴ (𝐬𝟐 − (𝐦 + 𝐧)) (𝐬𝟐 − (𝐦 − 𝐧)) ≤ 𝟎 ⇒ 𝐬𝟒 − 𝐬𝟐(𝟐𝐦)+𝐦𝟐 − 𝐧𝟐 ≤ 𝟎 

⇒ 𝐬𝟒 − 𝐬𝟐(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑 ≤ 𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≤ 𝟒𝐬𝟒 − 𝟒𝐬𝟐(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐) + 𝟒𝐫(𝟒𝐑+ 𝐫)𝟑 

⇔ (𝟏𝟔𝐑𝟐 − 𝟑𝟐𝐑𝐫 + 𝟐𝟕𝐫𝟐)𝐬𝟐 ≥
(∗∗)

𝐫(𝟒𝐑 + 𝐫)𝟑 

𝐀𝐠𝒂𝐢𝐧, (𝟏𝟔𝐑𝟐 − 𝟑𝟐𝐑𝐫 + 𝟐𝟕𝐫𝟐)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝐑𝟐 − 𝟑𝟐𝐑𝐫 + 𝟐𝟕𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

≥
?
𝐫(𝟒𝐑 + 𝐫)𝟑 ⇔ 𝟒𝟖𝐭𝟑 − 𝟏𝟔𝟎𝐭𝟐 + 𝟏𝟒𝟓𝐭 − 𝟑𝟒 ≥

?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟑𝟐𝐭(𝐭 − 𝟐) + 𝟏𝟔𝐭𝟐 + 𝟏𝟕) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ (𝒂 + 𝟐𝐛)(𝐛 + 𝟐𝐜)(𝐜 + 𝟐𝒂) ≥ 𝟐𝟕 ∀ 𝒂,𝐛, 𝐜 > 0│√𝒂𝐛+ √𝐛𝐜 + √𝐜𝒂 = 𝟑, 
′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

1504. 
𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝟐(𝒂 + 𝐛 + 𝐜) + 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝟗, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

 
𝒂 + 𝟏

𝒂𝟐 + 𝟏𝟎𝒂 + 𝟐𝟏
+

𝐛 + 𝟏

𝐛𝟐 + 𝟏𝟎𝐛 + 𝟐𝟏
+

𝐜 + 𝟏

𝐜𝟐 + 𝟏𝟎𝐜 + 𝟐𝟏
≤
𝟑

𝟏𝟔
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝒂+𝟏

𝒂𝟐 + 𝟏𝟎𝒂+ 𝟐𝟏
𝐜𝐲𝐜

=∑
𝟑(𝒂 + 𝟑) − (𝒂 + 𝟕)

𝟐(𝒂 + 𝟑)(𝒂 + 𝟕)
𝐜𝐲𝐜

≤
𝟑

𝟏𝟔
 

⇔∑
𝟑

𝒂+ 𝟕
𝐜𝐲𝐜

−∑
𝟏

𝒂 + 𝟑
𝐜𝐲𝐜

≤
𝟑

𝟖
⇔
𝟑(𝒂 + 𝟕 − 𝒂)

𝟕(𝒂 + 𝟕)
−∑

𝟏

𝒂 + 𝟑
𝐜𝐲𝐜

≤
𝟑

𝟖
 

⇔
𝟑

𝟕
∑

𝒂

𝒂 + 𝟕
𝐜𝐲𝐜

+∑
𝟏

𝒂+ 𝟑
𝐜𝐲𝐜

≥
(⦁) 𝟓𝟏

𝟓𝟔
 

𝐍𝐨𝐰,∑
𝒂

𝒂 + 𝟕
𝐜𝐲𝐜

=∑
𝒂𝟐

𝒂𝟐 + 𝟕𝒂
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ 𝒂𝐜𝐲𝐜 )

𝟐

(∑ 𝒂𝐜𝐲𝐜 )
𝟐
− 𝟐∑ 𝒂𝐛𝐜𝐲𝐜 + 𝟕∑ 𝒂𝐜𝐲𝐜

 

=
𝟐∑ 𝒂𝐜𝐲𝐜  + ∑ 𝒂𝐛𝐜𝐲𝐜  = 𝟗 (∑ 𝒂𝐜𝐲𝐜 )

𝟐

(∑ 𝒂𝐜𝐲𝐜 )
𝟐
− 𝟐(𝟗 − 𝟐∑ 𝒂𝐜𝐲𝐜 ) + 𝟕∑ 𝒂𝐜𝐲𝐜

 

∴
𝟑

𝟕
∑

𝒂

𝒂 + 𝟕
𝐜𝐲𝐜

≥
(∗) 𝟑𝐭𝟐

𝟕(𝐭𝟐 + 𝟏𝟏𝐭− 𝟏𝟖)
 (𝐭 =∑𝒂

𝐜𝐲𝐜

) 

𝟗 = 𝟐∑𝒂

𝐜𝐲𝐜

 +  ∑𝒂𝐛

𝐜𝐲𝐜

 ≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝟔√𝒂𝐛𝐜
𝟑

+ 𝟑√𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

⇒ 𝒙𝟐 + 𝟐𝒙 − 𝟑 ≤ 𝟎  
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(𝒙 = √𝒂𝐛𝐜
𝟑

) ⇒ (𝒙 − 𝟏)(𝒙 + 𝟑) ≤ 𝟎 ⇒ 𝒙 = √𝒂𝐛𝐜
𝟑

≤ 𝟏 ⇒ 𝒂𝐛𝐜 ≤
(∗∗)

𝟏 

𝐀𝐠𝒂𝐢𝐧,∑
𝟏

𝒂 + 𝟑
𝐜𝐲𝐜

=
∑ (𝐛 + 𝟑)(𝐜 + 𝟑)𝐜𝐲𝐜

(𝒂 + 𝟑)(𝐛 + 𝟑)(𝐜 + 𝟑)
=

∑ 𝒂𝐛𝐜𝐲𝐜 + 𝟔∑ 𝒂𝐜𝐲𝐜 + 𝟐𝟕

𝒂𝐛𝐜+ 𝟐𝟕 + 𝟗∑ 𝒂𝐜𝐲𝐜 + 𝟑∑ 𝒂𝐛𝐜𝐲𝐜
 

≥

𝟐∑ 𝒂𝐜𝐲𝐜  + ∑ 𝒂𝐛𝐜𝐲𝐜  = 𝟗

𝒂𝐧𝐝
𝐯𝐢𝒂 (∗∗) 𝟗 − 𝟐∑ 𝒂𝐜𝐲𝐜 + 𝟔∑ 𝒂𝐜𝐲𝐜 + 𝟐𝟕

𝟏 + 𝟐𝟕 + 𝟗∑ 𝒂𝐜𝐲𝐜 + 𝟑(𝟗− 𝟐∑ 𝒂𝐜𝐲𝐜 )
∴∑

𝟏

𝒂 + 𝟑
𝐜𝐲𝐜

≥
(∗∗∗) 𝟑𝟔 + 𝟒𝐭

𝟓𝟓 + 𝟑𝐭
 

∴ (∗) + (∗∗∗) ⇒
𝟑

𝟕
∑

𝒂

𝒂+ 𝟕
𝐜𝐲𝐜

+∑
𝟏

𝒂 + 𝟑
𝐜𝐲𝐜

≥
𝟑𝐭𝟐

𝟕(𝐭𝟐 + 𝟏𝟏𝐭 − 𝟏𝟖)
+
𝟑𝟔 + 𝟒𝐭

𝟓𝟓 + 𝟑𝐭
≥
? 𝟓𝟏

𝟓𝟔
 

⇔
𝟑𝐭𝟐(𝟓𝟓 + 𝟑𝐭) + 𝟕(𝐭𝟐 + 𝟏𝟏𝐭 − 𝟏𝟖)(𝟑𝟔 + 𝟒𝐭)

𝟕(𝐭𝟐 + 𝟏𝟏𝐭− 𝟏𝟖)(𝟓𝟓+ 𝟑𝐭)
≥
? 𝟓𝟏

𝟓𝟔
 

⇔ 𝟏𝟒𝟑𝐭𝟑 + 𝟏𝟑𝟏𝟐𝐭𝟐 − 𝟗𝟗𝟓𝟕𝐭+ 𝟏𝟒𝟐𝟎𝟐 ≥
?
𝟎 

⇔ (𝐭 − 𝟑)(𝟏𝟒𝟑𝐭𝟐 + 𝟏𝟕𝟒𝟏(𝐭 − 𝟑) + 𝟒𝟖𝟗) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝟗 − 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒂𝐛

𝐜𝐲𝐜

 

≤
𝟏

𝟑
(∑𝒂

𝐜𝐲𝐜

)

𝟐

⇒ 𝐭𝟐 + 𝟔𝐭 − 𝟐𝟕 ≥ 𝟎 ⇒ (𝐭 + 𝟗)(𝐭 − 𝟑) ≥ 𝟎 ⇒ 𝐭 ≥ 𝟑 ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒂 + 𝟏

𝒂𝟐 + 𝟏𝟎𝒂 + 𝟐𝟏
+

𝐛 + 𝟏

𝐛𝟐 + 𝟏𝟎𝐛+ 𝟐𝟏
+

𝐜 + 𝟏

𝐜𝟐 + 𝟏𝟎𝐜+ 𝟐𝟏
≤
𝟑

𝟏𝟔
  

∀ 𝒂, 𝐛, 𝐜 > 0│2(𝒂 + 𝐛 + 𝐜) + 𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂 = 𝟗,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1505. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0 𝑎𝐧𝐝 (𝒙 + 𝐲)(𝐲 + 𝐳)(𝐳 + 𝒙) = 𝟔𝟒, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
𝒙

(𝐲 + 𝐳)(𝒙 + 𝟐𝐲)𝟐
+

𝐲

(𝐳 + 𝒙)(𝐲 + 𝟐𝐳)𝟐
+

𝐳

(𝒙 + 𝐲)(𝐳 + 𝟐𝒙)𝟐
≥
𝟏

𝟐𝟒
 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝒙

(𝐲 + 𝐳)(𝒙 + 𝟐𝐲)𝟐
+

𝐲

(𝐳 + 𝒙)(𝐲 + 𝟐𝐳)𝟐
+

𝐳

(𝒙 + 𝐲)(𝐳 + 𝟐𝒙)𝟐
 

=
(

𝒙
𝒙 + 𝟐𝐲

)
𝟐

(𝒙𝐲 + 𝐳𝒙)
+
(

𝐲
𝐲 + 𝟐𝐳

)
𝟐

(𝐲𝐳 + 𝒙𝐲)
+
(

𝐳
𝐳 + 𝟐𝒙

)
𝟐

(𝐳𝒙 + 𝐲𝐳)
≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑
𝒙

𝒙 + 𝟐𝐲𝐜𝐲𝐜 )
𝟐

𝟐∑ 𝒙𝐲𝐜𝐲𝐜
=

(∑
𝒙𝟐

𝒙𝟐 + 𝟐𝒙𝐲𝐜𝐲𝐜 )
𝟐

𝟐∑ 𝒙𝐲𝐜𝐲𝐜
 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

(
(∑ 𝒙𝐜𝐲𝐜 )

𝟐

∑ 𝒙𝟐𝐜𝐲𝐜 + 𝟐∑ 𝒙𝐲𝐜𝐲𝐜
)

𝟐

𝟐∑ 𝒙𝐲𝐜𝐲𝐜
=

(
(∑ 𝒙𝐜𝐲𝐜 )

𝟐

(∑ 𝒙𝐜𝐲𝐜 )
𝟐)

𝟐

𝟐∑ 𝒙𝐲𝐜𝐲𝐜
≥
? 𝟏

𝟐𝟒
⇔∑𝒙𝐲

𝐜𝐲𝐜

≤
?
𝟏𝟐 

=
(𝒙+𝐲)(𝐲+𝐳)(𝐳+𝒙) = 𝟔𝟒 𝟏𝟐

𝟏𝟔
. √(𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝟐(𝐳 + 𝒙)𝟐
𝟑
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⇔ 𝟐𝟕∏(𝒙+ 𝐲)𝟐

𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟔𝟒(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟑

 

𝐍𝐨𝐰,(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) ≥
𝐀−𝐆

(𝟑. √𝒙𝐲𝐳
𝟑 )(𝟑. √𝒙𝟐𝐲𝟐𝐳𝟐

𝟑
) = 𝟗𝒙𝐲𝐳 

⇒ 𝟗((∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

)− 𝒙𝐲𝐳) ≥ 𝟖(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) 

⇒ 𝟗∏(𝒙+ 𝐲)

𝐜𝐲𝐜

≥ 𝟖(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) 

⇒ 𝟖𝟏∏(𝒙+ 𝐲)𝟐

𝐜𝐲𝐜

≥ 𝟔𝟒(∑𝒙

𝐜𝐲𝐜

)

𝟐

(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥ 𝟔𝟒(𝟑∑𝒙𝐲

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

 

⇒ 𝟐𝟕∏(𝒙 + 𝐲)𝟐

𝐜𝐲𝐜

≥ 𝟔𝟒(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟑

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒙

(𝐲 + 𝐳)(𝒙 + 𝟐𝐲)𝟐
+

𝐲

(𝐳 + 𝒙)(𝐲 + 𝟐𝐳)𝟐
+

𝐳

(𝒙 + 𝐲)(𝐳 + 𝟐𝒙)𝟐
≥
𝟏

𝟐𝟒
  

∀ 𝒙, 𝐲, 𝐳 > 0│(𝒙 + 𝐲)(𝐲 + 𝐳)(𝐳 + 𝒙) = 𝟔𝟒,′′=′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = 𝟐 (𝐐𝐄𝐃) 
 

1506. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 1 𝑎𝐧𝐝 𝒂 + 𝐛 + 𝐜 = 𝟔, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
𝒂

𝒂𝟐 − 𝒂 + 𝟏
+

𝐛

𝐛𝟐 − 𝐛 + 𝟏
+

𝐜

𝐜𝟐 − 𝐜 + 𝟏
≥ 𝟐 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐋𝐞𝐭 𝒂 − 𝟏 = 𝒙,𝐛 − 𝟏 = 𝐲, 𝐜 − 𝟏 = 𝐳 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑
𝒂

𝒂𝟐 − 𝒂 + 𝟏
𝐜𝐲𝐜

 

= ∑
𝒂

(𝒂 − 𝟏)𝟐 + 𝒂
𝐜𝐲𝐜

=∑
𝒙+ 𝟏

𝒙𝟐 + 𝒙 + 𝟏
𝐜𝐲𝐜

=∑
𝒙+ 𝟏 + 𝒙𝟐 − 𝒙𝟐

𝒙𝟐 + 𝒙+ 𝟏
𝐜𝐲𝐜

 

= 𝟑 −∑
𝒙𝟐

𝒙𝟐 + 𝒙 + 𝟏
𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑 −∑
𝒙𝟐

𝟐𝒙 + 𝒙
𝐜𝐲𝐜

= 𝟑−
𝟏

𝟑
∑𝒙

𝐜𝐲𝐜

= 𝟑 −
𝟏

𝟑
. 𝟑 

 (∵∑𝒙

𝐜𝐲𝐜

=∑(𝒂 − 𝟏)

𝐜𝐲𝐜

=
𝒂 + 𝐛 + 𝐜 = 𝟔

𝟔 − 𝟑 = 𝟑) = 𝟐 

∴
𝒂

𝒂𝟐 − 𝒂 + 𝟏
+

𝐛

𝐛𝟐 − 𝐛 + 𝟏
+

𝐜

𝐜𝟐 − 𝐜 + 𝟏
≥ 𝟐 ∀ 𝒂,𝐛, 𝐜 > 1│∑𝒂

𝐜𝐲𝐜

= 𝟑, 
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′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟐 (𝐐𝐄𝐃) 

1507. 𝐈𝐟 𝒂, 𝐛, 𝐜 >
𝟏

𝟑
 𝒂𝐧𝐝 𝒂 + 𝐛 + 𝐜 = 𝟑, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟏

𝟑𝒂𝟐 − 𝟑𝒂 + 𝟏
+

𝟏

𝟑𝐛𝟐 − 𝟑𝐛 + 𝟏
+

𝟏

𝟑𝐜𝟐 − 𝟑𝐜 + 𝟏
≥ 𝟑 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝟏

𝟑𝒂𝟐 − 𝟑𝒂+ 𝟏
𝐜𝐲𝐜

=∑
𝟑

𝟗𝒂𝟐 − 𝟗𝒂+ 𝟑
𝐜𝐲𝐜

=∑
𝟑

(𝟑𝒂 − 𝟏)𝟐 − (𝟑𝒂 − 𝟏) + 𝟏
𝐜𝐲𝐜

 

= ∑
𝟑

𝒙𝟐 − 𝒙+ 𝟏
𝐜𝐲𝐜

 (𝒙 = 𝟑𝒂 − 𝟏, 𝐲 = 𝟑𝐛− 𝟏, 𝐳 = 𝟑𝐜 − 𝟏 𝒂𝐧𝐝 𝒙, 𝐲, 𝐳 > 0) ≥ 𝟑 

⇔∑(𝐲𝟐 − 𝐲 + 𝟏)(𝐳𝟐 − 𝐳 + 𝟏)

𝐜𝐲𝐜

≥∏(𝒙𝟐 − 𝒙 + 𝟏)

𝐜𝐲𝐜

 

⇔ 𝒙𝐲𝐳∑𝒙𝐲

𝐜𝐲𝐜

+ 𝒙𝐲𝐳 +∑𝒙𝟐

𝐜𝐲𝐜

+ 𝟐 − 𝒙𝟐𝐲𝟐𝐳𝟐 − 𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

−∑𝒙

𝐜𝐲𝐜

≥
(∗)

𝟎 

𝐍𝐨𝐰, ∵∑𝒙

𝐜𝐲𝐜

=∑(𝟑𝒂− 𝟏)

𝐜𝐲𝐜

=
𝒂 + 𝐛 + 𝐜 = 𝟑

𝟔 ∴ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐀−𝐆

 

𝟑(𝒙𝐲𝐳)
𝟓
𝟑 + 𝒙𝐲𝐳 +

𝟏

𝟑
. 𝟑𝟔 + 𝟐 − 𝒙𝟐𝐲𝟐𝐳𝟐 − 𝟔𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

− 𝟔 ≥
?
𝟎 

⇔ 𝟑𝐭𝟓 − 𝟓𝐭𝟑 + 𝟖 − 𝐭𝟔 ≥
?
𝟎 (𝐭 = √𝒙𝐲𝐳

𝟑 ) ⇔ 𝐭𝟔 − 𝟑𝐭𝟓 + 𝟓𝐭𝟑 − 𝟖 ≤
?
𝟎 

⇔ (𝐭 − 𝟐)(𝐭𝟓 − 𝐭𝟒 − 𝟐𝐭𝟑 + 𝐭𝟐 + 𝟐𝐭 + 𝟒) ≤
?
⏟
(∗∗)

𝟎 

𝐍𝐨𝐰, 𝐭𝟒 − 𝐭𝟑 − 𝟐𝐭𝟐 + 𝐭 + 𝟐 = (𝐭𝟒 − 𝟐𝐭𝟐 + 𝟏) − 𝐭(𝐭𝟐 − 𝟏) + 𝟏 

= (𝐭𝟐 − 𝟏)
𝟐
− (𝐭 − 𝟏 + 𝟏)(𝐭𝟐 − 𝟏) + 𝟏 = (𝐭𝟐 − 𝟏)

𝟐
− (𝐭 − 𝟏)𝟐(𝐭 + 𝟏) − 𝐭𝟐 + 𝟐 

= (𝐭 − 𝟏)𝟐(𝐭𝟐 + 𝐭) − 𝐭𝟐 + 𝟐 = 𝐭(𝐭 − 𝟏)𝟐 + 𝐭𝟐(𝐭𝟐 − 𝟐𝐭 + 𝟏) − 𝐭𝟐 + 𝟐 

= 𝐭(𝐭 − 𝟏)𝟐 +
𝟏

𝟏𝟔
(𝟏𝟔𝐭𝟒 − 𝟑𝟐𝐭𝟑 + 𝟑𝟐) 

= 𝐭(𝐭 − 𝟏)𝟐 +
𝟏

𝟏𝟔
((𝟒𝐭𝟐 + 𝟒𝐭 + 𝟑)(𝟐𝐭 − 𝟑)𝟐 + 𝟓) > 0 

⇒ 𝐭𝟒 − 𝐭𝟑 − 𝟐𝐭𝟐 + 𝐭 + 𝟐 > 0 → (𝟏) 

𝐀𝐠𝒂𝐢𝐧, 𝐭 = √𝒙𝐲𝐳
𝟑 ≤

𝐀−𝐆 𝟏

𝟑
∑𝒙

𝐜𝐲𝐜

=
𝟏

𝟑
. 𝟔 ⇒ 𝐭 − 𝟐 ≤ 𝟎 → (𝟐) ∴ (𝟏), (𝟐) ⇒ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) = 

(𝐭 − 𝟐)(𝐭(𝐭𝟒 − 𝐭𝟑 − 𝟐𝐭𝟐 + 𝐭 + 𝟐) + 𝟒) ≤ 𝟎 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝟏

𝟑𝒂𝟐 − 𝟑𝒂+ 𝟏
+

𝟏

𝟑𝐛𝟐 − 𝟑𝐛 + 𝟏
+

𝟏

𝟑𝐜𝟐 − 𝟑𝐜 + 𝟏
≥ 𝟑 ∀ 𝒂,𝐛, 𝐜 >

𝟏

𝟑
│∑𝒂

𝐜𝐲𝐜

= 𝟑, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
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1508. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 2 𝑎𝐧𝐝 𝒂 + 𝐛 + 𝐜 = 𝟗, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
𝟏

𝒂𝟐 − 𝟒𝒂 + 𝟓
+

𝟏

𝐛𝟐 − 𝟒𝐛 + 𝟓
+

𝟏

𝐜𝟐 − 𝟒𝐜 + 𝟓
≥
𝟑

𝟐
 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐋𝐞𝐭 𝒂 − 𝟐 = 𝒙,𝐛 − 𝟐 = 𝐲, 𝐜 − 𝟐 = 𝐳 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶∑
𝟏

𝒂𝟐 − 𝟒𝒂+ 𝟓
𝐜𝐲𝐜

 

= ∑
𝟏

(𝒂 − 𝟐)𝟐 + 𝟏
𝐜𝐲𝐜

=∑
𝟏

𝒙𝟐 + 𝟏
𝐜𝐲𝐜

=∑
𝟏+ 𝒙𝟐 − 𝒙𝟐

𝒙𝟐 + 𝟏
𝐜𝐲𝐜

= 𝟑−∑
𝒙𝟐

𝒙𝟐 + 𝟏
𝐜𝐲𝐜

≥
𝐀−𝐆

 

𝟑 −∑
𝒙𝟐

𝟐𝒙
𝐜𝐲𝐜

= 𝟑 −
𝟏

𝟐
∑𝒙

𝐜𝐲𝐜

= 𝟑 −
𝟏

𝟐
. 𝟑 (∵ ∑𝒙

𝐜𝐲𝐜

=∑(𝒂− 𝟐)

𝐜𝐲𝐜

=
𝒂 + 𝐛 + 𝐜 = 𝟗

𝟗 − 𝟔 = 𝟑) 

=
𝟑

𝟐
∴

𝟏

𝒂𝟐 − 𝟒𝒂+ 𝟓
+

𝟏

𝐛𝟐 − 𝟒𝐛+ 𝟓
+

𝟏

𝐜𝟐 − 𝟒𝐜 + 𝟓
≥
𝟑

𝟐
 ∀ 𝒂,𝐛, 𝐜 > 2│∑𝒂

𝐜𝐲𝐜

= 𝟗, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟑 (𝐐𝐄𝐃) 

1509. 𝐈𝐟 𝒂, 𝐛, 𝐜 >
𝟒

𝟑
 𝒂𝐧𝐝 𝒂 + 𝐛 + 𝐜 = 𝟔, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂

𝒂𝟐 + 𝟏
+

𝐛

𝐛𝟐 + 𝟏
+

𝐜

𝐜𝟐 + 𝟏
≥
𝟔

𝟓
 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝒂

𝒂𝟐 + 𝟏
𝐜𝐲𝐜

=∑
𝟗𝒂

𝟗𝒂𝟐 + 𝟗
𝐜𝐲𝐜

=∑
𝟑(𝟑𝒂 − 𝟒 + 𝟒)

𝟗𝒂𝟐 − 𝟐𝟒𝒂+ 𝟏𝟔 + 𝟐𝟒𝒂− 𝟕
𝐜𝐲𝐜

 

= ∑
𝟑(𝟑𝒂 − 𝟒 + 𝟒)

(𝟑𝒂 − 𝟒)𝟐 + 𝟖(𝟑𝒂− 𝟒) + 𝟐𝟓
𝐜𝐲𝐜

 

= ∑
𝟑(𝒙 + 𝟒)

𝒙𝟐 + 𝟖𝒙+ 𝟐𝟓
𝐜𝐲𝐜

 (𝒙 = 𝟑𝒂 − 𝟒 > 0 𝑎𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) ≥
𝟔

𝟓
 

⇔∑
𝒙+ 𝟒

𝒙𝟐 + 𝟖𝒙+ 𝟐𝟓
𝐜𝐲𝐜

≥
(∗) 𝟐

𝟓
 

𝐍𝐨𝐰,
𝒙 + 𝟒

𝒙𝟐 + 𝟖𝒙+ 𝟐𝟓
≥
? 𝟏𝟐 − 𝒙

𝟕𝟓
⇔ 𝟕𝟓(𝒙+ 𝟒) ≥

?
(𝟏𝟐 − 𝒙)(𝒙𝟐 + 𝟖𝒙+ 𝟐𝟓)  

(∑𝒙

𝐜𝐲𝐜

=∑(𝟑𝒂− 𝟒)

𝐜𝐲𝐜

=
𝒂 + 𝐛 + 𝐜 = 𝟔

𝟔 ⇒ 𝒙 < 6 < 12 ⇒ 12 − 𝑥 > 0) 
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⇔ 𝒙(𝒙 − 𝟐)𝟐 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∴

𝒙 + 𝟒

𝒙𝟐 + 𝟖𝒙+ 𝟐𝟓
≥
𝟏𝟐 − 𝒙

𝟕𝟓
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒∑
𝒙+ 𝟒

𝒙𝟐 + 𝟖𝒙+ 𝟐𝟓
𝐜𝐲𝐜

≥∑
𝟏𝟐− 𝒙

𝟕𝟓
𝐜𝐲𝐜

=
𝟑𝟔−∑ 𝒙𝐜𝐲𝐜

𝟕𝟓
=
𝟑𝟔 − 𝟔

𝟕𝟓
=
𝟐

𝟓
⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒂

𝒂𝟐 + 𝟏
+

𝐛

𝐛𝟐 + 𝟏
+

𝐜

𝐜𝟐 + 𝟏
≥
𝟔

𝟓
 ∀ 𝒂, 𝐛, 𝐜 >

𝟒

𝟑
│∑𝒂

𝐜𝐲𝐜

= 𝟔, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1510. 𝐈𝐟 𝒙, 𝐲 > 0 𝑎𝐧𝐝 𝒙 + 𝐲 + 𝒙𝐲 = 𝟑, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

√𝟗 − 𝒙𝟐 + √𝟗 − 𝐲𝟐 +
𝒙 + 𝐲

𝟒
≤
𝟏 + 𝟖√𝟐

𝟐
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumva Chakraborty-Kolkata-India 
 

𝒙𝐲 = 𝟑 − (𝒙 + 𝐲) ≤
(𝒙 + 𝐲)𝟐

𝟒
⇒ 𝐭𝟐 ≥ 𝟏𝟐− 𝟒𝐭 (𝐭 = 𝒙 + 𝐲) 

⇒ 𝐭𝟐 + 𝟒𝐭 − 𝟏𝟐 ≥ 𝟎 ⇒ (𝐭 + 𝟔)(𝐭 − 𝟐) ≥ 𝟎 ⇒ 𝐭 ≥ 𝟐 → (𝟏) 

𝐍𝐨𝐰,√𝟗 − 𝒙𝟐 +√𝟗 − 𝐲𝟐 ≤
𝐂𝐁𝐒

√𝟐.√𝟏𝟖 − ((𝒙 + 𝐲)𝟐 − 𝟐𝒙𝐲) =
𝒙 + 𝐲 + 𝒙𝐲 = 𝟑

 

√𝟐.√𝟏𝟖− ((𝒙 + 𝐲)𝟐 − 𝟐(𝟑 − (𝒙 + 𝐲))) = √𝟐.√𝟏𝟖 − (𝐭𝟐 − 𝟔+ 𝟐𝐭) 

= √𝟐.√(𝟒 − 𝐭)(𝐭 + 𝟔) = √𝟐.√𝟐(𝟒 − 𝐭). (
𝐭 + 𝟔

𝟐
) ≤
𝐀−𝐆

√𝟐.(
𝟖 − 𝟐𝐭 +

𝐭 + 𝟔
𝟐

𝟐
)  

(𝐧𝐨𝐭𝐞 ∶ 𝟐 ≤
𝐯𝐢𝒂 (𝟏)

𝐭 = 𝟑 − 𝒙𝐲 < 3 < 4) = √𝟐.
𝟐𝟐 − 𝟑𝐭

𝟒
⇒ √𝟗 − 𝒙𝟐 +√𝟗 − 𝐲𝟐 +

𝒙 + 𝐲

𝟒
 

≤ √𝟐.
𝟐𝟐 − 𝟑𝐭

𝟒
+
𝐭

𝟒
=
𝟏𝟏√𝟐

𝟐
−
(𝟑√𝟐 − 𝟏)𝐭

𝟒
≤

𝐯𝐢𝒂 (𝟏) 𝟏𝟏√𝟐

𝟐
−
𝟑√𝟐 − 𝟏

𝟐
 

∴ √𝟗 − 𝒙𝟐 + √𝟗− 𝐲𝟐 +
𝒙+ 𝐲

𝟒
≤
𝟏 + 𝟖√𝟐

𝟐
 ∀ 𝒙, 𝐲 > 0│𝑥 + 𝐲 + 𝒙𝐲 = 𝟑, 

′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝟏 (𝐐𝐄𝐃) 

1511. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟑, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟑

𝐛𝟐 + 𝐜𝟐
+

𝐛𝟑

𝐜𝟐 + 𝒂𝟐
+

𝐜𝟑

𝒂𝟐 + 𝐛𝟐
≥
𝟑

𝟐
 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝒂𝟑

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟑
(∑

𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)  
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(𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒂 ≥ 𝐛 ≥ 𝐜 ⇒
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
≥

𝐛𝟐

𝐜𝟐 + 𝒂𝟐
≥

𝐜𝟐

𝒂𝟐 + 𝐛𝟐
) 

=
𝟏

𝟑
(∑

𝒂𝟒

𝒂𝟐𝐛𝟐 + 𝐜𝟐𝒂𝟐
𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) ≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

𝟑
.
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

𝟐∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜
.∑𝒂

𝐜𝐲𝐜

=
𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟑

 

𝟏

√𝟑
.
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

𝟐∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜
.
∑ 𝒂𝐜𝐲𝐜

√∑ 𝒂𝟐𝐜𝐲𝐜

≥
? 𝟑

𝟐
⇔ (∑𝒂

𝐜𝐲𝐜

)

𝟐

(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

≥
?
⏟
(∗)

𝟐𝟕(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)

𝟐

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝑥 = 𝟐𝒂 
> 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 ⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 
𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲)  

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙, 𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐)𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

 

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟑),∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟑)

 

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒), 

∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) =
𝐯𝐢𝒂 (𝟏),(𝟐) 𝒂𝐧𝐝 (𝟑)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 

⇒ ∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝟓) 

𝐕𝐢𝒂 (𝟏), (𝟒), (𝟓), (∗) ⇔ 𝐬𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟑
≥ 𝟐𝟕𝐫𝟒((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐)

𝟐
 

⇔ 𝐬𝟖 − (𝟐𝟒𝐑𝐫 − 𝟔𝐫𝟐)𝐬𝟔 + 𝐫𝟐(𝟏𝟗𝟐𝐑𝟐 + 𝟗𝟔𝐑𝐫 − 𝟗𝟔𝐫𝟐)𝐬𝟒 

−𝐫𝟑(𝟓𝟏𝟐𝐑𝟑 − 𝟏𝟑𝟒𝟒𝐑𝟐𝐫 − 𝟕𝟔𝟖𝐑𝐫𝟐 − 𝟏𝟎𝟎𝐫𝟑)𝐬𝟐 − 𝟐𝟕𝐫𝟒(𝟒𝐑 + 𝐫)𝟒 ≥
(∗∗)

𝟎 𝒂𝐧𝐝 

∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟒

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟒
 

⇔ (𝟐𝟎𝐑− 𝟏𝟑𝐫)𝐬𝟔 − 𝐫(𝟔𝟕𝟐𝐑𝟐 − 𝟓𝟐𝟖𝐑𝐫 + 𝟏𝟐𝟑𝐫𝟐)𝐬𝟒  

+𝐫𝟐(𝟕𝟗𝟑𝟔𝐑𝟑 − 𝟕𝟎𝟎𝟖𝐑𝟐𝐫 + 𝟐𝟕𝟖𝟒𝐑𝐫𝟐 − 𝟐𝟎𝟎𝐫𝟑)𝐬𝟐 

−𝐫𝟑(𝟑𝟔𝟐𝟐𝟒𝐑𝟒 − 𝟑𝟕𝟓𝟎𝟒𝐑𝟑𝐫 + 𝟐𝟎𝟒𝟗𝟔𝐑𝟐𝐫𝟐 − 𝟑𝟕𝟖𝟒𝐑𝐫𝟑 + 𝟑𝟐𝟔𝐫𝟒) ≥
(∗∗∗)

𝟎 

𝒂𝐧𝐝 ∵ (𝟐𝟎𝐑− 𝟏𝟑𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥ (𝟐𝟎𝐑− 𝟏𝟑𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑
 

⇔ (𝟐𝟖𝟖𝐑𝟐 − 𝟑𝟗𝟔𝐑𝐫 + 𝟕𝟐𝐫𝟐)𝐬𝟒 − 𝐫(𝟕𝟒𝟐𝟒𝐑𝟑 − 𝟏𝟐𝟓𝟕𝟔𝐑𝟐𝐫 + 𝟒𝟗𝟓𝟔𝐑𝐫𝟐 − 𝟕𝟕𝟓𝐫𝟑)𝐬𝟐 

+𝐫𝟐(𝟒𝟓𝟔𝟗𝟔𝐑𝟒 − 𝟗𝟐𝟓𝟒𝟒𝐑𝟑𝐫 + 𝟓𝟑𝟒𝟐𝟒𝐑𝟐𝐫𝟐 − 𝟏𝟒𝟑𝟏𝟔𝐑𝐫𝟑 + 𝟏𝟐𝟗𝟗𝐫𝟒) ≥
(∗∗∗∗)

𝟎 



 
www.ssmrmh.ro 

12 RMM-CYCLIC INEQUALITIES MARATHON 1501-1600 

 

𝒂𝐧𝐝 ∵ (𝟐𝟖𝟖𝐑𝟐 − 𝟑𝟗𝟔𝐑𝐫 + 𝟕𝟐𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 

𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≥ 

(𝟐𝟖𝟖𝐑𝟐 − 𝟑𝟗𝟔𝐑𝐫 + 𝟕𝟐𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟏𝟕𝟗𝟐𝐑𝟑 − 𝟐𝟗𝟕𝟔𝐑𝟐𝐫 + 𝟏𝟑𝟎𝟖𝐑𝐫𝟐 + 𝟓𝟓𝐫𝟑)𝐬𝟐 ≥
(∗∗∗∗∗)

 

𝐫(𝟐𝟖𝟎𝟑𝟐𝐑𝟒 − 𝟓𝟒𝟗𝟏𝟐𝐑𝟑𝐫 + 𝟑𝟓𝟓𝟔𝟖𝐑𝟐𝐫𝟐 − 𝟕𝟏𝟎𝟒𝐑𝐫𝟑 + 𝟓𝟎𝟏𝐫𝟒) 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟕𝟗𝟐𝐑𝟑 − 𝟐𝟗𝟕𝟔𝐑𝟐𝐫 + 𝟏𝟑𝟎𝟖𝐑𝐫𝟐 + 𝟓𝟓𝐫𝟑)(
𝟏𝟔𝐑𝐫
−𝟓𝐫𝟐

) 

≥
?
𝐫(𝟐𝟖𝟎𝟑𝟐𝐑𝟒 − 𝟓𝟒𝟗𝟏𝟐𝐑𝟑𝐫 + 𝟑𝟓𝟓𝟔𝟖𝐑𝟐𝐫𝟐 − 𝟕𝟏𝟎𝟒𝐑𝐫𝟑 + 𝟓𝟎𝟏𝐫𝟒) 

⇔ 𝟏𝟔𝟎𝐭𝟒 − 𝟒𝟏𝟔𝐭𝟑 + 𝟔𝟎𝐭𝟐 + 𝟑𝟔𝟏𝐭 − 𝟏𝟗𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐)(𝟏𝟔𝟎𝐭𝟐 + 𝟐𝟐𝟒𝐭 + 𝟑𝟏𝟔) + 𝟕𝟐𝟗) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (∗∗∗∗∗) ⇒ (∗∗∗∗) ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒂𝟑

𝐛𝟐 + 𝐜𝟐
+

𝐛𝟑

𝐜𝟐 + 𝒂𝟐
+

𝐜𝟑

𝒂𝟐 + 𝐛𝟐
≥
𝟑

𝟐
 ∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟑, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

1512. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂 + 𝐛 + 𝐜 = 𝟑, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
𝒂𝟑

𝟗 − 𝒂𝟐
+

𝐛𝟑

𝟗 − 𝐛𝟐
+

𝐜𝟑

𝟗 − 𝐜𝟐
≥
𝟑

𝟖
 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝒂𝟑

𝟗 − 𝒂𝟐
𝐜𝐲𝐜

=∑
𝒂𝟑

(𝟑 − 𝒂)(𝟑 + 𝒂)
𝐜𝐲𝐜

=
𝒂 + 𝐛 + 𝐜 = 𝟑

∑
𝒂𝟑

(𝐛 + 𝐜)((𝒂 + 𝐛) + (𝐜 + 𝒂))
𝐜𝐲𝐜

 

≥
𝐇𝐨𝐥𝐝𝐞𝐫 (∑ 𝒂𝐜𝐲𝐜 )

𝟑

𝟑∑ ((𝐛 + 𝐜)(𝒂 + 𝐛))𝐜𝐲𝐜 + 𝟑∑ ((𝐛 + 𝐜)(𝐜 + 𝒂))𝐜𝐲𝐜

 

=
(∑ 𝒂𝐜𝐲𝐜 )

𝟑

𝟑(∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟑∑ 𝒂𝐛𝐜𝐲𝐜 ) + 𝟑(∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟑∑ 𝒂𝐛𝐜𝐲𝐜 )
=

(∑ 𝒂𝐜𝐲𝐜 )
𝟑

𝟔((∑ 𝒂𝐜𝐲𝐜 )
𝟐
+∑ 𝒂𝐛𝐜𝐲𝐜 )

 

≥
(∑ 𝒂𝐜𝐲𝐜 )

𝟑

𝟔((∑ 𝒂𝐜𝐲𝐜 )
𝟐
+
(∑ 𝒂𝐜𝐲𝐜 )

𝟐

𝟑
)

=
𝟑

𝟖
∴

𝒂𝟑

𝟗 − 𝒂𝟐
+

𝐛𝟑

𝟗 − 𝐛𝟐
+

𝐜𝟑

𝟗 − 𝐜𝟐
≥
𝟑

𝟖
 

∀ 𝒂, 𝐛, 𝐜 > 0│𝑎 + 𝐛 + 𝐜 = 𝟑,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

1513. 

𝐈𝐟 𝒙, 𝐲, 𝐳 ∈ ℝ 𝒂𝐧𝐝 𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 = 𝟑, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
𝟖(𝟐 − 𝒙)(𝟐 − 𝐲)(𝟐 − 𝐳) ≥ (𝒙 + 𝐲𝐳)(𝐲 + 𝐳𝒙)(𝐳 + 𝒙𝐲) 

 
  Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Soumava Chakraborty-Kolkata-India 
 

𝐂𝒂𝐬𝐞 ∶ 𝐞𝒙𝒂𝐜𝐭𝐥𝐲 𝐭𝐰𝐨 𝒂𝐦𝐨𝐧𝐠 𝒙, 𝐲, 𝐳 𝐞𝐪𝐮𝒂𝒍 𝐳𝐞𝐫𝐨  𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 > 

𝟖(𝟐− √𝟑)
𝟑
 (

∵ 𝒙𝟐, 𝐲𝟐, 𝐳𝟐 < 3

∴ −√𝟑 < 𝑥, 𝐲, 𝐳 < √𝟑
⇒ (𝟐 − 𝒙), (𝟐 − 𝐲), (𝟐 − 𝐳) > 𝟐 − √𝟑) > 0 

= 𝐑𝐇𝐒 

𝐂𝒂𝐬𝐞 ∶ 𝐞𝒙𝒂𝐜𝐭𝐥𝐲 𝐨𝐧𝐞 𝒂𝐦𝐨𝐧𝐠 𝒙, 𝐲, 𝐳 𝐞𝐪𝐮𝒂𝒍𝐬 𝐳𝐞𝐫𝐨  𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒙 = 𝟎 𝒂𝐧𝐝  

𝐬𝐨, 𝐲, 𝐳 ≠ 𝟎 𝐰𝐢𝐭𝐡 𝐲𝟐 + 𝐳𝟐 = 𝟑 𝒂𝐧𝐝 𝐰𝐞 𝒂𝐫𝐞 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟏𝟔(𝟐 − 𝐲)(𝟐 − 𝐳) ≥ 𝐲𝟐𝐳𝟐 → (𝟏) 

𝐒𝐮𝐛 − 𝐜𝒂𝐬𝐞 ∶ 𝐲𝐳 < 0 ∴ {
𝐲 > 0, 𝑧 < 0

𝐨𝐫
𝐲 < 0, 𝑧 > 0

}  𝒂𝐧𝐝 {
∵ 𝐲𝟐, 𝐳𝟐 < 3

∴ −√𝟑 < 𝐲, 𝐳 < √𝟑
} ∴ 𝐋𝐇𝐒 𝐨𝐟 (𝟏) > 

𝟑𝟐(𝟐 − √𝟑) (∵ 𝐦𝐢𝐧{(𝟐 − 𝐲), (𝟐 − 𝐳)} > 2 − √𝟑 𝒂𝐧𝐝 𝐦𝒂𝒙{(𝟐− 𝐲), (𝟐 − 𝐳)} > 𝟐) 

≈ 𝟖. 𝟓𝟕𝟒𝟑𝟕𝟒 >
𝟗

𝟒
≥ 𝐲𝟐𝐳𝟐  (∵ 𝟑 = |𝐲|𝟐 + |𝐳|𝟐 ≥

𝐀−𝐆
𝟐|𝐲𝐳| ⇒ |𝐲𝐳| ≤

𝟑

𝟐
) 

⇒ (𝟏) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐒𝐮𝐛 − 𝐜𝒂𝐬𝐞 ∶ 𝐲𝐳 > 𝟎  𝒂𝐧𝐝 (𝟏) ⇔ 𝟔𝟒− 𝟑𝟐(𝐲 + 𝐳) + 𝟏𝟔𝐲𝐳 ≥ 𝐲𝟐𝐳𝟐  

⇔ 𝟔𝟒+ 𝐲𝐳(𝟏𝟔 − 𝐲𝐳) ≥ 𝟑𝟐(𝐲 + 𝐳) → (𝒂) 

𝐍𝐨𝐰, 𝟎 < 𝑦𝑧 = |𝐲𝐳| ≤
𝟑

𝟐
< 16 ∴ 𝐲𝐳(𝟏𝟔 − 𝐲𝐳) > 0 ⇒ 𝐋𝐇𝐒 𝐨𝐟 (𝐢) > 64 𝑎𝐧𝐝 𝐢𝐟  

𝐲 + 𝐳 < 0, 𝑡ℎ𝑒𝑛 (𝒂) 𝐢𝐬 𝐝𝐞𝐟𝐢𝐧𝐢𝐭𝐞𝐥𝐲 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐬𝐨,𝐰𝐞 𝐟𝐨𝐜𝐮𝐬 𝐨𝐧 ∶  𝐲 + 𝐳 > 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

(𝒂) ⇔
𝐲𝟐 + 𝐳𝟐  = 𝟑

(𝟔𝟒 + 𝐭(𝟏𝟔 − 𝐭))
𝟐
≥ 𝟏𝟎𝟐𝟒(𝟑+ 𝟐𝐭) (𝐭 = 𝐲𝐳) ⇔ 

𝐭𝟒 − 𝟑𝟐𝐭𝟑 + 𝟏𝟐𝟖𝐭𝟐 + 𝟏𝟎𝟐𝟒 ≥ 𝟎 ⇔ (𝐭 − 𝟔)(𝐭𝟑 − 𝟐𝟔𝐭𝟐 − 𝟐𝟖𝐭− 𝟏𝟔𝟖) + 𝟏𝟔 ≥ 𝟎 𝒂𝐧𝐝 

∵ 𝐭 ≤
𝟑

𝟐
< 6 ∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐭𝟑 − 𝟐𝟔𝐭𝟐 − 𝟐𝟖𝐭− 𝟏𝟔𝟖 < 0 

⇔ 𝟒𝐭𝟑 − 𝟏𝟎𝟒𝐭𝟐 − 𝟏𝟏𝟐𝐭 − 𝟔𝟕𝟐 < 0 ⇔ (𝐭 − 𝟐𝟑)(𝟐𝐭 − 𝟑)𝟐 − 𝟑𝟗𝟕𝐭− 𝟒𝟔𝟓 < 0 → 𝑡𝑟𝑢𝑒 

∵ 𝟎 < 𝑡 ≤
𝟑

𝟐
< 23 ⇒ (𝒂) ⇒ (𝟏) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐖𝐞 𝐧𝐨𝐰 𝐟𝐨𝐜𝐮𝐬 𝐨𝐧 𝐭𝐡𝐞 𝐜𝒂𝐬𝐞𝐬 𝐰𝐡𝐞𝐧 𝐧𝐨𝐧𝐞 𝐨𝐟 𝒙, 𝐲, 𝐳 𝐞𝐪𝐮𝒂𝒍𝐬 𝐳𝐞𝐫𝐨 

𝐂𝒂𝐬𝐞 ∶ 𝒙, 𝐲, 𝐳 < 0  𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝟖(𝟐 − 𝒙)(𝟐 − 𝐲)(𝟐 − 𝐳) > 8(𝟐𝟑) = 𝟔𝟒 → (𝟐) 

𝒂𝐧𝐝 (𝒙 + 𝐲𝐳)(𝐲 + 𝐳𝒙)(𝐳 + 𝒙𝐲) = 𝒙𝐲𝐳 + 𝒙𝟐𝐲𝟐𝐳𝟐 + 𝒙𝐲𝐳∑𝒙𝟐

𝐜𝐲𝐜

+∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

 

=
𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 = 𝟑

𝟒𝒙𝐲𝐳 + 𝒙𝟐𝐲𝟐𝐳𝟐 +∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

≤ 𝟒𝒙𝐲𝐳+ 𝒙𝟐𝐲𝟐𝐳𝟐 +
𝟏

𝟑
(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟐

 

<

𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 = 𝟑
𝒂𝐧𝐝

∵ 𝒙𝐲𝐳 < 0

𝒙𝟐𝐲𝟐𝐳𝟐 + 𝟑 ≤ 𝟏 + 𝟑  

(∵ 𝟑 = |𝒙|𝟐 + |𝐲|𝟐 + |𝐳|𝟐 ≥
𝐀−𝐆

𝟑√|𝒙𝐲𝐳|𝟐
𝟑

⇒ |𝒙𝐲𝐳|𝟐 = 𝒙𝟐𝐲𝟐𝐳𝟐 ≤ 𝟏) = 𝟒 < 64 

<
𝐯𝐢𝒂 (𝟐)

𝟖(𝟐 − 𝒙)(𝟐 − 𝐲)(𝟐 − 𝐳) 
∴ 𝟖(𝟐 − 𝒙)(𝟐 − 𝐲)(𝟐 − 𝐳) > (𝒙 + 𝐲𝐳)(𝐲 + 𝐳𝒙)(𝐳 + 𝒙𝐲) 

𝐂𝒂𝐬𝐞 ∶ 𝐞𝒙𝒂𝐜𝐭𝐥𝐲 𝐭𝐰𝐨 𝒂𝐦𝐨𝐧𝐠 𝒙, 𝐲, 𝐳 < 0  𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐲, 𝐳 < 0 𝑎𝐧𝐝 ∵ 

𝟎 < 𝑥 < √𝟑 ∴ 𝟖(𝟐 − 𝒙)(𝟐 − 𝐲)(𝟐 − 𝐳) > 8(𝟐 − √𝟑)(𝟐𝟐) = 𝟑𝟐(𝟐 − √𝟑) → (𝟑) 
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𝒂𝐧𝐝 (𝒙 + 𝐲𝐳)(𝐲 + 𝐳𝒙)(𝐳 + 𝒙𝐲) = 𝟒𝒙𝐲𝐳 + 𝒙𝟐𝐲𝟐𝐳𝟐 +∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

≤ 

𝟒𝒙𝐲𝐳+ 𝒙𝟐𝐲𝟐𝐳𝟐 +
𝟏

𝟑
(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟐

≤
𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 = 𝟑

𝟒𝒙𝐲𝐳 + 𝒙𝟐𝐲𝟐𝐳𝟐 + 𝟑 ≤
𝒙𝟐𝐲𝟐𝐳𝟐 ≤ 𝟏

 

𝟒 + 𝟏 + 𝟑 (
∵ 𝒙𝐲𝐳 > 0 ∴ 𝒙𝟐𝐲𝟐𝐳𝟐 ≤ 𝟏

⇒ 𝒙𝐲𝐳 ≤ 𝟏
) ⇒ (𝒙 + 𝐲𝐳)(𝐲 + 𝐳𝒙)(𝐳 + 𝒙𝐲) < 8 → (𝟒) 

∴ (𝟑), (𝟒) ⇒ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟑𝟐(𝟐 − √𝟑) > 8 ⇔ 7 > 4√𝟑 ⇔ 𝟒𝟗 > 48 

∴ 𝟖(𝟐 − 𝒙)(𝟐 − 𝐲)(𝟐 − 𝐳) > (𝒙 + 𝐲𝐳)(𝐲 + 𝐳𝒙)(𝐳 + 𝒙𝐲) 

𝐂𝒂𝐬𝐞 ∶ 𝐞𝒙𝒂𝐜𝐭𝐥𝐲 𝐨𝐧𝐞 𝒂𝐦𝐨𝐧𝐠 𝒙, 𝐲, 𝐳 < 0  𝒂𝐧𝐝 𝐋𝐇𝐒 = 𝟖(𝟖 − 𝒙𝐲𝐳 + 𝟐∑𝒙𝐲

𝐜𝐲𝐜

− 𝟒∑𝒙

𝐜𝐲𝐜

) 

=
𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐  = 𝟑

𝟖(𝟓 + (∑𝒙𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒙𝐲

𝐜𝐲𝐜

)− 𝒙𝐲𝐳 − 𝟒∑𝒙

𝐜𝐲𝐜

) 

= 𝟖((∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟒∑𝒙

𝐜𝐲𝐜

+ 𝟒 + 𝟏 − 𝒙𝐲𝐳) = 𝟖(∑𝒙

𝐜𝐲𝐜

− 𝟐)

𝟐

+ 𝟖 − 𝟖𝒙𝐲𝐳 >
𝒙𝐲𝐳 < 0

𝟖 

∴ 𝐋𝐇𝐒 > 8 → (𝟓) 𝒂𝐧𝐝 (𝒙 + 𝐲𝐳)(𝐲 + 𝐳𝒙)(𝐳 + 𝒙𝐲) ≤ 𝟒𝒙𝐲𝐳 + 𝒙𝟐𝐲𝟐𝐳𝟐 + 𝟑 ≤

𝒙𝟐𝐲𝟐𝐳𝟐  ≤ 𝟏
𝒂𝐧𝐝

𝒙𝐲𝐳 < 0

𝟒 

< 8 <
𝐯𝐢𝒂 (𝟓)

𝐋𝐇𝐒 ∴ 𝟖(𝟐 − 𝒙)(𝟐 − 𝐲)(𝟐 − 𝐳) > (𝒙 + 𝐲𝐳)(𝐲 + 𝐳𝒙)(𝐳 + 𝒙𝐲) 

𝐂𝒂𝐬𝐞 ∶ 𝒙, 𝐲, 𝐳 > 𝟎  𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝟖(𝟐 − 𝒙)(𝟐 − 𝐲)(𝟐 − 𝐳) ≥ (𝒙 + 𝐲𝐳)(𝐲 + 𝐳𝒙)(𝐳 + 𝒙𝐲) 

⇔ 𝟔𝟒 + 𝟏𝟔∑𝒙𝐲

𝐜𝐲𝐜

− 𝟑𝟐∑𝒙

𝐜𝐲𝐜

≥ 𝟏𝟐𝒙𝐲𝐳 + 𝒙𝟐𝐲𝟐𝐳𝟐 +∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

 

⇔
𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 = 𝟑 𝟔𝟒

𝟑
∑𝒙𝟐

𝐜𝐲𝐜

+ +𝟏𝟔∑𝒙𝐲

𝐜𝐲𝐜

≥ 

𝟏𝟐√𝟑𝒙𝐲𝐳

√∑ 𝒙𝟐𝐜𝐲𝐜

+

𝟑𝟐(∑ 𝒙𝐜𝐲𝐜 ).√∑ 𝒙𝟐𝐜𝐲𝐜

√𝟑
+
𝟗𝒙𝟐𝐲𝟐𝐳𝟐

(∑ 𝒙𝟐𝐜𝐲𝐜 )
𝟐 +

𝟑∑ 𝒙𝟐𝐲𝟐𝐜𝐲𝐜

∑ 𝒙𝟐𝐜𝐲𝐜
 

⇔
𝟔𝟒∑ 𝒙𝟐𝐜𝐲𝐜 + 𝟒𝟖∑ 𝒙𝐲𝐜𝐲𝐜

𝟑
−
𝟗𝒙𝟐𝐲𝟐𝐳𝟐 + 𝟑(∑ 𝒙𝟐𝐜𝐲𝐜 )(∑ 𝒙𝟐𝐲𝟐𝐜𝐲𝐜 )

(∑ 𝒙𝟐𝐜𝐲𝐜 )
𝟐  

≥
𝟑𝟔𝒙𝐲𝐳 + 𝟑𝟐(∑ 𝒙𝐜𝐲𝐜 )(∑ 𝒙𝟐𝐜𝐲𝐜 )

√𝟑∑ 𝒙𝟐𝐜𝐲𝐜

 

⇔
((𝟔𝟒∑ 𝒙𝟐𝐜𝐲𝐜 + 𝟒𝟖∑ 𝒙𝐲𝐜𝐲𝐜 )(∑ 𝒙𝟐𝐜𝐲𝐜 )

𝟐
− 𝟐𝟕𝒙𝟐𝐲𝟐𝐳𝟐 − 𝟗(∑ 𝒙𝟐𝐜𝐲𝐜 )(∑ 𝒙𝟐𝐲𝟐𝐜𝐲𝐜 ))

𝟐

𝟗(∑ 𝒙𝟐𝐜𝐲𝐜 )
𝟒  



 
www.ssmrmh.ro 

15 RMM-CYCLIC INEQUALITIES MARATHON 1501-1600 

 

≥
(∗) (𝟑𝟔𝒙𝐲𝐳+ 𝟑𝟐(∑ 𝒙𝐜𝐲𝐜 )(∑ 𝒙𝟐𝐜𝐲𝐜 ))

𝟐

𝟑∑ 𝒙𝟐𝐜𝐲𝐜
 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝐗, 𝐳 + 𝒙 = 𝐘, 𝒙 + 𝐲 = 𝐙 ⇒ 𝐗+ 𝐘− 𝐙 = 𝟐𝐳 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒙 
> 𝟎 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐲 > 0 ⇒ 𝑋 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑋, 𝑍 + 𝑋 > 𝑌 ⇒ 𝑋, 𝑌, 𝑍 𝑓𝑜𝑟𝑚  

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝐗

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬 → (⦁) 

⇒ 𝒙 = 𝐬 − 𝐗, 𝐲 = 𝐬 − 𝐘, 𝐳 = 𝐬 − 𝐙 ∴ 𝒙𝐲𝐳 = 𝐫𝟐𝐬 → (⦁⦁) 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 

 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝐗)(𝐬 − 𝐘)

𝐜𝐲𝐜

⇒∑𝒙𝐲

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (⦁⦁⦁) 

𝒂𝐧𝐝 ∑𝒙𝟐

𝐜𝐲𝐜

= (∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒙𝐲

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (⦁) 𝒂𝐧𝐝 (⦁⦁⦁)

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) 

⇒∑𝒙𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (⦁⦁⦁⦁) 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨,∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

 

= (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) =
𝐯𝐢𝒂 (⦁),(⦁⦁) 𝒂𝐧𝐝 (⦁⦁⦁)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 ⇒∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

 

= 𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) → (⦁⦁⦁⦁⦁) ∴ (⦁), (⦁⦁), (⦁⦁⦁), (⦁⦁⦁⦁) 𝒂𝐧𝐝 (⦁⦁⦁⦁⦁) ⇒ (∗) ⇔ 

(
(𝟔𝟒(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) + 𝟒𝟖(𝟒𝐑𝐫 + 𝐫𝟐)) (𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝟐
− 𝟐𝟕𝐫𝟒𝐬𝟐

−𝟗(𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐) (𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐))
)

𝟐

𝟗(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)𝟒
 

≥
(𝟑𝟔𝐫𝟐𝐬 + 𝟑𝟐𝐬(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐))

𝟐

𝟑(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
 

⇔ 𝟐𝟓𝟔𝐬𝟏𝟐 − (𝟏𝟐𝟐𝟖𝟖𝐑𝐫 + 𝟒𝟐𝟐𝟒𝐫𝟐)𝐬𝟏𝟎 + 𝐫𝟐(𝟐𝟓𝟎𝟑𝟔𝟖𝐑𝟐 + 𝟏𝟔𝟑𝟕𝟕𝟔𝐑𝐫 + 𝟐𝟑𝟓𝟒𝟏𝐫𝟐)𝐬𝟖 

−𝐫𝟑(𝟐𝟕𝟖𝟐𝟕𝟐𝟎𝐑𝟑 + 𝟐𝟓𝟕𝟐𝟏𝟕𝟔𝐑𝟐𝐫 + 𝟕𝟐𝟒𝟏𝟓𝟐𝐑𝐫𝟐 + 𝟔𝟒𝟎𝟎𝟎𝐫𝟑)𝐬𝟔 

𝐫𝟒(𝟏𝟕𝟖𝟑𝟓𝟎𝟕𝟐𝐑𝟒 + 𝟐𝟎𝟓𝟒𝟔𝟖𝟖𝟎𝐑𝟑𝐫 + 𝟖𝟒𝟏𝟖𝟎𝟗𝟔𝐑𝟐𝐫𝟐 + 𝟏𝟒𝟕𝟑𝟏𝟒𝟒𝐑𝐫𝟑 + 𝟗𝟑𝟕𝟏𝟒𝐫𝟒)𝐬𝟒 

−𝐫𝟓 (𝟔𝟐𝟓𝟎𝟓𝟗𝟖𝟒𝐑
𝟓 + 𝟖𝟑𝟖𝟏𝟖𝟕𝟓𝟐𝐑𝟒𝐫 + 𝟒𝟑𝟗𝟗𝟑𝟗𝟐𝟎𝐑𝟑𝐫𝟐

+𝟏𝟏𝟑𝟐𝟗𝟗𝟔𝟖𝐑𝟐𝐫𝟑 + 𝟏𝟒𝟑𝟑𝟗𝟕𝟔𝐑𝐫𝟒 + 𝟕𝟏𝟒𝟎𝟎𝐫𝟓
)𝐬𝟐 

+𝐫𝟔 ( 𝟗𝟑𝟑𝟗𝟐𝟖𝟗𝟔𝐑𝟔 + 𝟏𝟒𝟎𝟎𝟖𝟗𝟑𝟒𝟒𝐑𝟓𝐫 + 𝟖𝟕𝟓𝟓𝟓𝟖𝟒𝟎𝐑𝟒𝐫𝟐

+𝟐𝟗𝟏𝟖𝟓𝟐𝟖𝟎𝐑𝟑𝐫𝟑 + 𝟓𝟒𝟕𝟐𝟐𝟒𝟎𝐑𝟐𝐫𝟒 + 𝟓𝟒𝟕𝟐𝟐𝟒𝐑𝐫𝟓 + 𝟐𝟐𝟖𝟎𝟏𝐫𝟔
) ≥
(∗∗)

𝟎 

𝐍𝐨𝐰, 𝟔𝟖𝟖𝟕𝟔𝟖𝐭𝟑 − 𝟏𝟗𝟕𝟕𝟖𝟐𝟖𝐭𝟐 + 𝟏𝟖𝟑𝟒𝟑𝟑𝟖𝐭− 𝟓𝟓𝟕𝟕𝟎𝟓 (𝐭 =
𝐑

𝐫
) 

= (𝐭 − 𝟐)(𝟔𝟖𝟖𝟕𝟔𝟖𝐭𝟐 − 𝟔𝟎𝟎𝟐𝟗𝟐𝐭 + 𝟔𝟑𝟑𝟕𝟓𝟒) + 𝟕𝟎𝟗𝟖𝟎𝟑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟕𝟎𝟗𝟖𝟎𝟑 > 0, 

𝟏𝟎𝟕𝟑𝟐𝟐𝟎𝐭𝟒 − 𝟒𝟏𝟎𝟔𝟏𝟕𝟐𝐭𝟑 + 𝟓𝟔𝟖𝟑𝟐𝟔𝟔𝐭𝟐 − 𝟑𝟒𝟐𝟔𝟎𝟗𝟔𝐭 + 𝟕𝟔𝟔𝟓𝟓𝟒 

= (𝐭 − 𝟐) (𝟏𝟎𝟕𝟑𝟐𝟐𝟎𝐭
𝟑 − 𝟏𝟗𝟓𝟗𝟕𝟑𝟐𝐭𝟐

+𝟏𝟕𝟔𝟑𝟖𝟎𝟐𝐭+ 𝟏𝟎𝟏𝟓𝟎𝟖 
) + 𝟗𝟔𝟗𝟓𝟕𝟎 ≥

𝐄𝐮𝐥𝐞𝐫
𝟗𝟔𝟗𝟓𝟕𝟎 > 0 𝑎𝐧𝐝 

𝟑𝟓𝟕𝟒𝟖𝟒𝟖𝐭𝟓 − 𝟏𝟕𝟏𝟒𝟐𝟒𝟓𝟔𝐭𝟒 + 𝟑𝟏𝟓𝟖𝟎𝟓𝟖𝟎𝐭𝟑 − 𝟐𝟖𝟒𝟎𝟔𝟐𝟐𝟎𝐭𝟐 + 𝟏𝟐𝟔𝟎𝟔𝟗𝟐𝟕𝐭 

−𝟐𝟐𝟐𝟑𝟔𝟗𝟎 = (𝐭 − 𝟐)(
(𝐭 − 𝟐) (𝟑𝟓𝟕𝟒𝟖𝟒𝟖𝐭

𝟑 − 𝟐𝟖𝟒𝟑𝟎𝟔𝟒𝐭𝟐

+𝟓𝟗𝟎𝟖𝟗𝟑𝟐𝐭 + 𝟔𝟔𝟎𝟏𝟕𝟔𝟒
)

+𝟏𝟓𝟑𝟕𝟖𝟐𝟓𝟓

)+ 𝟐𝟏𝟐𝟓𝟕𝟔𝟒 
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≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟏𝟐𝟓𝟕𝟔𝟒 > 0 ∴ 𝐏 = 𝟐𝟓𝟔(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟔

 

+(𝟏𝟐𝟐𝟖𝟖𝐑𝐫 − 𝟏𝟏𝟗𝟎𝟒𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟓

 

+𝐫𝟐(𝟐𝟓𝟎𝟑𝟔𝟖𝐑𝟐 − 𝟒𝟖𝟏𝟑𝟒𝟒𝐑𝐫 + 𝟐𝟐𝟓𝟏𝟒𝟏𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟒

 

+𝟒𝐫𝟑(𝟔𝟖𝟖𝟕𝟔𝟖𝐑𝟑 − 𝟏𝟗𝟕𝟕𝟖𝟐𝟖𝐑𝟐𝐫 + 𝟏𝟖𝟑𝟒𝟑𝟑𝟖𝐑𝐫𝟐 − 𝟓𝟓𝟕𝟕𝟎𝟓𝐫𝟑)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

 

+𝟏𝟔𝐫𝟒 (𝟏𝟎𝟕𝟑𝟐𝟐𝟎𝐑
𝟒 − 𝟒𝟏𝟎𝟔𝟏𝟕𝟐𝐑𝟑𝐫 + 𝟓𝟔𝟖𝟑𝟐𝟔𝟔𝐑𝟐𝐫𝟐

−𝟑𝟒𝟐𝟔𝟎𝟗𝟔𝐑𝐫𝟑 + 𝟕𝟔𝟔𝟓𝟓𝟒𝐫𝟒
)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)

𝟐
+ 

𝟏𝟔𝐫𝟓 ( 𝟑𝟓𝟕𝟒𝟖𝟒𝟖𝐑
𝟓 − 𝟏𝟕𝟏𝟒𝟐𝟒𝟓𝟔𝐑𝟒𝐫 + 𝟑𝟏𝟓𝟖𝟎𝟓𝟖𝟎𝐑𝟑𝐫𝟐

−𝟐𝟖𝟒𝟎𝟔𝟐𝟐𝟎𝐑𝟐𝐫𝟑 + 𝟏𝟐𝟔𝟎𝟔𝟗𝟐𝟕𝐑𝐫𝟒 − 𝟐𝟐𝟐𝟑𝟔𝟗𝟎𝐫𝟓
)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ 𝐏  

⇔ 𝟐𝟒𝟕𝟔𝟏𝟔𝟎𝐭𝟔 − 𝟏𝟒𝟑𝟑𝟎𝟗𝟕𝟔𝐭𝟓 + 𝟑𝟑𝟎𝟒𝟓𝟑𝟑𝟎𝐭𝟒 − 𝟑𝟗𝟓𝟒𝟔𝟎𝟗𝟐𝐭𝟑 
+𝟐𝟔𝟏𝟗𝟐𝟎𝟏𝟗𝐭𝟐 − 𝟗𝟏𝟔𝟗𝟗𝟗𝟖𝐭 + 𝟏𝟑𝟑𝟐𝟑𝟔𝟖 ≥ 𝟎 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐) (𝟐𝟔𝟐𝟗𝟗𝟐𝐭
𝟒 + 𝟐𝟐𝟏𝟑𝟏𝟔𝟖𝐭𝟑(𝐭 − 𝟐) + 𝟓𝟒𝟑𝟓𝟑𝟒𝟔𝐭𝟐

−𝟗𝟗𝟑𝟔𝟒𝐭 + 𝟒𝟎𝟓𝟑𝟏𝟕𝟗
) + 𝟕𝟒𝟒𝟎𝟏𝟕𝟒) 

≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
∴ 𝟖(𝟐 − 𝒙)(𝟐 − 𝐲)(𝟐 − 𝐳) ≥ (𝒙 + 𝐲𝐳)(𝐲 + 𝐳𝒙)(𝐳+ 𝒙𝐲) ∀ 𝒙, 𝐲, 𝐳 > 0  

𝒂𝐧𝐝 𝐬𝐨, 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 𝟖(𝟐 − 𝒙)(𝟐 − 𝐲)(𝟐 − 𝐳) ≥ (𝒙 + 𝐲𝐳)(𝐲 + 𝐳𝒙)(𝐳+ 𝒙𝐲) 

∀ 𝒙, 𝐲, 𝐳 ∈ ℝ│𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 = 𝟑,′′=′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = 𝟏 (𝐐𝐄𝐃) 

1514. 
𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎 𝒂𝐧𝐝 𝒂𝐛𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝐛√𝐛(𝐛𝟓 + 𝐜𝟓) + 𝒂√𝒂(𝒂𝟓 + 𝐜𝟓)

√𝐜(𝒂 + 𝐛)
+
𝐛√𝐛(𝒂𝟓 + 𝐛𝟓) + 𝐜√𝐜(𝒂𝟓 + 𝐜𝟓)

√𝒂(𝐛 + 𝐜)
 

+
𝒂√𝒂(𝒂𝟓 + 𝐛𝟓) + 𝐜√𝐜(𝐛𝟓 + 𝐜𝟓)

√𝐛(𝒂 + 𝐜)
≥ 𝟔 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐋𝐇𝐒 = (𝐛𝟓 + 𝐜𝟓) (
𝐛√𝐛

√𝐜(𝒂 + 𝐛)
+

𝐜√𝐜

√𝐛(𝐜 + 𝒂)
) 

+(𝐜𝟓 + 𝒂𝟓)(
𝒂√𝒂

√𝐜(𝒂 + 𝐛)
+

𝐜√𝐜

√𝒂(𝐛 + 𝐜)
) + (𝒂𝟓 + 𝐛𝟓) (

𝐛√𝐛

√𝒂(𝐛 + 𝐜)
+

𝒂√𝒂

√𝐛(𝒂 + 𝐜)
) → (𝟏) 

𝐍𝐨𝐰,
𝐛√𝐛

√𝐜(𝒂 + 𝐛)
+

𝐜√𝐜

√𝐛(𝐜 + 𝒂)
=

𝐛𝟐

√𝐛𝐜(𝒂 + 𝐛)
+

𝐜𝟐

√𝐛𝐜(𝐜 + 𝒂)
 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (𝐛 + 𝐜)𝟐

√𝐛𝐜((𝐜 + 𝒂) + (𝒂 + 𝐛))
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 → (𝟐) ∴ (𝟏) 𝒂𝐧𝐝 (𝟐) ⇒ 

𝐋𝐇𝐒 ≥∑((𝐛𝟓 + 𝐜𝟓).
(𝐛 + 𝐜)𝟐

√𝐛𝐜((𝐜 + 𝒂) + (𝒂 + 𝐛))
)

𝐜𝐲𝐜

≥
𝐀−𝐆
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𝟑. √(∏(𝐛𝟓 + 𝐜𝟓)

𝐜𝐲𝐜

)
∏ (𝐛 + 𝐜)𝟐𝐜𝐲𝐜

𝒂𝐛𝐜∏ ((𝐜 + 𝒂) + (𝒂 + 𝐛))𝐜𝐲𝐜

𝟑

 

≥
𝐂𝐞𝐬𝒂𝐫𝐨

𝟑. √𝟖(𝒂𝐛𝐜)𝟓.
∏ (𝐛 + 𝐜)𝟐𝐜𝐲𝐜

𝒂𝐛𝐜∏ ((𝐜 + 𝒂) + (𝒂 + 𝐛))𝐜𝐲𝐜

𝟑

 

=
𝒂𝐛𝐜 = 𝟏

𝟔. √
∏ (𝐛 + 𝐜)𝟐𝐜𝐲𝐜

𝒂𝐛𝐜∏ ((𝐜 + 𝒂) + (𝒂 + 𝐛))𝐜𝐲𝐜

𝟑

≥
?
𝟔 

⇔∏(𝒂+ 𝐛)𝟐

𝐜𝐲𝐜

≥
?
⏟
(∗)

𝒂𝐛𝐜∏((𝐜 + 𝒂) + (𝒂 + 𝐛))

𝐜𝐲𝐜

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝑥 = 𝟐𝒂  
> 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 ⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 
𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲)   

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 ⇒ 𝒂 = 𝐬 − 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

∴ 𝒂𝐛𝐜 = (𝐬 − 𝒙)(𝐬 − 𝐲)(𝐬 − 𝐳) ⇒ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 𝒂𝐧𝐝 𝐯𝐢𝒂 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬, (∗) ⇔ 
𝒙𝟐𝐲𝟐𝐳𝟐 ≥ 𝐫𝟐𝐬(𝒙+ 𝐲)(𝐲 + 𝐳)(𝐳 + 𝒙) ⇔ 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐 ≥ 𝐫𝟐𝐬. 𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) 

⇔ 𝐬𝟐 ≤ 𝟖𝐑𝟐 − 𝟐𝐑𝐫 − 𝐫𝟐⇔ 𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐 − 𝟐(𝟐𝐑+ 𝐫)(𝐑 − 𝟐𝐫) ≤ 𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 𝒂𝐧𝐝 − 𝟐(𝟐𝐑+ 𝐫)(𝐑 − 𝟐𝐫) ≤
𝐄𝐮𝐥𝐞𝐫

𝟎 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝐛√𝐛(𝐛𝟓 + 𝐜𝟓) + 𝒂√𝒂(𝒂𝟓 + 𝐜𝟓)

√𝐜(𝒂 + 𝐛)
+
𝐛√𝐛(𝒂𝟓 + 𝐛𝟓) + 𝐜√𝐜(𝒂𝟓 + 𝐜𝟓)

√𝒂(𝐛 + 𝐜)
 

+
𝒂√𝒂(𝒂𝟓 + 𝐛𝟓) + 𝐜√𝐜(𝐛𝟓 + 𝐜𝟓)

√𝐛(𝒂 + 𝐜)
≥ 𝟔 ∀ 𝒂,𝐛, 𝐜 > 0│𝑎𝐛𝐜 = 𝟏, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1515. 

𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝒂𝐛𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

√𝒂𝟑 + 𝐛𝟑 (√𝐛
𝟑
. √𝐛𝟓 + 𝐜𝟓
𝟒

+ √𝒂
𝟑 . √𝐜𝟓 + 𝒂𝟓

𝟒
)

√𝐛𝐜
𝟑

. √𝐛𝟑 + 𝐜𝟑 + √𝒂𝐜
𝟑 . √𝐜𝟑 + 𝒂𝟑

 

+
√𝐛𝟑 + 𝐜𝟑 (√𝐛

𝟑
. √𝒂𝟓 + 𝐛𝟓
𝟒

+ √𝐜
𝟑 . √𝐜𝟓 + 𝒂𝟓

𝟒
)

√𝒂𝐛
𝟑

. √𝒂𝟑 + 𝐛𝟑 + √𝒂𝐜
𝟑 . √𝐜𝟑 + 𝒂𝟑

 

+
√𝐜𝟑 + 𝒂𝟑 (√𝒂

𝟑 . √𝒂𝟓 + 𝐛𝟓
𝟒

+ √𝐜
𝟑 . √𝐛𝟓 + 𝐜𝟓

𝟒
)

√𝒂𝐛
𝟑

. √𝒂𝟑 + 𝐛𝟑 + √𝐛𝐜
𝟑

. √𝐛𝟑 + 𝐜𝟑
≥ 𝟑. √𝟐

𝟒
 

  Proposed by Zaza Mzhavanadze-Georgia 
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Solution by Soumava Chakraborty-Kolkata-India 
 

∀ 𝐀, 𝐁, 𝐂 > 0, (𝐀 + 𝐁), (𝐁 + 𝐂), (𝐂 + 𝐀) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞  
 (∵ (𝐀 + 𝐁) + (𝐁 + 𝐂) > (𝐂 + 𝐀) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) 

⇒ √𝐀 + 𝐁,√𝐁 + 𝐂, √𝐂 + 𝐀 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 

𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝟏𝟔𝐅𝟐 = 𝟐∑(𝐀+ 𝐁)(𝐁 + 𝐂)

𝐜𝐲𝐜

−∑(𝐀+ 𝐁)𝟐

𝐜𝐲𝐜

 

= 𝟐∑(∑𝐀𝐁

𝐜𝐲𝐜

+𝐁𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

 

= 𝟔∑𝐀𝐁

𝐜𝐲𝐜

+ 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀𝐁

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲, 𝐳 > 0,√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝒙𝟐𝐲𝟐

𝒙𝐲(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
 

𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦,𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

∑ (𝒙𝐲(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝐳𝟐))𝐜𝐲𝐜

 

=
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐
+ 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

≥
? 𝟑

𝟒
⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 

∴ √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
→ (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶ 𝐋𝐇𝐒 =

√𝒂𝐛
𝟑

. √𝒂𝟑 + 𝐛𝟑 (
√𝐛𝟓 + 𝐜𝟓
𝟒

√𝒂
𝟑 +

√𝐜𝟓 + 𝒂𝟓
𝟒

√𝐛
𝟑 )

√𝐛𝐜
𝟑

. √𝐛𝟑 + 𝐜𝟑 + √𝐜𝒂
𝟑 . √𝐜𝟑 + 𝒂𝟑

 

+

√𝐛𝐜
𝟑

. √𝐛𝟑 + 𝐜𝟑 (
√𝒂𝟓 + 𝐛𝟓
𝟒

√𝐜
𝟑 +

√𝐜𝟓 + 𝒂𝟓
𝟒

√𝐛
𝟑 )

√𝒂𝐛
𝟑

. √𝒂𝟑 + 𝐛𝟑 + √𝐜𝒂
𝟑 . √𝐜𝟑 + 𝒂𝟑

+

√𝐜𝒂
𝟑 . √𝐜𝟑 + 𝒂𝟑 (

√𝒂𝟓 + 𝐛𝟓
𝟒

√𝐜
𝟑 +

√𝐛𝟓 + 𝐜𝟓
𝟒

√𝒂
𝟑 )

√𝒂𝐛
𝟑

. √𝒂𝟑 + 𝐛𝟑 + √𝐛𝐜
𝟑

. √𝐛𝟑 + 𝐜𝟑
 

=
𝒙

𝐲 + 𝐳
(𝐁 + 𝐂) +

𝐲

𝐳 + 𝒙
(𝐂 + 𝐀) +

𝐳

𝒙 + 𝐲
(𝐀 + 𝐁)  

(

𝒙 = √𝒂𝐛
𝟑

. √𝒂𝟑 + 𝐛𝟑, 𝐲 = √𝐛𝐜
𝟑

. √𝐛𝟑 + 𝐜𝟑, 𝐳 = √𝐜𝒂
𝟑 . √𝐜𝟑 + 𝒂𝟑,

𝐀 =
√𝒂𝟓 + 𝐛𝟓
𝟒

√𝐜
𝟑 , 𝐁 =

√𝐛𝟓 + 𝐜𝟓
𝟒

√𝒂
𝟑 , 𝐂 =

√𝐜𝟓 + 𝒂𝟓
𝟒

√𝐛
𝟑

) 

=
𝒙

𝐲 + 𝐳
. √𝐁 + 𝐂

𝟐
+

𝐲

𝐳 + 𝒙
. √𝐂 + 𝐀

𝟐
+

𝐳

𝒙 + 𝐲
. √𝐀 + 𝐁

𝟐
≥

𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

 

𝟒𝐅.√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀𝐁

𝐜𝐲𝐜

.
√𝟑

𝟐
= √𝟑∑

√(𝒂𝟓 + 𝐛𝟓)(𝐛𝟓 + 𝐜𝟓)
𝟒

√𝐜𝒂
𝟑

𝐜𝐲𝐜
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≥
𝐀−𝐆

√𝟗. √
√(𝒂𝟓 + 𝐛𝟓)(𝐛𝟓 + 𝐜𝟓)(𝐜𝟓 + 𝒂𝟓)

√𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

𝟑

≥

𝐂𝐞𝐬𝒂𝐫𝐨
𝒂𝐧𝐝

∵ 𝒂𝐛𝐜 = 𝟏
𝟑.√√√𝟖(𝒂𝐛𝐜)𝟓

𝟑

=
𝒂𝐛𝐜 = 𝟏

𝟑. √𝟐𝟑
𝟏𝟐

 

= 𝟑. √𝟐
𝟒
  ∀ 𝒂, 𝐛, 𝐜 > 0│𝑎𝐛𝐜 = 𝟏,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

 

1516. If 𝒂, 𝒃 > 0,
𝟏

√𝒂
+

𝟏

√𝒃
= 𝟐 then: 

𝟏

𝒂𝟐 + 𝒃 + 𝟐𝒃√𝒂
+

𝟏

𝒃𝟐 + 𝒂 + 𝟐𝒂√𝒃
+

𝝀

𝒂 + 𝒃
≤
𝝀 + 𝟏

𝟐
 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

𝟏

√𝒂
+
𝟏

√𝒃
= 𝟐 𝒐𝒓, 𝟏 ≤

𝑨𝑴−𝑮𝑴
√𝒂𝒃
𝟒

 𝒐𝒓 𝒂𝒃 ≥ 𝟏 

𝟏

𝒂𝟐 + 𝒃 + 𝟐𝒃√𝒂
+

𝟏

𝒃𝟐 + 𝒂 + 𝟐𝒂√𝒃
+

𝝀

𝒂 + 𝒃
≤

𝑨𝑴−𝑮𝑴
 

≤
𝟐

𝟐𝒂√𝒃 + 𝟐𝒃√𝒂
+

𝝀

𝟐√𝒂𝒃
=

𝟏

(𝒂𝒃) (
𝟏

√𝒂
+
𝟏

√𝒃
)
+

𝝀

𝟐√𝒂𝒃
≤
𝝀 + 𝟏

𝟐
 ,  

𝒔𝒊𝒏𝒄𝒆 𝒂𝒃 ≥ 𝟏 𝒂𝒏𝒅 
𝟏

√𝒂
+
𝟏

√𝒃
= 𝟐 

1517.  𝐈𝐟 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝒂𝐧𝐝 𝒂 + 𝐛 + 𝐜 + 𝒂𝐛𝐜 = 𝟒, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟑(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐) + 𝟏𝟑(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) ≥ 𝟒𝟖 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝟒 =∑𝒂

𝐜𝐲𝐜

+ 𝒂𝐛𝐜 ≥
𝐀−𝐆

𝟑. √𝒂𝐛𝐜
𝟑

+ 𝒂𝐛𝐜 ⇒ 𝐭𝟑 + 𝟑𝐭 − 𝟒 ≤ 𝟎 (𝐭 = √𝒂𝐛𝐜
𝟑

) 

⇒ (𝐭 − 𝟏)(𝐭𝟐 + 𝐭 + 𝟒) ≤ 𝟎 ⇒ 𝐭 = √𝒂𝐛𝐜
𝟑

≤ 𝟏 ⇒ 𝒂𝐛𝐜 ≤ 𝟏 ⇒ 𝟒− 𝒂𝐛𝐜 ≥ 𝟑 

⇔
𝒂+𝐛+𝐜+𝒂𝐛𝐜 = 𝟒

∑𝒂

𝐜𝐲𝐜

≥ 𝟑 → (𝟏) 

𝐍𝐨𝐰, 𝟑(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐) + 𝟏𝟑(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) = 𝟑(∑𝒂

𝐜𝐲𝐜

)

𝟐

+ 𝟕∑𝒂𝐛

𝐜𝐲𝐜

 

≥ 𝟑(∑𝒂

𝐜𝐲𝐜

)

𝟐

+ 𝟕.√𝟑𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

=
𝒂+𝐛+𝐜+𝒂𝐛𝐜 = 𝟒
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𝟑(∑𝒂

𝐜𝐲𝐜

)

𝟐

+ 𝟕.√𝟑(𝟒 −∑𝒂

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) ≥
?
𝟒𝟖 (𝟒 −∑𝒂

𝐜𝐲𝐜

= 𝒂𝐛𝐜 ≥ 𝟎) 

⇔ 𝟕.√𝟑𝒙(𝟒 − 𝒙) ≥
?
𝟒𝟖 − 𝟑𝒙𝟐  (𝒙 =∑𝒂

𝐜𝐲𝐜

) ⇔ 𝟕.√𝟑𝒙(𝟒 − 𝒙) ≥
?
𝟑(𝟒 − 𝒙)(𝟒 + 𝒙) 

⇔ 𝟕.√𝒙 ≥
?
√𝟑(𝟒 − 𝒙)(𝟒 + 𝒙) ⇔ 𝟒𝟗𝒙 ≥

?
𝟑(𝟒 − 𝒙)(𝟒 + 𝒙)𝟐 

⇔ 𝟑𝒙𝟑 + 𝟏𝟐𝒙𝟐 + 𝒙− 𝟏𝟗𝟐 ≥
?
𝟎 ⇔ (𝒙 − 𝟑)(𝟑𝒙𝟐 + 𝟐𝟏𝒙 + 𝟔𝟒) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝒙 =∑𝒂

𝐜𝐲𝐜

≥ 𝟑 (𝐯𝐢𝒂 (𝟏)) ∴ 𝟑(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐) + 𝟏𝟑(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) ≥ 𝟒𝟖  

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂 + 𝐛+ 𝐜 + 𝒂𝐛𝐜 = 𝟒,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1518. If 𝒂, 𝒃 > 0, then: 

𝒂𝟑 + 𝒃𝟑

𝟐
≤ (

𝒂𝟐 + 𝒃𝟐

𝒂 + 𝒃
)

𝟑

 

Proposed by Nguyen Hung Cuong-Vietnam 

Solution 1 by Ravi Prakash-New Delhi-India 

Put 𝒂 = 𝒓𝐜𝐨𝐬 𝜽 , 𝒃 = 𝒓 𝐬𝐢𝐧𝜽, 𝒓 > 0, 0 < 𝜃 <
𝝅

𝟐
 

The given inequality can be written as 

𝒓𝟑

𝟐
(𝐬𝐢𝐧𝟑 𝜽 + 𝐜𝐨𝐬𝟑 𝜽) ≤

𝒓𝟔(𝐜𝐨𝐬𝟐 𝜽 + 𝐬𝐢𝐧𝟐 𝜽)𝟑

𝒓𝟑(𝐜𝐨𝐬𝜽 + 𝐬𝐢𝐧𝜽)𝟑
 

⇔ (𝐬𝐢𝐧𝜽 + 𝐜𝐨𝐬𝜽)𝟒(𝐬𝐢𝐧𝟐 𝜽 − 𝐬𝐢𝐧𝜽 𝐜𝐨𝐬𝜽 + 𝐜𝐨𝐬𝟐 𝜽) ≤ 𝟐 

⇔ (𝟏+ 𝐬𝐢𝐧𝟐𝜽)𝟐 (𝟏 −
𝟏

𝟐
𝐬𝐢𝐧 𝟐𝜽) ≤ 𝟐 ⇔ (𝟏 + 𝟐 𝐬𝐢𝐧𝟐𝜽 + 𝐬𝐢𝐧𝟐 𝟐𝜽)(𝟐 − 𝐬𝐢𝐧 𝟐𝜽) ≤ 𝟒 

⇔ 𝟐+ 𝟒𝐬𝐢𝐧𝟐𝜽 + 𝟐𝐬𝐢𝐧𝟐 𝟐𝜽 − 𝐬𝐢𝐧𝟐𝜽 − 𝟐𝐬𝐢𝐧𝟐 𝟐𝜽 − 𝐬𝐢𝐧𝟑 𝟐𝜽 ≤ 𝟒 

⇔ 𝐬𝐢𝐧𝟑 𝟐𝜽 − 𝟑𝐬𝐢𝐧𝟐𝜽 + 𝟐 ≥ 𝟎 ⇔ (𝟏− 𝐬𝐢𝐧𝟐𝜽)𝟐(𝟐 + 𝐬𝐢𝐧𝟐𝜽) ≥ 𝟎 

which is true. Equality when 𝜽 =
𝝅

𝟒
 or when 𝒂 = 𝒃. 

Solution 2 by Ravi Prakash-New Delhi-India 

For 𝒂, 𝒃 > 0, consider 

𝟐(𝒂𝟐 + 𝒃𝟐)𝟑 − (𝒂 + 𝒃)𝟑(𝒂𝟑 + 𝒃𝟑) 

= 𝟐(𝒂𝟔 + 𝟑𝒂𝟒𝒃𝟐 + 𝟑𝒂𝟐𝒃𝟒 + 𝒃𝟔) − (𝒂𝟑 + 𝟑𝒂𝟐𝒃 + 𝟑𝒂𝒃𝟐 + 𝒃𝟑)(𝒂𝟑 + 𝒃𝟑) 
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= 𝟐𝒂𝟔 + 𝟔𝒂𝟒𝒃𝟐 + 𝟔𝒂𝟐𝒃𝟒 + 𝟐𝒃𝟔 − (𝒂𝟔 + 𝟑𝒂𝟓𝒃 + 𝟑𝒂𝟒𝒃𝟐 + 𝟐𝒂𝟑𝒃𝟑 + 𝟑𝒂𝟐𝒃𝟒 + 𝟑𝒂𝒃𝟓 + 𝒃𝟔) 

= 𝒂𝟔 − 𝟑𝒂𝟓𝒃 + 𝟑𝒂𝟒𝒃𝟐 − 𝟐𝒂𝟑𝒃𝟑 − 𝟑𝒂𝒃𝟓 + 𝟑𝒂𝟐𝒃𝟒 + 𝒃𝟔 

= (𝒂− 𝒃)𝟒(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐) ≥ 𝟎 

Equality when 𝒂 = 𝒃. Thus: 

𝒂𝟑 + 𝒃𝟑

𝟐
≤ (

𝒂𝟐 + 𝒃𝟐

𝒂 + 𝒃
)

𝟑

 

Equality when 𝒂 = 𝒃. 

1519.  𝐈𝐟 𝒂, 𝐛 > 0 𝒂𝐧𝐝 𝒂 + 𝐛 = 𝒂𝐛, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
𝟏

𝒂𝟐 + 𝟐𝒂
+

𝟏

𝐛𝟐 + 𝟐𝐛
+ √(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐) ≥

𝟐𝟏

𝟒
 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
𝟏

𝒂𝟐 + 𝟐𝒂
+

𝟏

𝐛𝟐 + 𝟐𝐛
+ √(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐) ≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

𝟒

𝒂𝟐 + 𝐛𝟐 + 𝟐(𝒂 + 𝐛)
+ √𝟏 + (𝒂 + 𝐛)𝟐 − 𝟐𝒂𝐛+ 𝒂𝟐𝐛𝟐 =

𝒂 + 𝐛 = 𝒂𝐛
 

𝟒

𝒂𝟐 + 𝐛𝟐 + 𝟐𝒂𝐛
+√𝟏 + (𝒂 + 𝐛)𝟐 − 𝟐(𝒂 + 𝐛) + (𝒂 + 𝐛)𝟐 =

𝟒

𝒙𝟐
+ √𝟐𝒙𝟐 − 𝟐𝒙+ 𝟏 

≥
? 𝟐𝟏

𝟒
 (𝒙 = 𝒂 + 𝐛) ⇔ √𝟐𝒙𝟐 − 𝟐𝒙 + 𝟏 ≥

?
⏟
(∗)

𝟐𝟏𝒙𝟐 − 𝟏𝟔

𝟒𝒙𝟐
 

∵ 𝒂 + 𝐛 = 𝒂𝐛 ∴ 𝟒(𝒂 + 𝐛) ≤ (𝒂 + 𝐛)𝟐 ⇒ 𝒙 ≥ 𝟒 → (𝟏) 

∴
𝟐𝟏𝒙𝟐 − 𝟏𝟔

𝟒𝒙𝟐
=
𝟏𝟕𝒙𝟐 + 𝟒(𝒙𝟐 − 𝟏𝟔)

𝟒𝒙𝟐
≥
𝟏𝟕

𝟒
> 0 ∴ (∗) ⇔ 

(𝟐𝒙𝟐 − 𝟐𝒙+ 𝟏) ≥
? (𝟐𝟏𝒙𝟐 − 𝟏𝟔)

𝟐

𝟏𝟔𝒙𝟒
⇔ 𝟏𝟔𝒙𝟒(𝟐𝒙𝟐 − 𝟐𝒙+ 𝟏) ≥

?
(𝟐𝟏𝒙𝟐 − 𝟏𝟔)

𝟐
 

⇔ 𝟑𝟐𝒙𝟔 − 𝟑𝟐𝒙𝟓 − 𝟒𝟐𝟓𝒙𝟒 + 𝟔𝟕𝟐𝒙𝟐 − 𝟐𝟓𝟔 ≥
?
𝟎 

⇔ (𝒙 − 𝟒)((𝒙 − 𝟒)(𝟑𝟐𝒙𝟒 + 𝟐𝟐𝟒𝒙𝟑 + 𝟖𝟓𝟓𝒙𝟐 + 𝟑𝟐𝟓𝟔𝒙 + 𝟏𝟑𝟎𝟒𝟎) + 𝟓𝟐𝟐𝟐𝟒) ≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 (𝟏) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝟏

𝒂𝟐 + 𝟐𝒂
+

𝟏

𝐛𝟐 + 𝟐𝐛
+ √(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐) ≥

𝟐𝟏

𝟒
 

∀ 𝒂,𝐛 > 0│𝑎 + 𝐛 = 𝒂𝐛,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝟐 (𝐐𝐄𝐃) 
 

1520. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 
𝟏

𝒂+𝐛
+

𝟏

𝐛+𝐜
+

𝟏

𝐜+𝒂
= 𝟏𝟐, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟏

𝟐𝒂 + 𝟑𝐛 + 𝟑𝐜
+

𝟏

𝟐𝐛 + 𝟑𝐜 + 𝟑𝒂
+

𝟏

𝟐𝐜 + 𝟑𝒂 + 𝟑𝐛
≤ 𝟑 

 
  Proposed by Nguyen Hung Cuong-Vietnam 



 
www.ssmrmh.ro 

22 RMM-CYCLIC INEQUALITIES MARATHON 1501-1600 

 

Solution by Soumava Chakraborty-Kolkata-India 
𝟏

𝟐𝒂 + 𝟑𝐛+ 𝟑𝐜
+

𝟏

𝟐𝐛+ 𝟑𝐜 + 𝟑𝒂
+

𝟏

𝟐𝐜 + 𝟑𝒂+ 𝟑𝐛
= 

𝟏

𝒂 + 𝐛 + 𝒂 + 𝐜 + 𝟐(𝐛 + 𝐜)
+

𝟏

𝐛 + 𝐜 + 𝐛 + 𝒂 + 𝟐(𝐜 + 𝒂)
+

𝟏

𝐜 + 𝒂 + 𝐜 + 𝐛 + 𝟐(𝒂 + 𝐛)
 

=
𝟏

𝟐𝒙 + 𝐲 + 𝐳
+

𝟏

𝟐𝐲+ 𝐳 + 𝒙
+

𝟏

𝟐𝐳 + 𝒙 + 𝐲
 (𝒙 = 𝐛 + 𝐜, 𝐲 = 𝐜 + 𝒂, 𝐳 = 𝒂 + 𝐛) 

=
𝟏

𝒙 + 𝐲 + 𝐳 + 𝒙
+

𝟏

𝐲 + 𝐳 + 𝒙 + 𝐲
+

𝟏

𝐳 + 𝒙 + 𝐲+ 𝐳
=

𝟏

𝐘 + 𝐙
+

𝟏

𝐙 + 𝐗
+

𝟏

𝐗 + 𝐘
→ (𝟏)  

(𝐗 = 𝐲 + 𝐳, 𝐘 = 𝐳 + 𝒙,𝐙 = 𝒙 + 𝐲) 
𝐍𝐨𝐰,𝐗 + 𝐘 − 𝐙 = 𝟐𝐳 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒙 > 𝟎 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐲 > 0 

⇒ 𝐗 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑋, 𝑍 + 𝑋 > 𝑌 ⇒ 𝑋, 𝑌, 𝑍 𝑓𝑜𝑟𝑚 𝑠𝑖𝑑𝑒𝑠 𝑜𝑓 𝑎 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡  
𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬,𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 

𝟐∑𝒙

𝐜𝐲𝐜

=∑𝐗

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬 ⇒ 𝒙 = 𝐬 − 𝐗, 𝐲 = 𝐬 − 𝐘, 𝐳 = 𝐬 − 𝐙 

∴
𝟏

𝒂 + 𝐛
+

𝟏

𝐛 + 𝐜
+

𝟏

𝐜 + 𝒂
= 𝟏𝟐 ⇒

𝟏

𝒙
+
𝟏

𝐲
+
𝟏

𝐳
= 𝟏𝟐 

⇒
𝟏

𝐬 − 𝐗
+

𝟏

𝐬 − 𝐘
+

𝟏

𝐬 − 𝐙
= 𝟏𝟐 ⇒

∑ (𝐬 − 𝐘)(𝐬 − 𝐙)𝐜𝐲𝐜

(𝐬 − 𝐗)(𝐬 − 𝐘)(𝐬 − 𝐙)
= 𝟏𝟐 ⇒

𝟒𝐑𝐫+ 𝐫𝟐

𝐫𝟐𝐬
= 𝟏𝟐 

⇒ 𝐬 =
𝟒𝐑 + 𝐫

𝟏𝟐𝐫
→ (𝟐) 

𝐍𝐨𝐰, 𝐯𝐢𝒂 (𝟏),
𝟏

𝟐𝒂 + 𝟑𝐛 + 𝟑𝐜
+

𝟏

𝟐𝐛 + 𝟑𝐜 + 𝟑𝒂
+

𝟏

𝟐𝐜+ 𝟑𝒂+ 𝟑𝐛
 

=
∑ (𝐙 + 𝐗)(𝐗 + 𝐘)𝐜𝐲𝐜

(𝐗 + 𝐘)(𝐘 + 𝐙)(𝐙 + 𝐗)
=
∑ 𝐗𝟐𝐜𝐲𝐜 + 𝟑∑ 𝐗𝐘𝐜𝐲𝐜

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
=
(∑ 𝐗𝐜𝐲𝐜 )

𝟐
+∑ 𝐗𝐘𝐜𝐲𝐜

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

=
𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
=

𝐯𝐢𝒂 (𝟐) 𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

(
𝟒𝐑+ 𝐫
𝟔𝐫

) (𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≤
?
𝟑 

⇔ (𝟒𝐑 + 𝐫)(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) − 𝟐𝐫(𝟓𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 
(𝟒𝐑 + 𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐) − 𝟐𝐫(𝟓(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝟒𝐑𝐫 + 𝐫𝟐) 

= 𝟐𝐫(𝟏𝟔𝐑𝟐 − 𝟐𝟑𝐑𝐫 − 𝟏𝟖𝐫𝟐) = 𝟐𝐫(𝐑 − 𝟐𝐫)(𝟏𝟔𝐑 + 𝟗𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝟏

𝟐𝒂 + 𝟑𝐛 + 𝟑𝐜
+

𝟏

𝟐𝐛 + 𝟑𝐜 + 𝟑𝒂
+

𝟏

𝟐𝐜 + 𝟑𝒂+ 𝟑𝐛
≤ 𝟑  

∀ 𝒂, 𝐛, 𝐜 > 0│
𝟏

𝒂 + 𝐛
+

𝟏

𝐛 + 𝐜
+

𝟏

𝐜 + 𝒂
= 𝟏𝟐,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =

𝟏

𝟖
 (𝐐𝐄𝐃) 

1521. 
𝐈𝐟 𝒙, 𝐲, 𝐳 > 0 𝑎𝐧𝐝 𝒙(𝒙 + 𝟏) + 𝐲(𝐲 + 𝟏) + 𝐳(𝐳 + 𝟏) ≤ 𝟏𝟖, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟏

𝒙 + 𝐲 + 𝟏
+

𝟏

𝐲 + 𝐳 + 𝟏
+

𝟏

𝐳 + 𝒙 + 𝟏
≥
𝟑

𝟓
 

 
  Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Soumava Chakraborty-Kolkata-India 
 

𝐂𝒂𝐬𝐞 𝟏  ∑𝒙𝟐

𝐜𝐲𝐜

≥ 𝟏𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
𝟏

𝒙 + 𝐲 + 𝟏
+

𝟏

𝐲 + 𝐳 + 𝟏
+

𝟏

𝐳 + 𝒙 + 𝟏
≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

𝟗

𝟐 ∑ 𝒙𝐜𝐲𝐜 + 𝟑
≥

𝟗

𝟑𝟔 − 𝟐∑ 𝒙𝟐𝐜𝐲𝐜 + 𝟑
 (∵∑𝒙(𝒙 + 𝟏)

𝐜𝐲𝐜

≤ 𝟏𝟖 ⇒∑𝒙

𝐜𝐲𝐜

≤ 𝟏𝟖 −∑𝒙𝟐

𝐜𝐲𝐜

) 

≥
? 𝟑

𝟓
⇔

𝟑

𝟑𝟗 − 𝟐∑ 𝒙𝟐𝐜𝐲𝐜
≥
? 𝟏

𝟓
⇔ 𝟏𝟓 ≥

?
𝟑𝟗 − 𝟐∑𝒙𝟐

𝐜𝐲𝐜

  

(∵ −𝟐∑𝒙𝟐

𝐜𝐲𝐜

≥ 𝟐∑𝒙

𝐜𝐲𝐜

− 𝟑𝟔 ⇒ 𝟑𝟗− 𝟐∑𝒙𝟐

𝐜𝐲𝐜

≥ 𝟐∑𝒙

𝐜𝐲𝐜

+ 𝟑 > 0) 

⇔∑𝒙𝟐

𝐜𝐲𝐜

≥
?
𝟏𝟐 → 𝐭𝐫𝐮𝐞 ∴∑

𝟏

𝒙+ 𝐲 + 𝟏
𝐜𝐲𝐜

≥
𝟑

𝟓
 

𝐂𝒂𝐬𝐞 𝟐  ∑𝒙𝟐

𝐜𝐲𝐜

≤ 𝟏𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
𝟏

𝒙 + 𝐲 + 𝟏
+

𝟏

𝐲 + 𝐳 + 𝟏
+

𝟏

𝐳 + 𝒙 + 𝟏
≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

𝟗

𝟐∑ 𝒙𝐜𝐲𝐜 + 𝟑
≥
𝐂𝐁𝐒 𝟗

𝟐√𝟑∑ 𝒙𝟐𝐜𝐲𝐜 + 𝟑

≥
∑ 𝒙𝟐𝐜𝐲𝐜  ≤ 𝟏𝟐 𝟗

𝟐√𝟑.𝟏𝟐 + 𝟑
=
𝟗

𝟏𝟓
 

∴ ∑
𝟏

𝒙 + 𝐲 + 𝟏
𝐜𝐲𝐜

≥
𝟑

𝟓
 𝒂𝐧𝐝 𝐬𝐨, 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, 

𝟏

𝒙 + 𝐲 + 𝟏
+

𝟏

𝐲 + 𝐳 + 𝟏
+

𝟏

𝐳 + 𝒙 + 𝟏
≥
𝟑

𝟓
  

∀ 𝒙, 𝐲, 𝐳 > 0│𝑥(𝒙 + 𝟏) + 𝐲(𝐲 + 𝟏) + 𝐳(𝐳 + 𝟏) ≤ 𝟏𝟖 (𝐐𝐄𝐃) 
 

1522. If 𝒂, 𝒃, 𝒄 > 0, 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 = 3 then: 
𝟏

(𝟏 + 𝒂)𝟐
+

𝟏

(𝟏 + 𝒃)𝟐
+

𝟏

(𝟏 + 𝒄)𝟐
≥
𝟑

𝟒
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 
 
𝑳𝒆𝒎𝒎𝒂: 

𝟏

(𝟏+𝒙)𝟐
+

𝟏

(𝟏+𝒚)𝟐
≥

𝟏

𝟏+𝒙𝒚
 ∀ 𝒙, 𝒚 ≥ 𝟎  

Proof: 

 
𝟏

(𝟏+𝒙)𝟐
+

𝟏

(𝟏+𝒚)𝟐
−

𝟏

𝟏+𝒙𝒚
=

𝒙𝒚(𝒙−𝒚)𝟐+(𝒙𝒚−𝟏)𝟐

(𝟏+𝒙)𝟐(𝟏+𝒚)𝟐(𝟏+𝒙𝒚)
≥ 𝟎 

 
Back to the problem: 
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𝑳𝑯𝑺 =
𝟏

𝟐
∑[

𝟏

(𝟏 + 𝒂)𝟐
+

𝟏

(𝟏 + 𝒃)𝟐
] ≥

𝟏

𝟐
∑

𝟏

𝟏 + 𝒂𝒃
≥

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 𝟏

𝟐

𝟗

∑𝒂𝒃 + 𝟑
=
3

4
  

 

1523. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟏𝟐, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
𝟏

√𝒂𝟑 + 𝟏
+

𝟏

√𝐛𝟑 + 𝟏
+

𝟏

√𝐜𝟑 + 𝟏
≥ 𝟏 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝟏

√𝒂𝟑 + 𝟏
≥
? 𝟕 − 𝟐𝒂

𝟗
⇔

𝟏

𝒂𝟑 + 𝟏
≥
? (𝟕 − 𝟐𝒂)𝟐

𝟖𝟏
  

(∵ 𝒂𝟐 < 12 ⇒ 𝑎 < 2√𝟑 <
𝟕

𝟐
⇒ 𝟕 − 𝟐𝒂 > 0) ⇔ (𝒂𝟑 + 𝟏)(𝟕 − 𝟐𝒂)𝟐 − 𝟖𝟏 ≤

?
𝟎 

⇔ 𝟒𝒂𝟓 − 𝟐𝟖𝒂𝟒 + 𝟒𝟗𝒂𝟑 + 𝟒𝒂𝟐 − 𝟐𝟖𝒂 − 𝟑𝟐 ≤
?
𝟎 

⇔ (𝒂 − 𝟐)𝟐(𝟒𝒂𝟑 − 𝟏𝟐𝒂𝟐 − 𝟏𝟓𝒂 − 𝟖) ≤
?
𝟎 ⇔ 𝟒𝒂𝟑 − 𝟏𝟐𝒂𝟐 − 𝟏𝟓𝒂 − 𝟖 <

?
𝟎 

⇔ (𝒂 − 𝟒)(𝟐𝒂 + 𝟏)𝟐 − 𝟒 <
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝒂 <

𝟕

𝟐
< 4 ⇒ 𝑎 − 4 < 0 

∴
𝟏

√𝒂𝟑 + 𝟏
≥
𝟕 − 𝟐𝒂

𝟗
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝒐𝐠𝐬 ⇒

𝟏

√𝒂𝟑 + 𝟏
+

𝟏

√𝐛𝟑 + 𝟏
+

𝟏

√𝐜𝟑 + 𝟏
≥∑

𝟕− 𝟐𝒂

𝟗
𝐜𝐲𝐜

 

=
𝟕

𝟑
−
𝟐

𝟗
∑𝒂

𝐜𝐲𝐜

≥
𝐂𝐁𝐒 𝟕

𝟑
−
𝟐

𝟗
.√𝟑∑𝒂𝟐

𝐜𝐲𝐜

=
𝒂𝟐+𝐛𝟐+𝐜𝟐  = 𝟏𝟐 𝟕

𝟑
−
𝟐

𝟗
. 𝟔 = 𝟏 

⇒
𝟏

√𝒂𝟑 + 𝟏
+

𝟏

√𝐛𝟑 + 𝟏
+

𝟏

√𝐜𝟑 + 𝟏
≥ 𝟏  

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟏𝟐,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟐 (𝐐𝐄𝐃) 
 

1524. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝟐𝒂𝐛𝐜, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
𝒂

𝐜(𝐜 + 𝒂)
+

𝐛

𝒂(𝒂 + 𝐛)
+

𝐜

𝐛(𝐛 + 𝐜)
≥ 𝟏 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝒂

𝐜(𝐜 + 𝒂)
+

𝐛

𝒂(𝒂 + 𝐛)
+

𝐜

𝐛(𝐛 + 𝐜)
=
𝒂 + 𝐜 − 𝐜

𝐜(𝐜 + 𝒂)
+
𝐛+ 𝒂 − 𝒂

𝒂(𝒂 + 𝐛)
+
𝐜 + 𝐛 − 𝐛

𝐛(𝐛 + 𝐜)
= 

𝟏

𝐜
+
𝟏

𝒂
+
𝟏

𝐛
−

𝟏

𝐜 + 𝒂
−

𝟏

𝒂 + 𝐛
−

𝟏

𝐛 + 𝐜
=
𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂

𝒂𝐛𝐜
−∑

𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

= 𝟐 −∑
𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

≥ 𝟏 
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⇔
𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝟐𝒂𝐛𝐜

∑
𝟏

𝐛+ 𝐜
𝐜𝐲𝐜

≤
(∗) 𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂

𝟐𝒂𝐛𝐜
 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝑥 = 𝟐𝒂 
> 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 ⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬  
𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲)  

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 ⇒ 𝒂 = 𝐬 − 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐) 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

 

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟐) ∴ (∗) ⇔∑
𝟏

𝒙
𝐜𝐲𝐜

=
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟒𝐑𝐫𝐬
≤
𝟒𝐑𝐫 + 𝐫𝟐

𝟐𝐫𝟐𝐬
 

⇔ 𝟐𝐑(𝟒𝐑+ 𝐫) ≥ 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐⇔ 𝐬𝟐 ≤ 𝟖𝐑𝟐 − 𝟐𝐑𝐫 − 𝐫𝟐 → 𝐭𝐫𝐮𝐞 

∵ 𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 ≤
?
𝟖𝐑𝟐 − 𝟐𝐑𝐫 − 𝐫𝟐⇔ 𝟒𝐑𝟐 − 𝟔𝐑𝐫 − 𝟒𝐫𝟐 ≥

?
𝟎 

⇔ 𝟐(𝐑 − 𝟐𝐫)(𝟐𝐑+ 𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒂

𝐜(𝐜 + 𝒂)
+

𝐛

𝒂(𝒂 + 𝐛)
+

𝐜

𝐛(𝐛 + 𝐜)
≥ 𝟏  

∀ 𝒂, 𝐛, 𝐜 > 0│𝑎𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝟐𝒂𝐛𝐜,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =
𝟑

𝟐
 (𝐐𝐄𝐃) 

 

1525. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 + 𝟐𝒂𝐛𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
− (𝒂 + 𝐛 + 𝐜) ≥

𝟗

𝟐
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝟏 = 𝟐𝒂𝐛𝐜 +∑𝒂𝐛

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟐𝒂𝐛𝐜 + 𝟑. √𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

⇒ 𝟐𝒙𝟑 + 𝟑𝒙𝟐 − 𝟏 ≤ 𝟎  

(𝒙 = √𝒂𝐛𝐜
𝟑

) ⇒ (𝟐𝒙 − 𝟏)(𝒙 + 𝟏)𝟐 ≤ 𝟎 ⇒ 𝟐𝒙 ≤ 𝟏 ⇒ √𝒂𝐛𝐜
𝟑

≤
𝟏

𝟐
⇒ 𝒂𝐛𝐜 ≤

𝟏

𝟖
→ (𝟏) 

𝐍𝐨𝐰,
𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
− (𝒂 + 𝐛 + 𝐜) −

𝟗

𝟐
=
∑ 𝒂𝐛𝐜𝐲𝐜 − 𝒂𝐛𝐜∑ 𝒂𝐜𝐲𝐜 −

𝟗
𝟐 . 𝒂𝐛𝐜

𝒂𝐛𝐜
≥ 

∑ 𝒂𝐛𝐜𝐲𝐜 −
𝟏
𝟑
(∑ 𝒂𝐛𝐜𝐲𝐜 )

𝟐
−
𝟗
𝟐 . 𝒂𝐛𝐜

𝒂𝐛𝐜
=

𝒂𝐛+𝐛𝐜+𝐜𝒂+𝟐𝒂𝐛𝐜 = 𝟏 𝟏 − 𝟐𝐭 −
(𝟏 − 𝟐𝐭)𝟐

𝟑 −
𝟗𝐭
𝟐

𝒂𝐛𝐜
≥
?
𝟎 (𝐭 = 𝒂𝐛𝐜) 

⇔ 𝟖𝐭𝟐 + 𝟑𝟏𝐭 − 𝟒 ≤
?
𝟎 ⇔ (𝟖𝐭 − 𝟏)(𝐭 + 𝟒) ≤

?
𝟎 ⇔ 𝐭 = 𝒂𝐛𝐜 ≤

? 𝟏

𝟖
→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 (𝟏) 

∴
𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
− (𝒂 + 𝐛 + 𝐜) ≥

𝟗

𝟐
  

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂 + 𝟐𝒂𝐛𝐜 = 𝟏,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =
𝟏

𝟐
 (𝐐𝐄𝐃) 
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1526. 𝐈𝐟 𝒙, 𝐲 > 0 𝒂𝐧𝐝 𝒙 + 𝐲 ≤ 𝟐, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒙𝟐(𝟐 − 𝒙) + 𝐲𝟐(𝟐 − 𝐲) + (𝒙 + 𝐲) (
𝟏

𝒙𝐲
− 𝒙𝐲) ≥ 𝟐 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝒙𝟐(𝟐 − 𝒙) + 𝐲𝟐(𝟐 − 𝐲) + (𝒙 + 𝐲) (
𝟏

𝒙𝐲
− 𝒙𝐲) 

= 𝟐(𝒙𝟐 + 𝐲𝟐) − (𝒙𝟑 + 𝐲𝟑) +
𝒙 + 𝐲

𝒙𝐲
− 𝒙𝐲(𝒙 + 𝐲) ≥

𝟐 ≥ 𝒙+𝐲

 

(𝒙 + 𝐲)((𝒙 + 𝐲)𝟐 − 𝟐𝒙𝐲) − ((𝒙 + 𝐲)𝟑 − 𝟑𝒙𝐲(𝒙 + 𝐲)) +
𝒙 + 𝐲

𝒙𝐲
− 𝒙𝐲(𝒙 + 𝐲) 

= (𝒙 + 𝐲)𝟑 − 𝟐𝒙𝐲(𝒙 + 𝐲) − (𝒙 + 𝐲)𝟑 + 𝟐𝒙𝐲(𝒙 + 𝐲) +
𝒙 + 𝐲

𝒙𝐲
≥
𝟒(𝒙 + 𝐲)

(𝒙 + 𝐲)𝟐
≥

𝒙+𝐲 ≤ 𝟐 𝟒

𝟐
 

⇒ 𝒙𝟐(𝟐 − 𝒙) + 𝐲𝟐(𝟐 − 𝐲) + (𝒙 + 𝐲) (
𝟏

𝒙𝐲
− 𝒙𝐲) ≥ 𝟐  

∀ 𝒙, 𝐲 > 0│𝒙 + 𝐲 ≤ 𝟐,′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝟏 (𝐐𝐄𝐃) 
 

1527. 𝑰𝒇 𝒂, 𝒃, 𝒄 > 0 𝑎𝑛𝑑 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 + 𝑎𝑏𝑐 = 4  
𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒂 + 𝒃 + 𝒄 + 𝒂𝒃𝒄 ≥ 𝟒 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘 
 

 𝒂 + 𝒃 + 𝒄 + 𝒂𝒃𝒄 ≥ 𝟒 𝒐𝒓, 𝒂 + 𝒃 + 𝒄 + 𝒂𝒃𝒄 ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝒂𝒃𝒄 𝒐𝒓 
 

 𝒂 + 𝒃 + 𝒄 ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 − −− (𝟏) 
 

𝑳𝒆𝒕 𝒂 =
𝟐𝒙

𝒚 + 𝒛
, 𝒃 =

𝟐𝒚

𝒛 + 𝒙
, 𝒄 =

𝟐𝒛

𝒙 + 𝒚
 , 𝒏𝒐𝒘 𝒇𝒓𝒐𝒎 (𝟏)∑

𝒙

𝒚 + 𝒛
 ≥∑

𝟐𝒙𝒚

(𝒚 + 𝒛)(𝒛 + 𝒙)
  

 

𝒐𝒓,∑𝒙(𝒙 + 𝒚)(𝒙 + 𝒛) ≥∑𝟐𝒙𝒚(𝒙 + 𝒚)  𝒐𝒓 

∑𝒙𝟑 + 𝟑𝒙𝒚𝒛 ≥∑𝒙𝒚(𝒙 + 𝒚) (𝑺𝒄𝒉𝒖𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚). 

 
 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 𝒙 = 𝒚 = 𝒛 = 𝟏 𝒐𝒓 𝒂 = 𝒃 = 𝒄 = 𝟏 
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1528. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎 𝒂𝐧𝐝 𝒂 + 𝐛 + 𝐜 = 𝒂𝐛𝐜, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

(𝒂𝟐 − 𝟏)(𝐛𝟐 − 𝟏)(𝐜𝟐 − 𝟏) ≤ √(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)(𝐜𝟐 + 𝟏) 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 
= 𝟐𝒂 > 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 ⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦  

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲);  

𝐬𝐨 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐) 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

 

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟑),∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟑)

 

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒), 

∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) =
𝐯𝐢𝒂 (𝟏),(𝟐) 𝒂𝐧𝐝 (𝟑)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 

⇒ ∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝟓) 

𝐍𝐨𝐰, (𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)(𝐜𝟐 + 𝟏) =
𝒂+𝐛+𝐜 = 𝒂𝐛𝐜

 

(𝒂𝟐 +
𝒂𝐛𝐜

∑ 𝒂𝐜𝐲𝐜
)(𝐛𝟐 +

𝒂𝐛𝐜

∑ 𝒂𝐜𝐲𝐜
)(𝐜𝟐 +

𝒂𝐛𝐜

∑ 𝒂𝐜𝐲𝐜
) 

=
𝒂𝐛𝐜

(∑ 𝒂𝐜𝐲𝐜 )
𝟑(𝒂∑𝒂

𝐜𝐲𝐜

+ 𝐛𝐜)(𝐛∑𝒂

𝐜𝐲𝐜

+ 𝐜𝒂)(𝐜∑𝒂

𝐜𝐲𝐜

+ 𝒂𝐛) 

=
𝒂+𝐛+𝐜 = 𝒂𝐛𝐜 𝒂𝐛𝐜

𝒂𝟑𝐛𝟑𝐜𝟑

(

 
 
 
 𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

)

𝟑

+ 𝒂𝟐𝐛𝟐𝐜𝟐 + 𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

)

+(∑𝒂

𝐜𝐲𝐜

)

𝟐

(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)

)

 
 
 
 

 

=
𝐯𝐢𝒂 (𝟏),(𝟐),(𝟒) 𝒂𝐧𝐝 (𝟓) 𝐫𝟐𝐬𝟒 + 𝐫𝟒𝐬𝟐 + 𝐫𝟐𝐬𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) + 𝐫𝟐𝐬𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐)

𝐫𝟒𝐬𝟐
 

=
𝟏𝟔𝐑𝟐

𝐫𝟐
⇒ √(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)(𝐜𝟐 + 𝟏) =

𝟒𝐑

𝐫
→ (𝐢) 
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𝐀𝐠𝒂𝐢𝐧, (𝒂𝟐 − 𝟏)(𝐛𝟐 − 𝟏)(𝐜𝟐 − 𝟏) = 𝒂𝟐𝐛𝟐𝐜𝟐 − 𝟏 −∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐

𝐜𝐲𝐜

=
𝒂+𝐛+𝐜 = 𝒂𝐛𝐜

 

(
∑ 𝒂𝐜𝐲𝐜

𝒂𝐛𝐜
)

𝟑

(𝒂𝟐𝐛𝟐𝐜𝟐 − (
𝒂𝐛𝐜

∑ 𝒂𝐜𝐲𝐜
)

𝟑

− (∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(
𝒂𝐛𝐜

∑ 𝒂𝐜𝐲𝐜
) + (∑𝒂𝟐

𝐜𝐲𝐜

)(
𝒂𝐛𝐜

∑ 𝒂𝐜𝐲𝐜
)

𝟐

) 

=
𝐯𝐢𝒂 (𝟏),(𝟐),(𝟒) 𝒂𝐧𝐝 (𝟓)

(
𝐬

𝐫𝟐𝐬
)
𝟑

(𝐫𝟒𝐬𝟐 − 𝐫𝟔 − 𝐫𝟒((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝐫𝟒(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)) 

=
𝟒𝐬𝟐 − 𝟏𝟔𝐑𝟐 − 𝟏𝟔𝐑𝐫 − 𝟒𝐫𝟐

𝐫𝟐
≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝟒(𝟒𝐑𝟐 + 𝟒𝐑𝐫+ 𝟑𝐫𝟐) − 𝟏𝟔𝐑𝟐 − 𝟏𝟔𝐑𝐫 − 𝟒𝐫𝟐

𝐫𝟐
 

= 𝟖 ≤
𝐄𝐮𝐥𝐞𝐫 𝟒𝐑

𝐫
=

𝐯𝐢𝒂 (𝐢)
√(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)(𝐜𝟐 + 𝟏) 

∴ (𝒂𝟐 − 𝟏)(𝐛𝟐 − 𝟏)(𝐜𝟐 − 𝟏) ≤ √(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)(𝐜𝟐 + 𝟏)  

∀ 𝒂, 𝐛, 𝐜 > 𝟎│𝒂+ 𝐛+ 𝐜 = 𝒂𝐛𝐜,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = √𝟑 (𝐐𝐄𝐃) 
 

1529. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 𝟎 𝒂𝐧𝐝 𝒙𝐲𝐳 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

(
𝒙

𝟏 + 𝒙𝐲
)
𝟐

+ (
𝐲

𝟏 + 𝐲𝐳
)
𝟐

+ (
𝐳

𝟏 + 𝐳𝒙
)
𝟐

≥
𝟑

𝟒
 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

(
𝒙

𝟏 + 𝒙𝐲
)
𝟐

+ (
𝐲

𝟏 + 𝐲𝐳
)
𝟐

+ (
𝐳

𝟏 + 𝐳𝒙
)
𝟐

=
𝒙𝐲𝐳 = 𝟏

 

(
𝒙

𝟏 +
𝟏
𝐳

)

𝟐

+(
𝐲

𝟏 +
𝟏
𝒙

)

𝟐

+ (
𝐳

𝟏 +
𝟏
𝐲

)

𝟐

= (
𝒙𝐳

𝐳 + 𝟏
)
𝟐

+ (
𝒙𝐲

𝒙 + 𝟏
)
𝟐

+ (
𝐲𝐳

𝐲 + 𝟏
)
𝟐

 

=
𝒙𝐲𝐳 = 𝟏

(
𝟏

𝐲𝐳 + 𝐲
)
𝟐

+ (
𝟏

𝐳𝒙+ 𝐳
)
𝟐

+ (
𝟏

𝒙𝐲 + 𝒙
)
𝟐

 

≥ (
𝟏

𝒙𝐲 + 𝒙
) (

𝟏

𝐲𝐳 + 𝐲
) + (

𝟏

𝐲𝐳 + 𝐲
) (

𝟏

𝐳𝒙 + 𝐳
) + (

𝟏

𝐳𝒙 + 𝐳
) (

𝟏

𝒙𝐲 + 𝒙
) 

=
𝐳𝒙 + 𝐳 + 𝒙𝐲 + 𝒙 + 𝐲𝐳 + 𝐲

(𝒙𝐲 + 𝒙)(𝐲𝐳 + 𝐲)(𝐳𝒙 + 𝐳)
=

𝒙𝐲𝐳 = 𝟏 ∑ 𝒙𝐲𝐜𝐲𝐜 + ∑ 𝒙𝐜𝐲𝐜

𝟏 + 𝒙𝐲𝐳 + ∑ 𝒙𝐲𝐜𝐲𝐜 + ∑ 𝒙𝐜𝐲𝐜
≥
? 𝟑

𝟒
 

⇔∑𝒙𝐲

𝐜𝐲𝐜

+∑𝒙

𝐜𝐲𝐜

≥
?
𝟑 + 𝟑𝒙𝐲𝐳 =

𝒙𝐲𝐳 = 𝟏
𝟔 → 𝐭𝐫𝐮𝐞 ∵ 

∑𝒙𝐲

𝐜𝐲𝐜

+∑𝒙

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑. √𝒙𝟐𝐲𝟐𝐳𝟐
𝟑

+ 𝟑. √𝒙𝐲𝐳
𝟑 =

𝒙𝐲𝐳 = 𝟏
𝟔 

∴ (
𝒙

𝟏 + 𝒙𝐲
)
𝟐

+ (
𝐲

𝟏 + 𝐲𝐳
)
𝟐

+ (
𝐳

𝟏 + 𝐳𝒙
)
𝟐

≥
𝟑

𝟒
  

∀ 𝒙, 𝐲, 𝐳 > 𝟎│𝒙𝐲𝐳 = 𝟏,′′=′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = 𝟏 (𝐐𝐄𝐃) 
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1530. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎 𝒂𝐧𝐝 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 =
𝟑

𝟒
, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

(𝟏 −
𝟏

𝒂
) (𝟏 −

𝟏

𝐛
) (𝟏 −

𝟏

𝐜
) ≤ −𝟏 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 
= 𝟐𝒂 > 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 ⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦  

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲);  

𝐬𝐨 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐) 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

 

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟑),∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟑)

 

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) 

⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒) 

𝐍𝐨𝐰, (𝟏 −
𝟏

𝒂
) (𝟏 −

𝟏

𝐛
) (𝟏 −

𝟏

𝐜
) + 𝟏 =

(𝒂 − 𝟏)(𝐛 − 𝟏)(𝐜 − 𝟏) + 𝒂𝐛𝐜

𝒂𝐛𝐜
 

=
∑ 𝒂𝐜𝐲𝐜 −∑ 𝒂𝐛𝐜𝐲𝐜 + 𝟐𝒂𝐛𝐜− 𝟏

𝒂𝐛𝐜
≤ 𝟎 ⇔∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟏 ≥∑𝒂

𝐜𝐲𝐜

+ 𝟐𝒂𝐛𝐜 

⇔
𝒂𝟐+𝐛𝟐+𝐜𝟐 = 

𝟑
𝟒
∑𝒂𝐛

𝐜𝐲𝐜

+
𝟒

𝟑
∑𝒂𝟐

𝐜𝐲𝐜

≥ (∑𝒂

𝐜𝐲𝐜

) .√
𝟒

𝟑
∑𝒂𝟐

𝐜𝐲𝐜

+
𝟐𝒂𝐛𝐜

√𝟒
𝟑
∑ 𝒂𝟐𝐜𝐲𝐜

 

=

𝟒
𝟑
(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝟐𝐜𝐲𝐜 ) + 𝟐𝒂𝐛𝐜

√𝟒
𝟑
∑ 𝒂𝟐𝐜𝐲𝐜

⇔ 

(
𝟒

𝟑
∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

+
𝟒

𝟑
∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

≥ (
𝟒

𝟑
(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

)+ 𝟐𝒂𝐛𝐜)

𝟐

 

⇔ (∑𝒂𝟐

𝐜𝐲𝐜

)(𝟒∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟑∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

≥ 𝟑(𝟐(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

)+ 𝟑𝒂𝐛𝐜)

𝟐

 

⇔
𝐯𝐢𝒂 (𝟏),(𝟐),(𝟑) 𝒂𝐧𝐝 (𝟒)

(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)(𝟒(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) + 𝟑(𝟒𝐑𝐫 + 𝐫𝟐))
𝟐

 

≥ 𝟑(𝟐𝐬(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) + 𝟑𝐫𝟐𝐬)
𝟐

 

⇔ 𝟐𝐬𝟔 − (𝟒𝟖𝐑𝐫 + 𝟑𝟎𝐫𝟐)𝐬𝟒 + 𝐫𝟐(𝟒𝟓𝟔𝐑𝟐 + 𝟑𝟕𝟐𝐑𝐫 + 𝟓𝟏𝐫𝟐)𝐬𝟐 
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−𝟐𝟓𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≥
(∗)

𝟎 𝒂𝐧𝐝 ∵ 𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨  

𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

 

⇔ (𝟒𝟖𝐑 − 𝟔𝟎𝐫)𝐬𝟒 − 𝐫(𝟏𝟎𝟖𝟎𝐑𝟐 − 𝟏𝟑𝟑𝟐𝐑𝐫 + 𝟗𝟗𝐫𝟐)𝐬𝟐 

+𝐫𝟐(𝟔𝟓𝟗𝟐𝐑𝟑 − 𝟖𝟖𝟖𝟎𝐑𝟐𝐫 + 𝟐𝟏𝟎𝟎𝐑𝐫𝟐 − 𝟐𝟕𝟓𝐫𝟑) ≥
(∗∗)

𝟎 

𝒂𝐧𝐝 ∵ (𝟒𝟖𝐑 − 𝟔𝟎𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫  

𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ (𝟒𝟖𝐑− 𝟔𝟎𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐
 

⇔ (𝟒𝟓𝟔𝐑𝟐 − 𝟏𝟎𝟔𝟖𝐑𝐫 + 𝟓𝟎𝟏𝐫𝟐)𝐬𝟐 ≥
(∗∗∗)

𝐫 (𝟓𝟔𝟗𝟔𝐑
𝟑 − 𝟏𝟒𝟏𝟔𝟎𝐑𝟐𝐫 + 𝟖𝟕𝟎𝟎𝐑𝐫𝟐

−𝟏𝟐𝟐𝟓𝐫𝟑
) 

𝐍𝐨𝐰, 𝟒𝟓𝟔𝐑𝟐 − 𝟏𝟎𝟔𝟖𝐑𝐫 + 𝟓𝟎𝟏𝐫𝟐 = (𝐑 − 𝟐𝐫)(𝟒𝟓𝟔𝐑− 𝟏𝟓𝟔𝐫) + 𝟏𝟖𝟗𝐫𝟐 ≥
𝐄𝐮𝐥𝐞𝐫

𝟏𝟖𝟗𝐫𝟐 

> 0 ∴ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟒𝟓𝟔𝐑𝟐 − 𝟏𝟎𝟔𝟖𝐑𝐫 + 𝟓𝟎𝟏𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

≥
?
𝐫(𝟓𝟔𝟗𝟔𝐑𝟑 − 𝟏𝟒𝟏𝟔𝟎𝐑𝟐𝐫 + 𝟖𝟕𝟎𝟎𝐑𝐫𝟐 − 𝟏𝟐𝟐𝟓𝐫𝟑) 

⇔ 𝟐𝟎𝟎𝐭𝟑 − 𝟔𝟓𝟏𝐭𝟐 + 𝟓𝟖𝟐𝐭 − 𝟏𝟔𝟎 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟕𝟒𝐭𝟐 + 𝟏𝟐𝟔𝐭(𝐭 − 𝟐) + 𝐭 + 𝟖𝟎) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ (𝟏 −
𝟏

𝒂
) (𝟏 −

𝟏

𝐛
) (𝟏 −

𝟏

𝐜
) + 𝟏 ≤ 𝟎 

⇒ (𝟏 −
𝟏

𝒂
) (𝟏 −

𝟏

𝐛
) (𝟏 −

𝟏

𝐜
) ≤ −𝟏  

∀ 𝒂, 𝐛, 𝐜 > 𝟎│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 =
𝟑

𝟒
,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =

𝟏

𝟐
 (𝐐𝐄𝐃) 

1531. 𝐈𝐟 𝒂, 𝐛, 𝐜 ∈ ℝ 𝒂𝐧𝐝 𝒂 + 𝐛 + 𝐜 = 𝟑, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
 

√𝟐𝒂𝟐 + 𝟔
𝟑

+ √𝟐𝐛𝟐 + 𝟔
𝟑

+ √𝟐𝐜𝟐 + 𝟔
𝟑

≥ 𝟔 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝐭𝐰𝐨 𝒂𝐦𝐨𝐧𝐠 𝒂,𝐛, 𝐜 𝐞𝐪𝐮𝒂𝒍 𝐭𝐨 𝐳𝐞𝐫𝐨 ∶ 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 

𝐛 = 𝐜 = 𝟎 (𝒂 = 𝟑) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 = √𝟐𝟒
𝟑

+ 𝟐. √𝟔
𝟑

≈ 𝟔.𝟓𝟏𝟖𝟕𝟒 > 6 
𝐂𝒂𝐬𝐞 𝟐  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝐨𝐧𝐞 𝒂𝐦𝐨𝐧𝐠 𝒂,𝐛, 𝐜 𝐞𝐪𝐮𝒂𝒍𝐬 𝐳𝐞𝐫𝐨 ∶ 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎  

(𝐛, 𝐜 > 0 𝑤𝑖𝑡ℎ 𝑏 + 𝑐 = 3) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 = √𝟔
𝟑

+ √𝟐𝐛𝟐 + 𝟔
𝟑

+ √𝟐𝐜𝟐 + 𝟔
𝟑

>
?
𝟔 

⇔ (√𝟐𝐛𝟐 + 𝟔
𝟑

+ √𝟐𝐜𝟐 + 𝟔
𝟑

)
𝟑

>
?
⏟
(∗)

(𝟔 − √𝟔
𝟑
)
𝟑
  

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (∗) = 𝟐𝐛𝟐 + 𝟔+ 𝟐𝐜𝟐 + 𝟔 

+𝟑. √(𝟐𝐛𝟐 + 𝟔)(𝟐𝐜𝟐 + 𝟔)
𝟑

. (√𝟐𝐛𝟐 + 𝟔
𝟑

+ √𝟐𝐜𝟐 + 𝟔
𝟑

) ≥
𝐉𝐞𝐧𝐬𝐞𝐧

 

(𝐛 + 𝐜)𝟐 + 𝟏𝟐 + 𝟑. √𝟒𝐛𝟐𝐜𝟐 + 𝟔(𝐛 + 𝐜)𝟐 + 𝟑𝟔
𝟑

. 𝟐. √𝟐 (
𝐛 + 𝐜

𝟐
)
𝟐

+ 𝟔
𝟑
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(∵ 𝐟(𝒙) = √𝟐𝒙𝟐 + 𝟔
𝟑

 ∀ 𝒙 ∈ (𝟎,𝟑) 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝒙 𝒂𝐬 𝐟 ′′(𝒙) =
𝟖(𝟗 − 𝒙𝟐)

𝟗(𝟐𝒙𝟐 + 𝟔)
𝟓
𝟑

> 0 ) 

=
𝐛+𝐜 = 𝟑

𝟐𝟏 + 𝟔. √𝟒𝐛𝟐𝐜𝟐 + 𝟗𝟎
𝟑

. √
𝟐𝟏

𝟐

𝟑

> 21 + 6. √𝟒𝟓.𝟐𝟏
𝟑

≈ 𝟕𝟗.𝟖𝟕𝟗𝟏𝟗 

> (𝟔 − √𝟔
𝟑
)
𝟑
 (≈ 𝟕𝟑.𝟏𝟖𝟓𝟔𝟔𝟕) ∴ √𝟐𝒂𝟐 + 𝟔

𝟑
+ √𝟐𝐛𝟐 + 𝟔

𝟑
+ √𝟐𝐜𝟐 + 𝟔

𝟑
> 𝟔 

𝐂𝒂𝐬𝐞 𝟑  𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ √𝟐𝒂𝟐 + 𝟔
𝟑

+ √𝟐𝐛𝟐 + 𝟔
𝟑

+ √𝟐𝐜𝟐 + 𝟔
𝟑

≥
𝐉𝐞𝐧𝐬𝐞𝐧

 

𝟑. √𝟐 (
𝒂 + 𝐛 + 𝐜

𝟑
)
𝟐

+ 𝟔
𝟑

= 𝟔 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 

√𝟐𝒂𝟐 + 𝟔
𝟑

+ √𝟐𝐛𝟐 + 𝟔
𝟑

+ √𝟐𝐜𝟐 + 𝟔
𝟑

≥ 𝟔 

∀ 𝒂,𝐛, 𝐜 ∈ ℝ│𝒂 + 𝐛 + 𝐜 = 𝟑, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1532. 𝐈𝐟 𝒂, 𝐛, 𝐜, 𝐝 ∈ [𝟏, 𝟐], 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝐝𝟐) (
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
+
𝟏

𝐝𝟐
) ≤ 𝟐𝟓 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐕𝐢𝒂 𝐒𝐜𝐡𝐰𝐞𝐢𝐭𝐳𝐞𝐫 (𝟏𝟗𝟏𝟒), 𝐟𝐨𝐫 𝟎 < 𝑚 < 𝑀 𝑎𝐧𝐝 𝒙𝐢 ∈ [𝐦,𝐌] (𝐢 ∈ 𝟏,𝐧̅̅ ̅̅ ̅), 

(
𝟏

𝐧
∑𝒙𝐢
𝐜𝐲𝐜

)(
𝟏

𝐧
∑

𝟏

𝒙𝐢
𝐜𝐲𝐜

) ≤
(𝐦 +𝐌)𝟐

𝟒𝐦𝐌
→ (𝟏) 

𝐂𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐧 = 𝟒,𝒙𝟏 = 𝒂
𝟐, 𝒙𝟐 = 𝐛

𝟐, 𝒙𝟑 = 𝐜
𝟐, 𝒙𝟒 = 𝐝

𝟐 𝒂𝐧𝐝 ∵ 𝒂,𝐛, 𝐜, 𝐝 ∈ [𝟏, 𝟐] 
 

∴ 𝒂𝟐, 𝐛𝟐, 𝐜𝟐, 𝐝𝟐 ∈ [𝟏,𝟒] ⇒ 𝐦 = 𝟏,𝐌 = 𝟒 𝒂𝐧𝐝 𝐬𝐨, 𝐯𝐢𝒂 (𝟏), 
 

(
𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝐝𝟐

𝟒
)(

𝟏
𝒂𝟐
+
𝟏
𝐛𝟐
+
𝟏
𝐜𝟐
+
𝟏
𝐝𝟐

𝟒
) ≤

(𝟏 + 𝟒)𝟐

𝟒. 𝟏. 𝟒
 

⇒ (𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝐝𝟐) (
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
+
𝟏

𝐝𝟐
) ≤ 𝟐𝟓 ∀ 𝒂,𝐛, 𝐜, 𝐝 ∈ [𝟏, 𝟐] (𝐐𝐄𝐃) 

1533. 𝐈𝐟 𝒂, 𝐛, 𝐜 ∈ ℝ 𝒂𝐧𝐝 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝟑, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
 

(𝟐𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)(𝟐𝐛𝟐 + 𝐜𝟐 + 𝒂𝟐)(𝟐𝐜𝟐 + 𝒂𝟐 + 𝐛𝟐) ≥ 𝟔𝟒 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
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𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝐨𝐧𝐞 𝒂𝐦𝐨𝐧𝐠 𝒂, 𝐛, 𝐜 𝐞𝐪𝐮𝒂𝒍𝐬 𝐳𝐞𝐫𝐨 ∶ 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞  

𝒂 = 𝟎 (𝐛, 𝐜 > 0 𝑤𝑖𝑡ℎ 𝑏𝑐 = 3) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶  
(𝟐𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)(𝟐𝐛𝟐 + 𝐜𝟐 + 𝒂𝟐)(𝟐𝐜𝟐 + 𝒂𝟐 + 𝐛𝟐) = (𝐛𝟐 + 𝐜𝟐)(𝟐𝐛𝟐 + 𝐜𝟐)(𝟐𝐜𝟐 + 𝐛𝟐) 

= (𝐛𝟐 + 𝐜𝟐) (𝟐(𝐛𝟐 + 𝐜𝟐)
𝟐
+ 𝐛𝟐𝐜𝟐) ≥

𝐀−𝐆
𝟐𝐛𝐜(𝟗𝐛𝟐𝐜𝟐) = 𝟏𝟖.𝟐𝟕 > 64 

⇒ (𝟐𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)(𝟐𝐛𝟐 + 𝐜𝟐 + 𝒂𝟐)(𝟐𝐜𝟐 + 𝒂𝟐 + 𝐛𝟐) > 64 

𝐂𝒂𝐬𝐞 𝟐  𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝒂𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 
> 𝟎,𝒚 + 𝒛 − 𝒙 = 𝟐𝒂 > 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 

⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲);  𝐬𝐨 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙, 𝐛 = 𝐬 − 𝐲, 

𝐜 = 𝐬 − 𝐳 ∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐) 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

 

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟑),∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟑)

 

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒), 

∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) =
𝐯𝐢𝒂 (𝟏),(𝟐) 𝒂𝐧𝐝 (𝟑)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 

⇒ ∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝟓) 

𝐍𝐨𝐰, (𝟐𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)(𝟐𝐛𝟐 + 𝐜𝟐 + 𝒂𝟐)(𝟐𝐜𝟐 + 𝒂𝟐 + 𝐛𝟐) ≥ 𝟔𝟒 ⇔
∵ 𝒂𝐛+𝐛𝐜+𝐜𝒂 = 𝟑

 

(𝒂𝟐 +∑𝒂𝟐

𝐜𝐲𝐜

)(𝐛𝟐 +∑𝒂𝟐

𝐜𝐲𝐜

)(𝐜𝟐 +∑𝒂𝟐

𝐜𝐲𝐜

) ≥
𝟔𝟒

𝟐𝟕
(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟑

 

⇔ 𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟓𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟐𝟕(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

) ≥ 𝟔𝟒(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟑

 

⇔
𝐯𝐢𝒂 (𝟐),(𝟑),(𝟒) 𝒂𝐧𝐝 (𝟓)

𝟐𝟕𝐫𝟒𝐬𝟐 + 𝟓𝟒(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟑

 

+𝟐𝟕𝐫𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) − 𝟔𝟒(𝟒𝐑𝐫 + 𝐫𝟐)
𝟑
≥
(∗)

𝟎 𝒂𝐧𝐝 

∵ 𝟓𝟒(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 𝟓𝟒(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

 

⇔ (𝟑𝟐𝟒𝐑− 𝟐𝟗𝟕𝐫)𝐬𝟒 − 𝐫(𝟕𝟔𝟔𝟖𝐑𝟐 − 𝟕𝟗𝟑𝟖𝐑𝐫 + 𝟖𝟏𝟎𝐫𝟐)𝐬𝟐 

+𝐫𝟐(𝟒𝟔𝟒𝟗𝟔𝐑𝟑 − 𝟓𝟖𝟒𝟒𝟎𝐑𝟐𝐫 + 𝟏𝟒𝟓𝟓𝟎𝐑𝐫𝟐 − 𝟏𝟖𝟐𝟓𝐫𝟑) ≥
(∗∗)

𝟎 

𝒂𝐧𝐝 ∵ (𝟑𝟐𝟒𝐑 − 𝟐𝟗𝟕𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ (𝟑𝟐𝟒𝐑− 𝟐𝟗𝟕𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐
⇔ 



 
www.ssmrmh.ro 

33 RMM-CYCLIC INEQUALITIES MARATHON 1501-1600 

 

(𝟏𝟑𝟓𝟎𝐑𝟐 − 𝟐𝟒𝟎𝟑𝐑𝐫 + 𝟏𝟎𝟖𝟎𝐫𝟐)𝐬𝟐 ≥
(∗∗∗)

𝐫 (𝟏𝟖𝟐𝟐𝟒𝐑
𝟑 − 𝟑𝟒𝟕𝟏𝟔𝐑𝟐𝐫 + 𝟐𝟎𝟓𝟑𝟓𝐑𝐫𝟐

−𝟐𝟖𝟎𝟎𝐫𝟑
) 

𝐀𝐠𝒂𝐢𝐧, (𝟏𝟑𝟓𝟎𝐑𝟐 − 𝟐𝟒𝟎𝟑𝐑𝐫 + 𝟏𝟎𝟖𝟎𝐫𝟐)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟏𝟑𝟓𝟎𝐑𝟐 − 𝟐𝟒𝟎𝟑𝐑𝐫 + 𝟏𝟎𝟖𝟎𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

≥
?
𝐫(𝟏𝟖𝟐𝟐𝟒𝐑𝟑 − 𝟑𝟒𝟕𝟏𝟔𝐑𝟐𝐫 + 𝟐𝟎𝟓𝟑𝟓𝐑𝐫𝟐 − 𝟐𝟖𝟎𝟎𝐫𝟑) 

⇔ 𝟏𝟔𝟖𝟖𝐭𝟑 − 𝟓𝟐𝟒𝟏𝐭𝟐 + 𝟒𝟑𝟖𝟎𝐭 − 𝟏𝟑𝟎𝟎 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟏𝟔𝟖𝟖𝐭 + 𝟏𝟓𝟏𝟏) + 𝟑𝟔𝟕𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗∗∗) ⇒ (∗∗) 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ (𝟐𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)(𝟐𝐛𝟐 + 𝐜𝟐 + 𝒂𝟐)(𝟐𝐜𝟐 + 𝒂𝟐 + 𝐛𝟐) ≥ 𝟔𝟒 𝒂𝐧𝐝 𝐬𝐨, 

𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, (𝟐𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)(𝟐𝐛𝟐 + 𝐜𝟐 + 𝒂𝟐)(𝟐𝐜𝟐 + 𝒂𝟐 + 𝐛𝟐) ≥ 𝟔𝟒  

∀ 𝒂, 𝐛, 𝐜 ∈ ℝ│𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂 = 𝟑, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

1534. 
𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝒂𝐛𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

 

√𝐜
𝟓 (𝐛𝟐. √𝒂

𝟑 + 𝒂𝟐. √𝐛
𝟑
)

𝐛. √𝒂
𝟓 + 𝒂. √𝐛

𝟓 +
√𝒂
𝟓 (𝐛𝟐. √𝐜

𝟑 + 𝐜𝟐. √𝐛
𝟑
)

𝐛. √𝐜
𝟓 + 𝐜. √𝐛

𝟓 +
√𝐛
𝟓
(𝒂𝟐. √𝐜

𝟑 + 𝐜𝟐. √𝒂
𝟑 )

𝒂. √𝐜
𝟓 + 𝐜. √𝒂

𝟓 ≥ 𝟑 

 
  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 
 

∀ 𝐀, 𝐁, 𝐂 > 0, (𝐀 + 𝐁), (𝐁 + 𝐂), (𝐂 + 𝐀) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞    
(∵ (𝐀 + 𝐁) + (𝐁 + 𝐂) > (𝐂 + 𝐀) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) 

⇒ √𝐀 + 𝐁,√𝐁 + 𝐂, √𝐂 + 𝐀 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 

𝒂𝐧𝐝 𝟏𝟔𝐅𝟐 = 𝟐∑(𝐀+ 𝐁)(𝐁 + 𝐂)

𝐜𝐲𝐜

−∑(𝐀+ 𝐁)𝟐

𝐜𝐲𝐜

 

= 𝟐∑(∑𝐀𝐁

𝐜𝐲𝐜

+𝐁𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

 

= 𝟔∑𝐀𝐁

𝐜𝐲𝐜

+ 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀𝐁

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲, 𝐳 > 0,√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝒙𝟐𝐲𝟐

𝒙𝐲(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
 

𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦,𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

∑ (𝒙𝐲(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝐳𝟐))𝐜𝐲𝐜

=
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐
+ 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

 

≥
? 𝟑

𝟒
⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ∴ √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
→ (𝟐) 
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𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
√𝐜
𝟓 (𝐛𝟐. √𝒂

𝟑 + 𝒂𝟐. √𝐛
𝟑
)

𝐛. √𝒂
𝟓 + 𝒂. √𝐛

𝟓
+
√𝒂
𝟓 (𝐛𝟐. √𝐜

𝟑 + 𝐜𝟐. √𝐛
𝟑
)

𝐛. √𝐜
𝟓 + 𝐜. √𝐛

𝟓
+
√𝐛
𝟓
(𝒂𝟐. √𝐜

𝟑 + 𝐜𝟐. √𝒂
𝟑 )

𝒂. √𝐜
𝟓
+ 𝐜. √𝒂

𝟓
 

=

√𝒂
𝟓

𝒂
(𝒂.

𝐛𝟐. √𝐜
𝟑
+ 𝐜𝟐. √𝐛

𝟑

𝐛𝐜
)

𝐛. √𝐜
𝟓 + 𝐜. √𝐛

𝟓

𝐛𝐜

+

√𝐛
𝟓

𝐛
(𝐛.

𝒂𝟐. √𝐜
𝟑
+ 𝐜𝟐. √𝒂

𝟑

𝐜𝒂
)

𝒂. √𝐜
𝟓
+ 𝐜. √𝒂

𝟓

𝐜𝒂

+

√𝐜
𝟓

𝐜
(𝐜.
𝐛𝟐. √𝒂

𝟑
+ 𝒂𝟐. √𝐛

𝟑

𝒂𝐛
)

𝐛. √𝒂
𝟓 + 𝒂. √𝐛

𝟓

𝒂𝐛

 

=
𝒂𝐛𝐜 = 𝟏

√𝒂
𝟓

𝒂
(
𝐛𝟐. √𝐜

𝟑
+ 𝐜𝟐. √𝐛

𝟑

𝐛𝟐𝐜𝟐
)

√𝐛
𝟓

𝐛
+
√𝐜
𝟓

𝐜

+

√𝐛
𝟓

𝐛
(
𝒂𝟐. √𝐜

𝟑
+ 𝐜𝟐. √𝒂

𝟑

𝐜𝟐𝒂𝟐
)

√𝐜
𝟓

𝐜 +
√𝒂
𝟓

𝒂

+

√𝐜
𝟓

𝐜
(
𝐛𝟐. √𝒂

𝟑
+ 𝒂𝟐. √𝐛

𝟑

𝒂𝟐𝐛𝟐
)

√𝒂
𝟓

𝒂
+
√𝐛
𝟓

𝐛

 

=

√𝒂
𝟓

𝒂 (
√𝐛
𝟑

𝐛𝟐
+
√𝐜
𝟑

𝐜𝟐
)

√𝐛
𝟓

𝐛
+
√𝐜
𝟓

𝐜

+

√𝐛
𝟓

𝐛 (
√𝐜
𝟑

𝐜𝟐
+
√𝒂
𝟑

𝒂𝟐
)

√𝐜
𝟓

𝐜 +
√𝒂
𝟓

𝒂

+

√𝐜
𝟓

𝐜 (
√𝒂
𝟑

𝒂𝟐
+
√𝐛
𝟑

𝐛𝟐
)

√𝒂
𝟓

𝒂
+
√𝐛
𝟓

𝐛

 

=
𝒙

𝐲 + 𝐳
(𝐁 + 𝐂) +

𝐲

𝐳 + 𝒙
(𝐂 + 𝐀) +

𝐳

𝒙 + 𝐲
(𝐀 + 𝐁)  

(𝒙 =
√𝒂
𝟓

𝒂
, 𝐲 =

√𝐛
𝟓

𝐛
, 𝐳 =

√𝐜
𝟓

𝐜
, 𝐀 =

√𝒂
𝟑

𝒂𝟐
, 𝐁 =

√𝐛
𝟑

𝐛𝟐
, 𝐂 =

√𝐜
𝟑

𝐜𝟐
) 

=
𝒙

𝐲 + 𝐳
. √𝐁 + 𝐂

𝟐
+

𝐲

𝐳 + 𝒙
. √𝐂 + 𝐀

𝟐
+

𝐳

𝒙 + 𝐲
. √𝐀 + 𝐁

𝟐
≥

𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

 

𝟒𝐅.√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀𝐁

𝐜𝐲𝐜

.
√𝟑

𝟐
= √𝟑∑(

√𝒂
𝟑

𝒂𝟐
.
√𝐛
𝟑

𝐛𝟐
)

𝐜𝐲𝐜

≥
𝐀−𝐆

 

√𝟗. √
√𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

𝒂𝟒𝐛𝟒𝐜𝟒

𝟑

=
𝒂𝐛𝐜 = 𝟏

√𝟗 = 𝟑  ∀ 𝒂, 𝐛, 𝐜 > 0│𝑎𝐛𝐜 = 𝟏,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

 
1535. If 𝒂, 𝒃, 𝒄 > 0 then: 

𝒂𝟏−
𝟏
𝒂 + 𝒃𝟏−

𝟏
𝒃 + 𝒄𝟏−

𝟏
𝒄 ≥ 𝟐𝟕

𝟏
𝒂+𝒃+𝒄 ⋅ (𝒂 + 𝒃 + 𝒄)

𝒂+𝒃+𝒄−𝟑
𝒂+𝒃+𝒄  

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

𝒂𝟏−
𝟏
𝒂 + 𝒃𝟏−

𝟏
𝒃 + 𝒄𝟏−

𝟏
𝒄

𝒂 + 𝒃 + 𝒄
=
𝒂(𝒂−

𝟏
𝒂) + 𝒃 (𝒃−

𝟏
𝒃) + 𝒄(𝒄−

𝟏
𝒄)

𝒂 + 𝒃 + 𝒄
≥ 

≥ [(𝒂−
𝟏

𝒂)
𝒂

(𝒃−
𝟏

𝒃)
𝒃

(𝒄−
𝟏

𝒄)
𝒄

]

𝟏

(𝒂+𝒃+𝒄)

=
𝟏

(𝒂𝒃𝒄)
𝟏

(𝒂+𝒃+𝒄)

       (1) 
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Also, (𝒂𝒃𝒄)
𝟏

𝟑 ≤
𝒂+𝒃+𝒄

𝟑
⇒

𝟏

𝒂𝒃𝒄
≥

𝟐𝟕

(𝒂+𝒃+𝒄)𝟑
     (2) 

Thus, from (1) and (2) 

𝒂𝟏−
𝟏
𝒂 + 𝒃𝟏−

𝟏
𝒃 + 𝒄𝟏−

𝟏
𝒄 ≥ (𝒂 + 𝒃 + 𝒄) (

𝟐𝟕

(𝒂 + 𝒃 + 𝒄)𝟑
)

𝟏
𝒂+𝒃+𝒄

 

= 𝟐𝟕
𝟏

𝒂+𝒃+𝒄 ⋅ (𝒂 + 𝒃 + 𝒄)𝟏−
𝟑

𝒂+𝒃+𝒄 = 𝟐𝟕
𝟏

𝒂+𝒃+𝒄 ⋅ (𝒂 + 𝒃 + 𝒄)
𝒂+𝒃+𝒄−𝟑
𝒂+𝒃+𝒄  

Equality holds for 𝒂 = 𝒃 = 𝒄. 

1536. If 𝒂, 𝒃, 𝒄 > 0 then: 

𝒂 ⋅ 𝟐
𝟏
𝒂 + 𝒃 ⋅ 𝟐

𝟏
𝒃 + 𝒄 ⋅ 𝟐

𝟏
𝒄 ≥ (𝒂 + 𝒃 + 𝒄) ⋅ 𝟖

𝟏
𝒂+𝒃+𝒄 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Ravi Prakash-New Delhi-India 

Using 𝑨𝑴 ≥ 𝑮𝑴 

𝒂(𝟐
𝟏
𝒂) + 𝒃 (𝟐

𝟏
𝒃) + 𝒄 (𝟐

𝟏
𝒄)

𝒂 + 𝒃 + 𝒄
≥ [(𝟐

𝟏
𝒂)
𝒂

(𝟐
𝟏
𝒃)
𝒃

(𝟐
𝟏
𝒄)
𝒄

]

𝟏
𝒂+𝒃+𝒄

 

⇒ 𝒂(𝟐
𝟏
𝒂) + 𝒃 (𝟐

𝟏
𝒃) + 𝒄 (𝟐

𝟏
𝒄) ≥ (𝒂 + 𝒃 + 𝒄)(𝟖)

𝟏
𝒂+𝒃+𝒄 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Khaled Abd Imouti-Syria 

𝒇(𝒙) = 𝒙 ⋅ 𝟐
𝟏
𝒙 = 𝒙 ⋅ 𝒆

𝟏
𝒙
𝐥𝐧(𝟐),   𝒇′(𝒙) = 𝒆

𝟏
𝒙
𝐥𝐧(𝟐) + (−

𝒙

𝒙𝟐
𝐥𝐧(𝟐)) ⋅ 𝒆

𝟏
𝒙
𝐥𝐧(𝟐) 

𝒇′(𝒙) = (𝟏 −
𝟏

𝒙
𝐥𝐧(𝟐)) ⋅ 𝒆

𝟏
𝒙
𝐥𝐧(𝟐) 

𝒇′′(𝒙) =
𝟏

𝒙𝟐
𝐥𝐧(𝟐) ⋅ 𝒆

𝟏
𝒙
𝐥𝐧(𝟐) −

𝟏

𝒙𝟐
𝐥𝐧(𝟐) 𝒆

𝟏
𝒙
𝐥𝐧(𝟐) ⋅ (𝟏 −

𝟏

𝒙
𝐥𝐧(𝟐)) 

𝒇′′(𝒙) =
𝟏

𝒙𝟐
𝐥𝐧(𝟐) ⋅ 𝒆

𝟏
𝒙
𝐥𝐧(𝟐) ⋅ [𝟏 − 𝟏 +

𝟏

𝒙
𝐥𝐧(𝟐)] =

𝟏

𝒙𝟑 𝐥𝐧𝟐(𝟐) 𝒆
𝟏
𝒙
𝐥𝐧(𝟐)

 

𝒇′′(𝒙) =
𝟏

𝒙𝟐
𝐥𝐧𝟐(𝟐) ⋅ 𝟐

𝟏

𝒙 > 0. So 𝒇 is convex function and then: 
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𝒂 ⋅ 𝟐
𝟏
𝒂 + 𝒃 ⋅ 𝟐

𝟏
𝒃 + 𝒄 ⋅ 𝟐

𝟏
𝒄 ≥ 𝟑 ⋅ (

𝒂 + 𝒃 + 𝒄

𝟑
) ⋅ 𝟐

𝟏

(
𝒂+𝒃+𝒄
𝟑

) 

𝒂 ⋅ 𝟐
𝟏
𝒂 + 𝒃 ⋅ 𝟐

𝟏
𝒃 + 𝒄 ⋅ 𝟐

𝟏
𝒄 ≥ (𝒂 + 𝒃 + 𝒄) ⋅ (𝟖)

𝟏
𝒂+𝒃+𝒄 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

1537. If 𝒂, 𝒃, 𝒄 > 0 then: 

𝒂√𝒄𝟐 + 𝒃𝟐 + 𝒃√𝒂𝟐 + 𝒄𝟐 + 𝒄√𝒃𝟐 + 𝒂𝟐 ≥ √𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

𝒂√𝒄𝟐 + 𝒃𝟐 + 𝒃√𝒂𝟐 + 𝒄𝟐 + 𝒄√𝒃𝟐 + 𝒂𝟐 

= 𝒂|𝒄 + 𝒊𝒃| + 𝒃|𝒂 + 𝒊𝒄| + 𝒄|𝒃 + 𝒊𝒂| = |𝒂𝒄 + 𝒊𝒂𝒃| + |𝒃𝒂 + 𝒊𝒃𝒄| + |𝒃𝒄 + 𝒊𝒂𝒄| 

≥ |𝒂𝒄 + 𝒃𝒂 + 𝒃𝒄 + 𝒊(𝒂𝒃 + 𝒃𝒄 + 𝒂𝒄)| = (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)|𝟏 + 𝒊| 

= √𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

Equality holds for: 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Tapas Das-India 

𝒂√𝒄𝟐 + 𝒃𝟐 + 𝒃√𝒂𝟐 + 𝒄𝟐 + 𝒄√𝒃𝟐 + 𝒂𝟐 

= √𝒂𝟐𝒄𝟐 + 𝒂𝟐𝒃𝟐 + √𝒃𝟐𝒂𝟐 + 𝒃𝟐𝒄𝟐 + √𝒄𝟐𝒃𝟐 + 𝒄𝟐𝒂𝟐 

≥
𝑴𝒊𝒏𝒌𝒐𝒘𝒔𝒌𝒊

 √(𝒂𝒄 + 𝒃𝒂 + 𝒄𝒃)𝟐 + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 

= √𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 = √𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

Equality holds for: 𝒂 = 𝒃 = 𝒄. 

Solution 3 by Khaled Abd Imouti-Syria 

𝒂√𝒄𝟐 + 𝒃𝟐 + 𝒃√𝒂𝟐 + 𝒄𝟐 + 𝒄√𝒃𝟐 + 𝒂𝟐 ≥ √𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

√𝒂𝟐𝒄𝟐 + 𝒂𝟐𝒃𝟐 + √𝒃𝟐𝒂𝟐 + 𝒄𝟐𝒃𝟐 +√𝒄𝟐𝒃𝟐 + 𝒄𝟐𝒂𝟐 ≥
?

√𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

√
𝒂𝟐𝒄𝟐 + 𝒂𝟐𝒃𝟐

𝟐
+ √

𝒃𝟐𝒂𝟐 + 𝒄𝟐𝒃𝟐

𝟐
+ √

𝒄𝟐𝒃𝟐 + 𝒄𝟐𝒂𝟐

𝟐⏟                                
𝒆𝟏

≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 

By using AM-GM 
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𝒆𝟏 ≥
𝒂𝒄 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒃 + 𝒄𝒃 + 𝒄𝒂

𝟐
=
𝟐(𝒂𝒄 + 𝒂𝒃 + 𝒃𝒄)

𝟐
 

𝒆𝟏 ≥ 𝒂𝒄 + 𝒂𝒃 + 𝒃𝒄 

Equality holds for: 𝒂 = 𝒃 = 𝒄. 

Solution 4 by Kunihiko Chikaya-Tokyo-Japan 

√
𝒃𝟐 + 𝒄𝟐

𝟐
≥⏞

𝑸𝑴−𝑨𝑴
𝒃 + 𝒄

𝟐
⟹ 𝒂√

𝒃𝟐 + 𝒄𝟐

𝟐
≥⏞

𝑸𝑴−𝑨𝑴
𝒂(𝒃 + 𝒄)

𝟐
⟹ 

⟹ 𝒂√𝒃𝟐 + 𝒄𝟐 ≥
𝟏

√𝟐
(𝒂𝒃 + 𝒂𝒄) 

∑𝒂√𝒃𝟐 + 𝒄𝟐

𝒄𝒚𝒄

≥
𝟏

√𝟐
∑(𝒂𝒃 + 𝒂𝒄)

𝒄𝒚𝒄

=
𝟐

√𝟐
∑𝒂𝒃

𝒄𝒚𝒄

= √𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

Equality holds for: 𝒂 = 𝒃 = 𝒄. 

1538. If 𝒙, 𝒚, 𝒛 > 0, 𝑥 + 𝑦 + 𝑧 = 1 then: 
 

𝟏

𝒙
(
𝒚𝟑

𝒙 + 𝒛
+

𝒛𝟑

𝒙 + 𝒚
) +

𝟏

𝒚
(
𝒙𝟑

𝒚 + 𝒛
+

𝒛𝟑

𝒚 + 𝒙
) +

𝟏

𝒛
(
𝒙𝟑

𝒛 + 𝒚
+

𝒚𝟑

𝒛 + 𝒙
) ≥ 𝟏 

 
Proposed by Lamiye Quliyeva-Azerbaijan 

Solution by Mirsadix Muzefferov-Azerbaijan 
 

Let’s group the expression on the left in another  form: 
𝟏

𝒙
∙
𝒚𝟑

𝒙 + 𝒛⏟    
𝑰𝑰

+
𝟏

𝒙
∙
𝒛𝟑

𝒙 + 𝒚⏟    
𝑰𝑰𝑰

+
𝟏

𝒚
∙
𝒙𝟑

𝒚 + 𝒛⏟    
𝑰

+
𝟏

𝒚
∙
𝒛𝟑

𝒙 + 𝒚⏟    
𝑰𝑰𝑰

+
𝟏

𝒛
∙
𝒙𝟑

𝒚 + 𝒛⏟    
𝑰

+
𝟏

𝒛
∙
𝒚𝟑

𝒙 + 𝒛⏟    
𝑰𝑰

≥ 𝟏 

(
𝟏

𝒚
∙
𝒙𝟑

𝒚 + 𝒛
+
𝟏

𝒛
∙
𝒙𝟑

𝒚 + 𝒛
)

𝑰

+ (
𝟏

𝒙
∙
𝒚𝟑

𝒙 + 𝒛
+
𝟏

𝒛
∙
𝒚𝟑

𝒙 + 𝒛
)

𝑰𝑰

+ (
𝟏

𝒙
∙
𝒛𝟑

𝒙 + 𝒚
+
𝟏

𝒚
∙
𝒙𝟑

𝒚 + 𝒛
)

𝑰𝑰𝑰

≥ 𝟏 

𝒙𝟑

𝒚 + 𝒛
∙ (
𝟏

𝒚
+
𝟏

𝒛
) +

𝒚𝟑

𝒙 + 𝒛
∙ (
𝟏

𝒙
+
𝟏

𝒛
) +

𝒛𝟑

𝒙 + 𝒚
∙ (
𝟏

𝒙
+
𝟏

𝒚
) ≥ 𝟏 

𝒙𝟑

𝒚 + 𝒛
∙
𝒚 + 𝒛

𝒚𝒛
+

𝒚𝟑

𝒙 + 𝒛
∙
𝒙 + 𝒛

𝒙𝒛
+

𝒛𝟑

𝒙 + 𝒚
∙
𝒙 + 𝒚

𝒙𝒚
≥ 𝟏 

  𝒙𝟑

𝒚𝒛
+
  𝒚𝟑

𝒙𝒛
+
  𝒛𝟑

𝒙𝒚
≥ 𝟏    (𝑩𝒐𝒕𝒉 𝒔𝒊𝒅𝒆 𝒎𝒖𝒕𝒍𝒊𝒑𝒍𝒚 𝒙𝒚𝒛 > 0) 

From here 
𝒙𝟒 + 𝒚𝟒 + 𝒛𝟒 ≥ 𝒙𝒚𝒛 (∗) 
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Because: 

𝒙𝟒 + 𝒚𝟒 + 𝒛𝟒 = (
𝟏

𝟐
𝒙𝟒 +

𝟏

𝟐
𝒚𝟒) + (

𝟏

𝟐
𝒙𝟒 +

𝟏

𝟐
𝒛𝟒) + (

𝟏

𝟐
𝒚𝟒 +

𝟏

𝟐
𝒛𝟒)  (𝟏) 

 

𝟏

𝟐
𝒙𝟒 +

𝟏

𝟐
𝒚𝟒 ≥

𝑨−𝑮
𝟐√
𝟏

𝟐
𝒙𝟒
𝟏

𝟐
𝒚𝟒 = 𝒙𝟐𝒚𝟐

𝟏

𝟐
𝒙𝟒 +

𝟏

𝟐
𝒛𝟒 ≥

𝑨−𝑮
𝟐√
𝟏

𝟐
𝒙𝟒
𝟏

𝟐
𝒛𝟒 = 𝒙𝟐𝒛𝟐

𝟏

𝟐
𝒚𝟒 +

𝟏

𝟐
𝒛𝟒 ≥

𝑨−𝑮
𝟐√
𝟏

𝟐
𝒚𝟒
𝟏

𝟐
𝒛𝟒 = 𝒚𝟐𝒛𝟐

  

}
 
 
 
 

 
 
 
 

(𝟐) 

(2) using in (1) 

𝒙𝟒 + 𝒚𝟒 + 𝒛𝟒 ≥ 𝒙𝟐𝒚𝟐 + 𝒙𝟐𝒛𝟐 + 𝒚𝟐𝒛𝟐 = (
𝟏

𝟐
𝒙𝟐𝒚𝟐 +

𝟏

𝟐
𝒚𝟐𝒛𝟐) + (

𝟏

𝟐
𝒚𝟐𝒛𝟐 +

𝟏

𝟐
𝒙𝟐𝒛𝟐) 

+(
𝟏

𝟐
𝒙𝟐𝒚𝟐 +

𝟏

𝟐
𝒙𝟐𝒛𝟐)     (𝟑) 

 

𝟏

𝟐
𝒙𝟐𝒚𝟐 +

𝟏

𝟐
𝒚𝟐𝒛𝟐 ≥

𝑨−𝑮
𝟐√
𝟏

𝟐
𝒙𝟐𝒚𝟐

𝟏

𝟐
𝒚𝟐𝒛𝟐 = 𝒙𝒚𝟐𝒛

𝟏

𝟐
𝒚𝟐𝒛𝟐 +

𝟏

𝟐
𝒙𝟐𝒛𝟐 ≥

𝑨−𝑮
𝟐√
𝟏

𝟐
𝒚𝟐𝒛𝟐

𝟏

𝟐
𝒙𝟐𝒛𝟐 = 𝒙𝒚𝒛𝟐

𝟏

𝟐
𝒙𝟐𝒚𝟐 +

𝟏

𝟐
𝒙𝟐𝒛𝟐 ≥

𝑨−𝑮
𝟐√
𝟏

𝟐
𝒙𝟐𝒚𝟐

𝟏

𝟐
𝒙𝟐𝒛𝟐 = 𝒙𝟐𝒚𝒛

  

}
 
 
 
 

 
 
 
 

(𝟒) 

(4) using in (3) 
𝒙𝟒 + 𝒚𝟒 + 𝒛𝟒 ≥ 𝒙𝒚𝟐𝒛 + 𝒙𝒚𝒛𝟐 + 𝒙𝟐𝒚𝒛 = 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) = 𝒙𝒚𝒛 

So  ,    𝒙𝟒 + 𝒚𝟒 + 𝒛𝟒 ≥ 𝒙𝒚𝒛  (∗) 

Equality holds  if  𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
 

 

1539. 𝐈𝐟 𝒂, 𝐛, 𝐜 ≥ −
𝟑

𝟐
 𝒂𝐧𝐝 𝒂𝐛𝐜 + 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 + 𝒂 + 𝐛 + 𝐜 ≥ 𝟎, 

𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 𝒂 + 𝐛 + 𝐜 ≥ 𝟎 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐋𝐞𝐭 𝒂 +
𝟑

𝟐
= 𝒙,𝐛 +

𝟑

𝟐
= 𝐲, 𝐜 +

𝟑

𝟐
= 𝐳 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝒂 =

𝟐𝒙 − 𝟑

𝟐
, 𝐛 =

𝟐𝐲 − 𝟑

𝟐
, 
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𝐜 =
𝟐𝐳 − 𝟑

𝟐
⇒ 𝒂𝐛𝐜+ 𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂 + 𝒂 + 𝐛 + 𝐜 ≥ 𝟎 

⇔
𝟏

𝟖
∏(𝟐𝒙 − 𝟑)

𝐜𝐲𝐜

+
𝟏

𝟒
∑((𝟐𝒙 − 𝟑)(𝟐𝐲 − 𝟑))

𝐜𝐲𝐜

+
𝟏

𝟐
∑(𝟐𝒙 − 𝟑)

𝐜𝐲𝐜

≥ 𝟎 

⇔ 𝟐∑𝒙

𝐜𝐲𝐜

+ 𝟖𝒙𝐲𝐳 ≥ 𝟒∑𝒙𝐲

𝐜𝐲𝐜

+ 𝟗 → (𝟏) 𝒂𝐧𝐝 𝐰𝐞 𝒂𝐫𝐞 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝟏

𝟐
∑(𝟐𝒙 − 𝟑)

𝐜𝐲𝐜

≥ 𝟎 

⇔ 𝟐∑𝒙

𝐜𝐲𝐜

≥ 𝟗 → (∗) 

𝐂𝒂𝐬𝐞 𝟏  𝟐𝒙𝐲𝐳 ≥∑𝒙𝐲

𝐜𝐲𝐜

 𝒂𝐧𝐝 ∵ 𝒙, 𝐲, 𝐳 ≥ 𝟎 ∴ 𝟐𝒙𝐲𝐳 ≥∑𝒙𝐲

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑√𝒙𝟐𝐲𝟐𝐳𝟐
𝟑

 

⇒ 𝟖𝒙𝟑𝐲𝟑𝐳𝟑 ≥ 𝟐𝟕𝒙𝟐𝐲𝟐𝐳𝟐 ⇒ 𝒙𝐲𝐳 ≥
𝟐𝟕

𝟖
⇒ √𝒙𝐲𝐳

𝟑 ≥
𝟑

𝟐
∴∑𝒙

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑√𝒙𝐲𝐳
𝟑 ≥

𝟗

𝟐
 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐  ∑𝒙𝐲

𝐜𝐲𝐜

≥ 𝟐𝒙𝐲𝐳 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐯𝐢𝒂 (𝟏), 𝟐∑𝒙

𝐜𝐲𝐜

− 𝟗 ≥ 𝟒(∑𝒙𝐲

𝐜𝐲𝐜

− 𝟐𝒙𝐲𝐳) ≥ 𝟎 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝒙, 𝐲, 𝐳 ≥ 𝟎 𝐜𝐨𝐧𝐬𝐭𝐫𝒂𝐢𝐧𝐞𝐝 𝐛𝐲 (𝟏) 

∴ 𝒂 + 𝐛 + 𝐜 ≥ 𝟎 ∀ 𝒂,𝐛, 𝐜 ≥ −
𝟑

𝟐
│𝒂𝐛𝐜+ 𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂 + 𝒂 + 𝐛 + 𝐜 ≥ 𝟎 (𝐐𝐄𝐃) 

 

1540. 𝐈𝐟 𝒙, 𝐲, 𝐳 ∈ [−𝟏, 𝟏] 𝒂𝐧𝐝 𝒙 + 𝐲 + 𝐳 + 𝒙𝐲𝐳 = 𝟎, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

√𝒙 + 𝟏 + √𝐲 + 𝟏 + √𝐳 + 𝟏 ≤ 𝟑 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝒙 + 𝐲 + 𝐳 + 𝒙𝐲𝐳 = 𝟎 ⇒ 𝒙(𝟏 + 𝐲𝐳) = −𝐲 − 𝐳 ⇒ 𝒙 = −
𝐲 + 𝐳

𝟏 + 𝐲𝐳
 

⇒ 𝒙 + 𝟏 = 𝟏 −
𝐲 + 𝐳

𝟏 + 𝐲𝐳
=
𝟏 − 𝐲 − 𝐳(𝟏 − 𝐲)

𝟏 + 𝐲𝐳
⇒ 𝒙 + 𝟏 =

(𝟏 − 𝐲)(𝟏 − 𝐳)

𝟏 + 𝐲𝐳
→ (𝟏) 

𝐂𝒂𝐬𝐞 𝟏  𝒙𝐲𝐳 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ √𝒙 + 𝟏 + √𝐲 + 𝟏 + √𝐳 + 𝟏 ≤
𝐂𝐁𝐒

√𝟑.√∑𝒙

𝐜𝐲𝐜

+ 𝟑 

=
𝒙+𝐲+𝐳+𝒙𝐲𝐳 = 𝟎

√𝟑.√𝟑 − 𝒙𝐲𝐳 ≤
𝒙𝐲𝐳 ≥ 𝟎

√𝟑.√𝟑 ∴ √𝒙 + 𝟏 +√𝐲 + 𝟏 + √𝐳 + 𝟏 ≤ 𝟑 

𝐂𝒂𝐬𝐞 𝟐  𝒙𝐲𝐳 ≤ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐞𝐢𝐭𝐡𝐞𝐫 𝐂𝒂𝐬𝐞 𝟐𝐢  𝒙, 𝐲, 𝐳 ≤ 𝟎 𝐬𝐨 𝐭𝐡𝒂𝐭 ∶ √𝒙 + 𝟏 + 

√𝐲 + 𝟏 + √𝐳 + 𝟏 ≤ √𝟏 + √𝟏 + √𝟏 ∴ √𝒙 + 𝟏 + √𝐲 + 𝟏 + √𝐳 + 𝟏 ≤ 𝟑 

𝐨𝐫 𝐂𝒂𝐬𝐞 𝟐𝐢𝐢  𝐨𝐧𝐞 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 ≤ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞 𝐨𝐭𝐡𝐞𝐫 𝐭𝐰𝐨 ≥ 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲  

𝒂𝐬𝐬𝐮𝐦𝐞 𝒙 ≤ 𝟎; 𝐲, 𝐳 ≥ 𝟎 𝒂𝐧𝐝 ∵ 𝐦𝟐 + 𝟒𝐦+ 𝟒 ≥ 𝟒𝐦+ 𝟒 ∀ 𝐦 ≥ 𝟎 

∴ 𝐦+ 𝟏 ≤
(𝐦+ 𝟐)𝟐

𝟒
⇒ √𝐦+ 𝟏 ≤ 𝟏 +

𝐦

𝟐
 𝒂𝐧𝐝 𝐬𝐨,√𝐲 + 𝟏 + √𝐳 + 𝟏 ≤ 𝟏 +

𝐲

𝟐
+ 𝟏 +

𝐳

𝟐
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⇒ √𝒙 + 𝟏 +√𝐲 + 𝟏 + √𝐳 + 𝟏 ≤ √
(𝟏 − 𝐲)(𝟏 − 𝐳)

𝟏 + 𝐲𝐳
+ 𝟐 +

𝐲 + 𝐳

𝟐
  

(𝐧𝐨𝐭𝐞 ∶
(𝟏 − 𝐲)(𝟏 − 𝐳)

𝟏 + 𝐲𝐳
≥ 𝟎 ∵ 𝟎 ≤ 𝐲, 𝐳 ≤ 𝟏) 

⇒ √𝒙 + 𝟏 + √𝐲 + 𝟏 + √𝐳 + 𝟏 − 𝟑 ≤ √
(𝟏 − 𝐲)(𝟏 − 𝐳)

𝟏 + 𝐲𝐳
+
𝐲 + 𝐳

𝟐
− 𝟏 

= √
(𝟏 − 𝐲)(𝟏 − 𝐳)

𝟏 + 𝐲𝐳
−
(𝟏 − 𝐲) + (𝟏 − 𝐳)

𝟐
≤
𝐀−𝐆

 

√
(𝟏 − 𝐲)(𝟏 − 𝐳)

𝟏 + 𝐲𝐳
− √(𝟏 − 𝐲)(𝟏 − 𝐳) (

∵ (𝟏 − 𝐲), (𝟏 − 𝐳) ≥ 𝟎
𝒂𝐬 𝟎 ≤ 𝐲, 𝐳 ≤ 𝟏

) 

= √(𝟏 − 𝐲)(𝟏 − 𝐳). (
𝟏

√𝟏 + 𝐲𝐳
− 𝟏) = √(𝟏 − 𝐲)(𝟏 − 𝐳).

𝟏
𝟏 + 𝐲𝐳 − 𝟏

𝟏

√𝟏 + 𝐲𝐳
+ 𝟏

 

= −√(𝟏 − 𝐲)(𝟏 − 𝐳).
𝐲𝐳

(𝟏 + 𝐲𝐳) (
𝟏

√𝟏 + 𝐲𝐳
+ 𝟏)

≤ 𝟎 ∵ 𝟎 ≤ 𝐲, 𝐳 ≤ 𝟏 

∴ √𝒙 + 𝟏 + √𝐲 + 𝟏 + √𝐳 + 𝟏 ≤ 𝟑 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 

√𝒙 + 𝟏 + √𝐲 + 𝟏 + √𝐳 + 𝟏 ≤ 𝟑 ∀ 𝒙, 𝐲, 𝐳 ∈ [−𝟏, 𝟏]│𝒙 + 𝐲 + 𝐳 + 𝒙𝐲𝐳 = 𝟎, 

′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = 𝟎 (𝐐𝐄𝐃) 

1541. 
𝐈𝐟 𝒂, 𝐛, 𝐜 ∈ ℝ 𝒂𝐧𝐝 𝒂𝐛(𝒂 + 𝐛) + 𝐛𝐜(𝐛 + 𝐜) + 𝒄𝒂(𝐜 + 𝒂) ≥ 𝟔, 

 
𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≥ 𝟑 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝟔 ≤∑𝐛𝐜(𝐛 + 𝐜)

𝐜𝐲𝐜

≤
𝐂𝐁𝐒

√∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

. √∑(𝐛 + 𝐜)𝟐

𝐜𝐲𝐜

 

 

≤ √
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

𝟑
.√𝟐∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

≤ √
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

𝟑
. √𝟒∑𝒂𝟐

𝐜𝐲𝐜

⇒
𝟒(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟑

𝟑
≥ 𝟑𝟔 
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⇒∑𝒂𝟐

𝐜𝐲𝐜

≥ 𝟑 (𝐐𝐄𝐃) 

 
1542.  𝐈𝐟 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝒂𝐧𝐝 𝒂 + 𝐛 + 𝐜 = 𝟐, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

 

√𝒂𝟐 + 𝐛𝐜 + √𝐛𝟐 + 𝐜𝒂 + √𝐜𝟐 + 𝒂𝐛 ≤ 𝟑 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟐 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞𝐬 𝐞𝐪𝐮𝒂𝒍 𝐳𝐞𝐫𝐨 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐛 = 𝐜 

= 𝟎 (𝒂 = 𝟐) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 = √𝟐𝟐 = 𝟐 < 3 

𝐂𝒂𝐬𝐞 𝟐  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 𝐞𝐪𝐮𝒂𝒍𝐬 𝐳𝐞𝐫𝐨 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞  

𝒂 = 𝟎 (𝐛 + 𝐜 = 𝟐 𝐰𝐢𝐭𝐡 𝐛, 𝐜 > 0) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 = √𝐛𝐜 + 𝐛 + 𝐜 ≤
𝐀−𝐆 𝟑(𝐛 + 𝐜)

𝟐
= 𝟑 

𝐂𝒂𝐬𝐞 𝟑  𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝒂𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲,𝒂 + 𝐛 = 𝐳 ⇒ 
𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝑥 = 𝟐𝒂 > 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 
𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 ⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 

𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲);  𝐬𝐨 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 

→ (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 ∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐) 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 

𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫+ 𝐫𝟐 → (𝟑), 

∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟑)

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) 

⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒), 𝒂𝐧𝐝 ∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= 

(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) =
𝐯𝐢𝒂 (𝟏),(𝟐) 𝒂𝐧𝐝 (𝟑)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 

⇒ ∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝟓) 

𝐍𝐨𝐰, (√𝒂𝟐 + 𝐛𝐜 +√𝐛𝟐 + 𝐜𝒂 +√𝐜𝟐 + 𝒂𝐛)
𝟐

− 𝟗 =
𝒂+𝐛+𝐜 = 𝟐

 

∑𝒂𝟐

𝐜𝐲𝐜

+∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟐∑√(𝐛𝟐 + 𝐜𝒂)(𝐜𝟐 + 𝒂𝐛)

𝐜𝐲𝐜

−
𝟗

𝟒
(∑𝒂

𝐜𝐲𝐜

)

𝟐
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≤
𝐂𝐁𝐒

∑𝒂𝟐

𝐜𝐲𝐜

+∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟐√𝟑.√∑((𝐛𝟐 + 𝐜𝒂)(𝐜𝟐 + 𝒂𝐛))

𝐜𝐲𝐜

−
𝟗

𝟒
(∑𝒂

𝐜𝐲𝐜

)

𝟐

<
?
𝟎 

⇔ 𝟐√𝟑.√∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+∑(𝒂𝐛(∑𝒂𝟐

𝐜𝐲𝐜

− 𝐜𝟐))

𝐜𝐲𝐜

+ 𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

<
? 𝟓∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟏𝟒∑ 𝒂𝐛𝐜𝐲𝐜

𝟒
 

⇔ 𝟐√𝟑.√∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ (∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) <
? 𝟓∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟏𝟒∑ 𝒂𝐛𝐜𝐲𝐜

𝟒
 

⇔ (𝟓∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟏𝟒∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

>
?
𝟏𝟗𝟐(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ (∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)) 

⇔
𝐯𝐢𝒂 (𝟑),(𝟒) 𝒂𝐧𝐝 (𝟓)

(𝟓(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) + 𝟏𝟒(𝟒𝐑𝐫 + 𝐫𝟐))
𝟐

 

>
?
𝟏𝟗𝟐(𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) + (𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)(𝟒𝐑𝐫 + 𝐫𝟐)) 

⇔ 𝟐𝟓𝐬𝟒 − (𝟔𝟎𝟖𝐑𝐫 − 𝟐𝟑𝟐𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟑𝟑𝟐𝟖𝐑𝟐 + 𝟏𝟔𝟔𝟒𝐑𝐫 + 𝟐𝟎𝟖𝐫𝟐) >
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 

∵ 𝟐𝟓(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗) > 𝟐𝟓(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟔𝟒𝐑− 𝟔𝐫)𝐬𝟐 >
(∗∗)

𝐫(𝟏𝟎𝟐𝟒𝐑𝟐 − 𝟏𝟖𝟖𝟖𝐑𝐫 + 𝟏𝟑𝟗𝐫𝟐) 

𝐍𝐨𝐰, (𝟔𝟒𝐑− 𝟔𝐫)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟔𝟒𝐑− 𝟔𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) >
?

 

𝐫(𝟏𝟎𝟐𝟒𝐑𝟐 − 𝟏𝟖𝟖𝟖𝐑𝐫 + 𝟏𝟑𝟗𝐫𝟐) ⇔ 𝐫𝟐(𝟏𝟒𝟕𝟐𝐑 − 𝟏𝟎𝟗𝐫) >
?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝟏𝟒𝟕𝟐𝐑 − 𝟏𝟎𝟗𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟗𝟒𝟒𝐫 − 𝟏𝟎𝟗𝟕𝐫 > 0 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ (√𝒂𝟐 + 𝐛𝐜 +√𝐛𝟐 + 𝐜𝒂 +√𝐜𝟐 + 𝒂𝐛)
𝟐

− 𝟗 < 0 

⇒ √𝒂𝟐 + 𝐛𝐜 + √𝐛𝟐 + 𝐜𝒂 +√𝐜𝟐 + 𝒂𝐛 < 3 ∀ 𝑎, 𝐛, 𝐜 > 0│𝑎 + 𝐛 + 𝐜 = 𝟐 

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬,√𝒂𝟐 + 𝐛𝐜 +√𝐛𝟐 + 𝐜𝒂 + √𝐜𝟐 + 𝒂𝐛 ≤ 𝟑 

 ∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎│𝒂+ 𝐛 + 𝐜 = 𝟐,′′=′′  𝐢𝐟𝐟 (𝒂 = 𝟎,𝐛 = 𝐜 = 𝟏)  
𝐨𝐫 (𝐛 = 𝟎, 𝐜 = 𝒂 = 𝟏) 𝐨𝐫 (𝐜 = 𝟎,𝒂 = 𝐛 = 𝟏) (𝐐𝐄𝐃) 

 

1543. 𝐈𝐟 𝒂, 𝐛 ∈ ℝ 𝒂𝐧𝐝 𝟐(𝒂𝟐 + 𝐛𝟐) = 𝟑𝒂𝐛 + 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟑 + 𝐛𝟑 ≤ 𝟐 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Soumava Chakraborty-Kolkata-India 
 

𝐈𝐟 𝒂 + 𝐛 ≤ 𝟎, 𝐭𝐡𝐞𝐧 ∶ 𝒂𝟑 + 𝐛𝟑 = (𝒂 + 𝐛) (
𝟏

𝟒
(𝒂 + 𝐛)𝟐 +

𝟑

𝟒
(𝒂 − 𝐛)𝟐) ≤ 𝟎 < 2  

 
𝒂𝐧𝐝 𝐬𝐨,𝐰𝐞 𝐧𝐨𝐰 𝐟𝐨𝐜𝐮𝐬 𝐨𝐧 ∶ 𝒂 + 𝐛 > 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝒂𝟑 + 𝐛𝟑 ≤ 𝟐 ⇔ (𝒂𝟑 + 𝐛𝟑)𝟐 ≤ 𝟒 

 
⇔ (𝒂 + 𝐛)𝟐(𝒂𝟐 + 𝐛𝟐 − 𝒂𝐛)𝟐 ≤ 𝟒 ⇔ (𝒂𝟐 + 𝐛𝟐 + 𝟐𝒂𝐛)(𝒂𝟐 + 𝐛𝟐 − 𝒂𝐛)𝟐 ≤ 𝟒 

 

⇔
∵ 𝟐(𝒂𝟐+𝐛𝟐) = 𝟑𝒂𝐛+𝟏

(
𝟑𝒂𝐛 + 𝟏

𝟐
+ 𝟐𝒂𝐛) (

𝟑𝒂𝐛 + 𝟏

𝟐
− 𝒂𝐛)

𝟐

≤ 𝟒 ⇔ (𝟕𝒙 + 𝟏)(𝒙 + 𝟏)𝟐 ≤ 𝟑𝟐  

 
(𝒙 = 𝒂𝐛) ⇔ 𝟕𝒙𝟑 + 𝟏𝟓𝒙𝟐 + 𝟗𝒙− 𝟑𝟏 ≤ 𝟎 ⇔ (𝒙 − 𝟏)(𝟕𝒙𝟐 + 𝟐𝟐𝒙 + 𝟑𝟏) ≤ 𝟎 

 

⇔ 𝒙 ≤ 𝟏 (∵ 𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝒂𝐧𝐭 𝐨𝐟 𝟕𝒙
𝟐 + 𝟐𝟐𝒙 + 𝟑𝟏 = 𝟐𝟐𝟐 − 𝟒. 𝟕. 𝟑𝟏 = −𝟑𝟖𝟒 < 0
⇒ 𝟕𝒙𝟐 + 𝟐𝟐𝒙 + 𝟑𝟏 > 0

) 

 
→ 𝐭𝐫𝐮𝐞 ∵ 𝟑𝒂𝐛 + 𝟏 = 𝟐(𝒂𝟐 + 𝐛𝟐) ≥ 𝟒𝒂𝐛 ⇒ 𝒙 = 𝒂𝐛 ≤ 𝟏 ∴ 𝒂𝟑 + 𝐛𝟑 ≤ 𝟐  

 

∀ 𝒂, 𝐛 ∈ ℝ│𝟐(𝒂𝟐 + 𝐛𝟐) = 𝟑𝒂𝐛 + 𝟏,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝟏 (𝐐𝐄𝐃) 
 

1544. 𝐈𝐟 𝒂, 𝐛, 𝐜 ∈ ℝ 𝒂𝐧𝐝 𝒂(𝟏 + 𝐛𝟐) + 𝐛(𝟏 + 𝒄𝟐) + 𝐜(𝟏 + 𝒂𝟐) ≥ 𝟔, 

𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≥ 𝟑 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐋𝐞𝐭 𝐮𝐬 𝒂𝐬𝐬𝐮𝐦𝐞 ∶∑𝒂𝟐

𝐜𝐲𝐜

< 3 

𝐍𝐨𝐰, 𝟔 ≤∑𝒂

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

≤
𝐂𝐁𝐒

∑𝒂

𝐜𝐲𝐜

+ √(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

) <
𝒂𝒔𝒔𝒖𝒎𝒑𝒕𝒊𝒐𝒏

 

∑𝒂

𝐜𝐲𝐜

+√𝟑∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

≤
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐
 ≥ 𝟑∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

∑𝒂

𝐜𝐲𝐜

+∑𝒂𝟐

𝐜𝐲𝐜

<
𝒂𝒔𝒔𝒖𝒎𝒑𝒕𝒊𝒐𝒏

∑𝒂

𝐜𝐲𝐜

+ 𝟑 

⇒∑𝒂

𝐜𝐲𝐜

> 3 → (∗) 

𝐁𝐮𝐭 ∶ 𝟑 > ∑𝒂𝟐

𝐜𝐲𝐜

≥
𝟏

𝟑
(∑𝒂

𝐜𝐲𝐜

)

𝟐

⇒ (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟗 < 𝟎 
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⇒ (∑𝒂

𝐜𝐲𝐜

+ 𝟑)(∑𝒂

𝐜𝐲𝐜

− 𝟑) < 𝟎 ⇒ −𝟑 <∑𝒂

𝐜𝐲𝐜

< 3 → (∗∗) 

∴ (∗), (∗∗) 𝐜𝐨𝐧𝐭𝐫𝒂𝐝𝐢𝐜𝐭 𝐞𝒂𝐜𝐡 𝐨𝐭𝐡𝐞𝐫 ∴ 𝐨𝐮𝐫 𝒂𝐬𝐬𝐮𝐦𝐩𝐭𝐢𝐨𝐧 𝐦𝐮𝐬𝐭 𝐛𝐞 𝐢𝐧𝐜𝐨𝐫𝐫𝐞𝐜𝐭 𝒂𝐧𝐝 𝐬𝐨, 
 

𝐰𝐞 𝐜𝐨𝐧𝐜𝐥𝐮𝐝𝐞 ∶ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≥ 𝟑 (𝐐𝐄𝐃) 
 

1545. 𝐈𝐟 𝒂, 𝒃, 𝒄 > 0 𝐚𝐧𝐝 𝒂𝒃𝒄 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

(𝒂𝒃)𝟐𝟎𝟐𝟒(𝒃𝟐𝟎𝟐𝟒𝒄𝟐 + 𝒂𝟐𝟎𝟐𝟔)

𝒄𝟐(𝒂𝟐𝟎𝟐𝟓 + 𝒃𝟐𝟎𝟐𝟓)
+
(𝒃𝒄)𝟐𝟎𝟐𝟒(𝒄𝟐𝟎𝟐𝟒𝒂𝟐 + 𝒃𝟐𝟎𝟐𝟔)

𝒂𝟐(𝒃𝟐𝟎𝟐𝟓 + 𝒄𝟐𝟎𝟐𝟓)
+
(𝒄𝒂)𝟐𝟎𝟐𝟒(𝒂𝟐𝟎𝟐𝟒𝒃𝟐 + 𝒄𝟐𝟎𝟐𝟔)

𝒃𝟐(𝒄𝟐𝟎𝟐𝟓 + 𝒂𝟐𝟎𝟐𝟓)
≥ 𝟑 

 
Proposed by Zaza Mzhavanadze-Georgia 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐋𝐞𝐭 𝒙 = 𝒂𝟐𝟎𝟐𝟒𝒃𝟐𝟎𝟐𝟔,   𝒚 = 𝒃𝟐𝟎𝟐𝟒𝒄𝟐𝟎𝟐𝟔 ,   𝒛 = 𝒄𝟐𝟎𝟐𝟒𝒂𝟐𝟎𝟐𝟔.  𝐖𝐞 𝐡𝐚𝐯𝐞 

∑
(𝒂𝒃)𝟐𝟎𝟐𝟒(𝒃𝟐𝟎𝟐𝟒𝒄𝟐 + 𝒂𝟐𝟎𝟐𝟔)

𝒄𝟐(𝒂𝟐𝟎𝟐𝟓 + 𝒃𝟐𝟎𝟐𝟓)
𝒄𝒚𝒄

=∑
(𝒂𝒃)𝟐𝟎𝟐𝟓. 𝒄𝟐𝟎𝟐𝟒(𝒃𝟐𝟎𝟐𝟒𝒄𝟐 + 𝒂𝟐𝟎𝟐𝟔)

𝒄𝟐𝟎𝟐𝟓(𝒂𝟐𝟎𝟐𝟓 + 𝒃𝟐𝟎𝟐𝟓)
𝒄𝒚𝒄

= 

=∑
(𝒂𝒃)𝟐𝟎𝟐𝟓. (𝒚 + 𝒛)

(𝒃𝒄)𝟐𝟎𝟐𝟓 + (𝒄𝒂)𝟐𝟎𝟐𝟓
𝒄𝒚𝒄

=∑(𝒂𝒃)𝟐𝟎𝟐𝟓

𝒄𝒚𝒄

.∑
𝒚 + 𝒛

(𝒃𝒄)𝟐𝟎𝟐𝟓 + (𝒄𝒂)𝟐𝟎𝟐𝟓
𝒄𝒚𝒄

− 𝟐∑𝒙

𝒄𝒚𝒄

≥ 

≥⏞
𝑪𝑩𝑺

∑(𝒂𝒃)𝟐𝟎𝟐𝟓

𝒄𝒚𝒄

.
(∑ √𝒚 + 𝒛𝒄𝒚𝒄 )

𝟐

𝟐∑ (𝒂𝒃)𝟐𝟎𝟐𝟓𝒄𝒚𝒄
− 𝟐∑𝒙

𝒄𝒚𝒄

=∑(√(𝒙 + 𝒚)(𝒙 + 𝒛) − 𝒙)

𝒄𝒚𝒄

≥          

≥⏞
𝑪𝑩𝑺

∑(𝒙 + √𝒚𝒛 − 𝒙)

𝒄𝒚𝒄

=∑√𝒚𝒛

𝒄𝒚𝒄

 ≥⏞
𝑨𝑴−𝑮𝑴

𝟑√𝒙𝒚𝒛
𝟑 = 𝟑(𝒂𝒃𝒄)𝟏𝟑𝟓𝟎 = 𝟑,                        

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1546. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 then: 

∑
𝐜𝟒. √𝐛𝐜(𝐜 + 𝒂)𝟐 + 𝐛𝟒. √𝐛𝐜(𝒂 + 𝐛)𝟐

𝐜𝟐. √𝐜𝒂 + 𝐛𝟐. √𝒂𝐛
𝒄𝒚𝒄

≥
𝟒

𝟑
.√
𝒂𝐛𝐜(𝒂 + 𝐛 + 𝐜)

𝟑
(𝒂 + 𝐛 + 𝐜)𝟐 

  Proposed by Zaza Mzhavanadze-Georgia 
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Solution by Soumava Chakraborty-Kolkata-India 
 

∀ 𝐀, 𝐁, 𝐂 > 0, (𝐀 + 𝐁), (𝐁 + 𝐂), (𝐂 + 𝐀) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞    
(∵ (𝐀 + 𝐁) + (𝐁 + 𝐂) > (𝐂 + 𝐀) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬)

⇒ √𝐀 + 𝐁,√𝐁 + 𝐂, √𝐂 + 𝐀 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝟏𝟔𝐅𝟐 = 

𝟐∑(𝐀+ 𝐁)(𝐁 + 𝐂)

𝐜𝐲𝐜

−∑(𝐀+ 𝐁)𝟐

𝐜𝐲𝐜

= 𝟐∑(∑𝐀𝐁

𝐜𝐲𝐜

+ 𝐁𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

 

= 𝟔∑𝐀𝐁

𝐜𝐲𝐜

+ 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀𝐁

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲, 𝐳 > 0,√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝒙𝟐𝐲𝟐

𝒙𝐲(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
 

𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦,𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

∑ (𝒙𝐲(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝐳𝟐))𝐜𝐲𝐜

=
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐
+ 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

 

≥
? 𝟑

𝟒
⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ∴ √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
→ (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
𝐜𝟒. √𝐛𝐜(𝐜 + 𝒂)𝟐 + 𝐛𝟒. √𝐛𝐜(𝒂 + 𝐛)𝟐

𝐜𝟐. √𝐜𝒂 + 𝐛𝟐. √𝒂𝐛
+
𝐜𝟒. √𝐜𝒂(𝐛 + 𝐜)𝟐 + 𝒂𝟒. √𝐜𝒂(𝒂 + 𝐛)𝟐

𝐜𝟐. √𝐛𝐜 + 𝒂𝟐. √𝒂𝐛
 

+
𝐛𝟒. √𝒂𝐛(𝐛 + 𝐜)𝟐 + 𝒂𝟒. √𝒂𝐛(𝐜 + 𝒂)𝟐

𝐛𝟐. √𝐛𝐜 + 𝒂𝟐. √𝐜𝒂
 

=

𝐜𝟐

𝐛𝟐
. √𝐛𝐜(𝐜 + 𝒂)𝟐 +

𝐛𝟐

𝐜𝟐
. √𝐛𝐜(𝒂 + 𝐛)𝟐

√𝐜𝒂
𝐛𝟐

+
√𝒂𝐛
𝐜𝟐

+

𝐜𝟐

𝒂𝟐
. √𝐜𝒂(𝐛 + 𝐜)𝟐 +

𝒂𝟐

𝐜𝟐
. √𝐜𝒂(𝒂 + 𝐛)𝟐

√𝐛𝐜
𝒂𝟐

+
√𝒂𝐛
𝐜𝟐

 

+

𝐛𝟐

𝒂𝟐
. √𝒂𝐛(𝐛 + 𝐜)𝟐 +

𝒂𝟐

𝐛𝟐
. √𝒂𝐛(𝐜 + 𝒂)𝟐

√𝐛𝐜
𝒂𝟐

+
√𝐜𝒂
𝐛𝟐

 

=

√𝐛𝐜
𝒂𝟐

(
𝐜𝟐𝒂𝟐(𝐜 + 𝒂)𝟐

𝐛𝟐
+
𝒂𝟐𝐛𝟐(𝒂+ 𝐛)𝟐

𝐜𝟐
)

√𝐜𝒂
𝐛𝟐

+
√𝒂𝐛
𝐜𝟐

+

√𝐜𝒂
𝐛𝟐

(
𝒂𝟐𝐛𝟐(𝒂 + 𝐛)𝟐

𝐜𝟐
+
𝐛𝟐𝐜𝟐(𝐛 + 𝐜)𝟐

𝒂𝟐
)

√𝐛𝐜
𝒂𝟐

+
√𝒂𝐛
𝐜𝟐

 

+

√𝒂𝐛
𝐜𝟐

(
𝐛𝟐𝐜𝟐(𝐛 + 𝐜)𝟐

𝒂𝟐
+
𝐜𝟐𝒂𝟐(𝐜 + 𝒂)𝟐

𝐛𝟐
)

√𝐛𝐜
𝒂𝟐

+
√𝐜𝒂
𝐛𝟐

=
𝒙

𝐲 + 𝐳
(𝐁 + 𝐂) +

𝐲

𝐳 + 𝒙
(𝐂 + 𝐀) +

𝐳

𝒙 + 𝐲
(𝐀 + 𝐁) 

(

 
 𝒙 =

√𝐛𝐜

𝒂𝟐
, 𝐲 =

√𝐜𝒂

𝐛𝟐
, 𝐳 =

√𝒂𝐛

𝐜𝟐
,

𝐀 =
𝐛𝟐𝐜𝟐(𝐛 + 𝐜)𝟐

𝒂𝟐
, 𝐁 =

𝐜𝟐𝒂𝟐(𝐜 + 𝒂)𝟐

𝐛𝟐
, 𝐂 =

𝒂𝟐𝐛𝟐(𝒂 + 𝐛)𝟐

𝐜𝟐 )

 
 

 



 
www.ssmrmh.ro 

46 RMM-CYCLIC INEQUALITIES MARATHON 1501-1600 

 

=
𝒙

𝐲 + 𝐳
. √𝐁 + 𝐂

𝟐
+

𝐲

𝐳 + 𝒙
. √𝐂 + 𝐀

𝟐
+

𝐳

𝒙 + 𝐲
. √𝐀 + 𝐁

𝟐
≥

𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

 

𝟒𝐅.√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀𝐁

𝐜𝐲𝐜

.
√𝟑

𝟐
 

= √𝟑∑(
𝐛𝟐𝐜𝟐(𝐛 + 𝐜)𝟐

𝒂𝟐
.
𝐜𝟐𝒂𝟐(𝐜 + 𝒂)𝟐

𝐛𝟐
)

𝐜𝐲𝐜

= √𝟑∑(𝐜𝟒(𝐜 + 𝒂)𝟐(𝐛 + 𝐜)𝟐)

𝐜𝐲𝐜

 

≥ ∑(𝐜𝟐(𝐜 + 𝒂)(𝐛 + 𝐜))

𝐜𝐲𝐜

=∑𝒂𝟒

𝐜𝐲𝐜

+(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

) 

≥
𝟏

𝟑
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+ (∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

) =
𝟏

𝟑
(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟑∑𝒂𝐛

𝐜𝐲𝐜

) 

≥
𝟏

𝟗
(∑𝒂

𝐜𝐲𝐜

)

𝟐

(𝟒∑𝒂𝐛

𝐜𝐲𝐜

) ≥
𝟒

𝟗
(∑𝒂

𝐜𝐲𝐜

)

𝟐

(√𝟑𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

)) 

=
𝟒

𝟑
(∑𝒂

𝐜𝐲𝐜

)

𝟐

(√
𝟑𝒂𝐛𝐜(∑ 𝒂𝐜𝐲𝐜 )

𝟗
) =

𝟒

𝟑
.√
𝒂𝐛𝐜(𝒂 + 𝐛 + 𝐜)

𝟑
(𝒂 + 𝐛 + 𝐜)𝟐   

∀ 𝒂, 𝐛, 𝐜 > 0,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

1547. If 𝒂, 𝒃, 𝒄 > 0 then: 
 

𝟏

𝒂𝟒(𝒂 + 𝒃)
+

𝟏

𝒃𝟒(𝒃 + 𝒄)
+

𝟏

𝒄𝟒(𝒄 + 𝒂)
≥
𝟑

𝟐
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 

𝟏

𝒂𝟒(𝒂 + 𝒃)
+

𝟏

𝒃𝟒(𝒃 + 𝒄)
+

𝟏

𝒄𝟒(𝒄 + 𝒂)
=

𝒂𝒃𝒄=𝟏
∑

𝒂𝟒𝒃𝟒𝒄𝟒

𝒂𝟒(𝒂 + 𝒃)
= 

 

=∑
(𝒃𝟐𝒄𝟐)𝟐

𝒂 + 𝒃
≥

(∑𝒃𝟐𝒄𝟐)𝟐

𝟐(𝒂 + 𝒃 + 𝒄)
=
(∑𝒃𝟐𝒄𝟐)(∑𝒃𝟐𝒄𝟐)

𝟐(𝒂 + 𝒃 + 𝒄)
≥

𝑨𝑴−𝑮𝑴
 

 

≥
𝟑(𝒂𝒃𝒄)

𝟐
𝟑𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)

𝟐(𝒂 + 𝒃 + 𝒄)
=
𝟑

𝟐
 (𝒔𝒊𝒏𝒄𝒆 𝒂𝒃𝒄 = 𝟏) 

 
Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝟏. 
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1548. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
 

𝟏

𝟏 − 𝒂
+

𝟏

𝟏 − 𝐛
+

𝟏

𝟏 − 𝐜
≥
𝟑√𝟑 + 𝟗

𝟐
 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝟏

𝟏 − 𝒂
+

𝟏

𝟏 − 𝐛
+

𝟏

𝟏 − 𝐜
=∑

𝟏+ 𝒂

𝟏 − 𝒂𝟐
𝐜𝐲𝐜

=
𝒂𝟐+𝐛𝟐+𝐜𝟐 = 𝟏

∑
𝟏+𝒂

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

 

= ∑
𝟏

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

+∑
𝒂

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟗

𝟐∑ 𝒂𝟐𝐜𝐲𝐜
+∑

𝒂

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

=
𝒂𝟐+𝐛𝟐+𝐜𝟐 = 𝟏

 

𝟗

𝟐
+∑

𝒂

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥
? 𝟑√𝟑 + 𝟗

𝟐
⇔∑

𝒂

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑√𝟑

𝟐
 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝑥 = 𝟐𝒂 
> 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 ⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 
𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲);  

𝐬𝐨 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐)𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

 

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟑),∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟑)

 

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒),𝒂𝐧𝐝 

∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) =
𝐯𝐢𝒂 (𝟏),(𝟐) 𝒂𝐧𝐝 (𝟑)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 

⇒ ∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝟓) 

𝐍𝐨𝐰,∑
𝒂

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

=∑
𝒂𝟒

𝒂𝟑𝐛𝟐 + 𝒂𝟑𝐜𝟐
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

∑ (𝒂𝟑𝐛𝟐 + 𝒂𝟐𝐛𝟑)𝐜𝐲𝐜
 

=
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

∑ (𝒂𝟐𝐛𝟐(∑ 𝒂𝐜𝐲𝐜 − 𝐜))𝐜𝐲𝐜

=
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 ) − 𝒂𝐛𝐜∑ 𝒂𝐛𝐜𝐲𝐜

≥
? 𝟑√𝟑

𝟐
=

𝒂𝟐+𝐛𝟐+𝐜𝟐 = 𝟏
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𝟑√𝟑

𝟐√∑ 𝒂𝟐𝐜𝐲𝐜

⇔ 𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟓

≥ 𝟐𝟕((∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)− 𝒂𝐛𝐜∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

 

⇔
𝐯𝐢𝒂 (𝟏),(𝟐),(𝟑),(𝟒) 𝒂𝐧𝐝 (𝟓)

 

𝟒(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟓
− 𝟐𝟕(𝐬𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) − 𝐫𝟐𝐬(𝟒𝐑𝐫 + 𝐫𝟐))

𝟐

≥
(∗∗)

𝟎 𝒂𝐧𝐝 ∵ 

𝐏 = 𝟒(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟓
+ 𝟒𝐫(𝟒𝟎𝐑 − 𝟑𝟓𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)

𝟒
 

+𝟒𝐫𝟐(𝟔𝟒𝟎𝐑𝟐 − 𝟏𝟏𝟐𝟎𝐑𝐫 + 𝟒𝟔𝟑𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

 

+𝟒𝐫𝟑(𝟓𝟏𝟐𝟎𝐑𝟑 − 𝟏𝟑𝟎𝟎𝟖𝐑𝟐𝐫 + 𝟏𝟎𝟓𝟕𝟐𝐑𝐫𝟐 − 𝟑𝟎𝟐𝟓𝐫𝟑)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 

 (
∵ 𝟓𝟏𝟐𝟎𝐭𝟑 − 𝟏𝟑𝟎𝟎𝟖𝐭𝟐 + 𝟏𝟎𝟓𝟕𝟐𝐭 − 𝟑𝟎𝟐𝟓 (𝐭 =

𝐑

𝐫
)

= (𝐭 − 𝟐)(𝟓𝟏𝟐𝟎𝐭𝟐 − 𝟐𝟕𝟔𝟖𝐭+ 𝟓𝟎𝟑𝟔) + 𝟕𝟎𝟒𝟕 ≥
𝐄𝐮𝐥𝐞𝐫

𝟕𝟎𝟒𝟕 > 0

) 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ 𝐏 ⇔ 

(𝟒𝟔𝟖𝟖𝐑𝟒 − 𝟏𝟒𝟔𝟖𝟎𝐑𝟑𝐫 + 𝟏𝟖𝟎𝟗𝟑𝐑𝟐𝐫𝟐 − 𝟏𝟎𝟕𝟓𝟎𝐑𝐫𝟑 + 𝟐𝟒𝟗𝟓𝐫𝟒)𝐬𝟐 ≥
(∗∗∗)

 

𝐫(𝟕𝟑𝟕𝟐𝟖𝐑𝟓 − 𝟐𝟒𝟖𝟖𝟑𝟐𝐑𝟒𝐫 + 𝟑𝟑𝟕𝟓𝟑𝟔𝐑𝟑𝐫𝟐 − 𝟐𝟑𝟐𝟎𝟐𝟎𝐑𝟐𝐫𝟑 + 𝟕𝟕𝟎𝟖𝟓𝐑𝐫𝟒 − 𝟗𝟏𝟏𝟕𝐫𝟓) 

∵ 𝟒𝟔𝟖𝟖𝐭𝟒 − 𝟏𝟒𝟔𝟖𝟎𝐭𝟑 + 𝟏𝟖𝟎𝟗𝟑𝐭𝟐 − 𝟏𝟎𝟕𝟓𝟎𝐭 + 𝟐𝟒𝟗𝟓 

= (𝐭 − 𝟐)(𝟒𝟔𝟖𝟖𝐭𝟑 − 𝟓𝟑𝟎𝟒𝐭𝟐 + 𝟕𝟒𝟖𝟓𝐭+ 𝟒𝟐𝟐𝟎) + 𝟏𝟎𝟗𝟑𝟓 ≥
𝐄𝐮𝐥𝐞𝐫

𝟏𝟎𝟗𝟑𝟓 > 0 

∴ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐑𝐨𝐮𝐜𝐡𝐞

 

(𝟒𝟔𝟖𝟖𝐑
𝟒 − 𝟏𝟒𝟔𝟖𝟎𝐑𝟑𝐫 + 𝟏𝟖𝟎𝟗𝟑𝐑𝟐𝐫𝟐 − 𝟏𝟎𝟕𝟓𝟎𝐑𝐫𝟑

+𝟐𝟒𝟗𝟓𝐫𝟒
)(

𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐

−𝟐(𝐑 − 𝟐𝐫). √𝐑𝟐 − 𝟐𝐑𝐫
) 

≥
?
𝐑𝐇𝐒 𝐨𝐟 (∗∗∗) 

⇔ 𝟗𝟑𝟕𝟔𝐑𝟔 − 𝟓𝟔𝟐𝟎𝟖𝐑𝟓𝐫 + 𝟏𝟑𝟑𝟓𝟑𝟎𝐑𝟒𝐫𝟐 − 𝟏𝟔𝟑𝟒𝟐𝟔𝐑𝟑𝐫𝟑 
+𝟏𝟏𝟏𝟒𝟏𝟕𝐑𝟐𝐫𝟒 − 𝟒𝟏𝟑𝟖𝟓𝐑𝐫𝟓 + 𝟔𝟔𝟐𝟐𝐫𝟔 

≥
?
𝟐(𝐑 − 𝟐𝐫).√𝐑𝟐 − 𝟐𝐑𝐫. (𝟒𝟔𝟖𝟖𝐑

𝟒 − 𝟏𝟒𝟔𝟖𝟎𝐑𝟑𝐫 + 𝟏𝟖𝟎𝟗𝟑𝐑𝟐𝐫𝟐 − 𝟏𝟎𝟕𝟓𝟎𝐑𝐫𝟑

+𝟐𝟒𝟗𝟓𝐫𝟒
) ⇔ 

(𝐑 − 𝟐𝐫)(𝟗𝟑𝟕𝟔𝐑𝟓 − 𝟑𝟕𝟒𝟓𝟔𝐑𝟒𝐫 + 𝟓𝟖𝟔𝟏𝟖𝐑𝟑𝐫𝟐 − 𝟒𝟔𝟏𝟗𝟎𝐑𝟐𝐫𝟑 + 𝟏𝟗𝟎𝟑𝟕𝐑𝐫𝟒 − 𝟑𝟑𝟏𝟏𝐫𝟓) 

≥
?
⏟

(∗∗∗∗)

𝟐(𝐑 − 𝟐𝐫). √𝐑𝟐 − 𝟐𝐑𝐫. (𝟒𝟔𝟖𝟖𝐑
𝟒 − 𝟏𝟒𝟔𝟖𝟎𝐑𝟑𝐫 + 𝟏𝟖𝟎𝟗𝟑𝐑𝟐𝐫𝟐 − 𝟏𝟎𝟕𝟓𝟎𝐑𝐫𝟑

+𝟐𝟒𝟗𝟓𝐫𝟒
) 

𝒂𝐧𝐝 ∵ 𝟗𝟑𝟕𝟔𝐭𝟓 − 𝟑𝟕𝟒𝟓𝟔𝐭𝟒 + 𝟓𝟖𝟔𝟏𝟖𝐭𝟑 − 𝟒𝟔𝟏𝟗𝟎𝐭𝟐 + 𝟏𝟗𝟎𝟑𝟕𝐭 − 𝟑𝟑𝟏𝟏𝐫𝟓 

= (𝐭 − 𝟐)(𝟐𝟒𝐭𝟒 + 𝟗𝟑𝟓𝟐𝐭𝟑(𝐭 − 𝟐) + 𝟐𝟏𝟐𝟏𝟎𝐭𝟐 − 𝟑𝟕𝟕𝟎𝐭 + 𝟏𝟏𝟒𝟗𝟕) + 𝟏𝟗𝟔𝟖𝟑 ≥
𝐄𝐮𝐥𝐞𝐫

 

𝟏𝟗𝟔𝟖𝟑 > 0 𝑎𝐧𝐝 ∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝟗𝟑𝟕𝟔𝐑𝟓 − 𝟑𝟕𝟒𝟓𝟔𝐑𝟒𝐫 + 𝟓𝟖𝟔𝟏𝟖𝐑𝟑𝐫𝟐 − 𝟒𝟔𝟏𝟗𝟎𝐑𝟐𝐫𝟑 + 𝟏𝟗𝟎𝟑𝟕𝐑𝐫𝟒 − 𝟑𝟑𝟏𝟏𝐫𝟓)
𝟐

 

> 4(𝐑𝟐 − 𝟐𝐑𝐫)(𝟒𝟔𝟖𝟖𝐑𝟒 − 𝟏𝟒𝟔𝟖𝟎𝐑𝟑𝐫 + 𝟏𝟖𝟎𝟗𝟑𝐑𝟐𝐫𝟐 − 𝟏𝟎𝟕𝟓𝟎𝐑𝐫𝟑 + 𝟐𝟒𝟗𝟓𝐫𝟒)
𝟐
 

⇔ 𝟐𝟒𝟎𝟎𝟐𝟓𝟔𝟎𝐭𝟗 − 𝟏𝟑𝟗𝟓𝟑𝟎𝟐𝟒𝟎𝐭𝟖 + 𝟑𝟓𝟏𝟖𝟎𝟐𝟑𝟔𝟖𝐭𝟕 − 𝟒𝟔𝟖𝟐𝟔𝟏𝟖𝟖𝟖𝐭𝟔 + 𝟐𝟕𝟔𝟔𝟓𝟎𝟒𝟗𝟔𝐭𝟓 

+𝟗𝟏𝟗𝟔𝟑𝟓𝟖𝟒𝐭𝟒 − 𝟐𝟖𝟓𝟒𝟔𝟑𝟖𝟗𝟔𝐭𝟑 + 𝟐𝟏𝟒𝟐𝟑𝟕𝟒𝟒𝟗𝐭𝟐 − 𝟕𝟔𝟐𝟔𝟐𝟖𝟏𝟒𝐭 + 𝟏𝟎𝟗𝟔𝟐𝟕𝟐𝟏 > 𝟎 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)𝐐 + 𝟐𝟓𝟓𝟒𝟏𝟎𝟓𝟒𝟒𝟔)+ 𝟑𝟖𝟕𝟒𝟐𝟎𝟒𝟖𝟗 > 0,𝐰𝐡𝐞𝐫𝐞 𝐐 = 

𝟐𝟐𝟒𝟐𝟓𝟔𝟎𝐭𝟕 + 𝟐𝟏𝟕𝟔𝟎𝟎𝟎𝟎(𝐭 − 𝟐) + 𝟖𝟏𝟕𝟏𝟐𝟏𝟐𝟖𝐭𝟓 + 𝟑𝟐𝟔𝟔𝟔𝟔𝟐𝟒𝐭𝟒 + 𝟖𝟎𝟒𝟔𝟖𝟒𝟖𝟎𝐭𝟑 
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+𝟐𝟖𝟑𝟏𝟕𝟏𝟎𝟎𝟖𝐭𝟐 + 𝟓𝟐𝟓𝟑𝟒𝟔𝟐𝟏𝟔𝐭+ 𝟏𝟏𝟖𝟐𝟗𝟑𝟖𝟐𝟖𝟏 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗∗) 

⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝟏

𝟏 − 𝒂
+

𝟏

𝟏 − 𝐛
+

𝟏

𝟏 − 𝐜
≥
𝟑√𝟑 + 𝟗

𝟐
, 

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟏, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =
𝟏

√𝟑
 (𝐐𝐄𝐃) 

1549. 𝐈𝐟 𝒂, 𝐛, 𝐜 ∈ ℝ 𝒂𝐧𝐝 (𝒂 + 𝐛 + 𝐜)(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)(𝐜𝟐 + 𝟏) = 𝟐𝟒, 

𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≥ 𝟑 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 

 

𝟐𝟒 = (𝒂 + 𝐛 + 𝐜)(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)(𝐜𝟐 + 𝟏) ≤ √𝟑∑𝒂𝟐

𝐜𝐲𝐜

. (𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)(𝐜𝟐 + 𝟏) = 

= √𝟑∑𝒂𝟐

𝐜𝐲𝐜

. (𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟏 +∑𝒂𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

) 

≤ √𝟑∑𝒂𝟐

𝐜𝐲𝐜

. (
𝟏

𝟐𝟕
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟏 +∑𝒂𝟐

𝐜𝐲𝐜

+
𝟏

𝟑
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

) 

= √𝟑∑𝒂𝟐

𝐜𝐲𝐜

.
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟑
+ 𝟐𝟕+ 𝟐𝟕∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟗(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

𝟐𝟕
 

⇒ 𝟓𝟕𝟔 ≤
(𝟑∑ 𝒂𝟐𝐜𝐲𝐜 )((∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟑
+ 𝟐𝟕+ 𝟐𝟕∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟗(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐
)
𝟐

𝟕𝟐𝟗
 

⇒ 𝐭(𝐭𝟑 + 𝟗𝐭𝟐 + 𝟐𝟕𝐭 + 𝟐𝟕)
𝟐
− 𝟐𝟒𝟑.𝟓𝟕𝟔 ≥ 𝟎 (𝐭 =∑𝒂𝟐

𝐜𝐲𝐜

) 

⇒ 𝐭𝟕 + 𝟏𝟖𝐭𝟔 + 𝟏𝟑𝟓𝐭𝟓 + 𝟓𝟒𝟎𝐭𝟒 + 𝟏𝟐𝟏𝟓𝐭𝟑 + 𝟏𝟒𝟓𝟖𝐭𝟐 + 𝟕𝟐𝟗𝐭 − 𝟏𝟑𝟗𝟗𝟔𝟖 ≥ 𝟎 
⇒ (𝐭 − 𝟑)(𝐭𝟔 + 𝟐𝟏𝐭𝟓 + 𝟏𝟗𝟖𝐭𝟒 + 𝟏𝟏𝟑𝟒𝐭𝟑 + 𝟒𝟔𝟏𝟕𝐭𝟐 + 𝟏𝟓𝟑𝟎𝟗𝐭 + 𝟒𝟔𝟔𝟓𝟔) ≥ 𝟎 

⇒ 𝐭 ≥ 𝟑 (∵ 𝐭∑𝒂𝟐

𝐜𝐲𝐜

≥ 𝟎) ∴ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≥ 𝟑 

∀ 𝒂, 𝐛, 𝐜 ∈ ℝ│(𝒂 + 𝐛 + 𝐜)(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)(𝐜𝟐 + 𝟏) = 𝟐𝟒, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

1550. If 𝒙, 𝒚, 𝒛 > 0, 𝑥 + 𝑦 + 𝑧 = 1 then: 

√𝒙 + 𝒚𝒛 + √𝒚 + 𝒙𝒛 + √𝒛 + 𝒙𝒚 ≤ 𝟐 

 
Proposed by Shirvan Tahirov, Lamiye Quliyeva-Azerbaijan 
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Solution by Mirsadix Muzefferov-Azerbaijan 
 

√𝒙 + 𝒚𝒛 + √𝒚 + 𝒙𝒛 + √𝒛 + 𝒙𝒚 = 

 

= √(𝟏 − 𝒚 − 𝒛) + 𝒛𝒚 + √(𝟏 − 𝒙 − 𝒛) + 𝒙𝒛 + √(𝟏 − 𝒚 − 𝒙) + 𝒙𝒚 = 
 

= √(𝟏 − 𝒚)(𝟏 − 𝒛) + √(𝟏 − 𝒙)(𝟏 − 𝒛) + √(𝟏 − 𝒙)(𝟏 − 𝒚) ≤ 

 

≤
𝑨𝑴−𝑮𝑴 (𝟏 − 𝒚) + (𝟏 − 𝒛)

𝟐
+
(𝟏 − 𝒙) + (𝟏 − 𝒛)

𝟐
+
(𝟏 − 𝒙) + (𝟏 − 𝒚)

𝟐
= 

=
𝟔 − 𝟐(𝒙 + 𝒚 + 𝒛)

𝟐
= 𝟐 

Equality holds for 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
. 

1551. If 𝒙, 𝒚, 𝒛 > 0, 𝑥 + 𝑦 + 𝑧 = 5 then: 
 

√𝟓𝒙 + 𝒚𝒛
𝟕 + √𝟓𝒚 + 𝒙𝒛

𝟕 + √𝟓𝒛 + 𝒙𝒚
𝟕 < 5 

 
Proposed by Samed Ahmedov-Azerbaijan 

Solution by Tapas Das-India 
 

𝟓𝒙 + 𝒚𝒛 = (𝒙 + 𝒚 + 𝒛)𝒙 + 𝒚𝒛 = (𝒙 + 𝒚)(𝒙 + 𝒛) 
 

 √𝟓𝒙 + 𝒚𝒛
𝟕 = √(𝒙 + 𝒚)(𝒙 + 𝒛)𝟏 ∙ 𝟏 ∙ 𝟏 ∙ 𝟏 ∙ 𝟏 

𝟕
<

𝑨𝑴−𝑮𝑴
 

 

<
𝒙 + 𝒚 + 𝒙 + 𝒛 + 𝟓

𝟕
=
𝟐𝒙 + 𝒚 + 𝒛 + 𝟓

𝟕
 

 

√𝟓𝒙 + 𝒚𝒛
𝟕 + √𝟓𝒚 + 𝒙𝒛

𝟕 + √𝟓𝒛 + 𝒙𝒚
𝟕 =∑√𝟓𝒙 + 𝒚𝒛

𝟕

𝒄𝒚𝒄

< 

 

<∑
𝟐𝒙 + 𝒚 + 𝒛 + 𝟓

𝟕
𝒄𝒚𝒄

=
𝟐 ∙ 𝟓 + 𝟓 + 𝟓 + 𝟏𝟓

𝟕
=
𝟑𝟓

𝟕
= 𝟓 

1552. 𝐈𝐟 𝒂, 𝐛 ∈ ℝ 𝒂𝐧𝐝 𝒂𝐛(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏) = 𝟒, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟐 + 𝐛𝟐 ≥ 𝟐 

  Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Soumava Chakraborty-Kolkata-India 

𝒂𝐛(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏) = 𝟒 ⇒ 𝒂𝐛 =
𝟒

(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)
> 0 ⇒ 𝑎𝐛 > 0 → (𝟏) 

𝐍𝐨𝐰, 𝒂𝐛(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏) = 𝟒 ⇒ 𝒂𝐛(𝒂𝟐𝐛𝟐 + 𝟏 + 𝒂𝟐 + 𝐛𝟐) = 𝟒 ⇒ 𝒂𝟐 + 𝐛𝟐 

=
𝟒

𝒂𝐛
− 𝒂𝟐𝐛𝟐 − 𝟏 ≥

?
𝟐 ⇔ 𝟒 − 𝒙𝟑 − 𝟑𝒙 ≥

?
𝟎 (∵ 𝒙 = 𝒂𝐛 > 0…𝐯𝐢𝒂 (𝟏)) 

⇔ 𝒙𝟑 + 𝟑𝒙 − 𝟒 ≤
?
𝟎 ⇔ (𝒙 − 𝟏)(𝒙𝟐 + 𝒙 + 𝟒) ≤

?
𝟎 ⇔ 𝒙 ≤

?
⏟
(∗)

𝟏 (∵ 𝒙𝟐 + 𝒙 + 𝟒 > 0) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶ 𝒂𝐛(𝒂𝟐𝐛𝟐 + 𝟏 + 𝒂𝟐 + 𝐛𝟐) = 𝟒 ⇒ 𝟒 = 𝒂𝟑𝐛𝟑 + 𝒂𝐛 + 𝒂𝐛(𝒂𝟐 + 𝐛𝟐) 

≥
𝐀−𝐆

𝒂𝟑𝐛𝟑 + 𝒂𝐛 + 𝒂𝐛(𝟐𝒂𝐛) (∵ 𝒂𝐛 > 0…𝐯𝐢𝒂 (𝟏)) ⇒ 𝒙𝟑 + 𝟐𝒙𝟐 + 𝒙 − 𝟒 ≤ 𝟎 

 
⇒ (𝒙 − 𝟏)(𝒙𝟐 + 𝟑𝒙 + 𝟒) ≤ 𝟎 ⇒ 𝒙 ≤ 𝟏 (∵ 𝒙𝟐 + 𝟑𝒙 + 𝟒 > 0) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

 

∴ 𝒂𝟐 + 𝐛𝟐 ≥ 𝟐 ∀ 𝒂, 𝐛 ∈ ℝ│𝒂𝐛(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏) = 𝟒, 
 

′′ =′′  𝐢𝐟𝐟 (𝒂 = 𝐛 = 𝟏) 𝐨𝐫 (𝒂 = 𝐛 = −𝟏) (𝐐𝐄𝐃) 
 

1553. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝒂 + 𝐛 + 𝐜 ≥ 𝟔, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟐

√𝐛 + 𝐜
+

𝐛𝟐

√𝐜 + 𝒂
+

𝐜𝟐

√𝒂 + 𝐛
≥
𝟑

√𝟐
 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝟔 ≤ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝒂 + 𝐛 + 𝐜 ≤∑𝒂𝟐

𝐜𝐲𝐜

+√𝟑∑𝒂𝟐

𝐜𝐲𝐜

=
𝒙𝟐

𝟑
+ 𝒙  

(𝒙 = √𝟑∑𝒂𝟐

𝐜𝐲𝐜

) ⇒ 𝒙𝟐 + 𝟑𝒙 − 𝟏𝟖 ≥ 𝟎 ⇒ (𝒙 + 𝟔)(𝒙 − 𝟑) ≥ 𝟎 ⇒ 𝒙 ≥ 𝟑 → (𝟏) 

𝐍𝐨𝐰,𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒂 ≥ 𝐛 ≥ 𝐜 ⇒ 𝒂𝟐 ≥ 𝐛𝟐 ≥ 𝐜𝟐 𝒂𝐧𝐝 
𝟏

√𝐛 + 𝐜
≥

𝟏

√𝐜 + 𝒂
≥

𝟏

√𝒂 + 𝐛
 

∴ 𝐯𝐢𝒂 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯,
𝒂𝟐

√𝐛 + 𝐜
+

𝐛𝟐

√𝐜 + 𝒂
+

𝐜𝟐

√𝒂 + 𝐛
≥
𝟏

𝟑
(∑𝒂𝟐

𝐜𝐲𝐜

)(∑
𝟏

√𝐛 + 𝐜
𝐜𝐲𝐜

) 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

𝟑
(∑𝒂𝟐

𝐜𝐲𝐜

)(
𝟗

∑ √𝐛 + 𝐜𝐜𝐲𝐜

) ≥
𝐂𝐁𝐒

(𝟑∑𝒂𝟐

𝐜𝐲𝐜

)(
𝟏

√𝟑.√𝟐∑ 𝒂𝐜𝐲𝐜

) 
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= (𝟑∑𝒂𝟐

𝐜𝐲𝐜

)

(

 
 
 

𝟏

√𝟔.√√𝟑∑ 𝒂𝟐𝐜𝐲𝐜

)

 
 
 

=
𝒙𝟐

√𝟔𝒙
=
𝒙√𝒙

√𝟔
≥

𝐯𝐢𝒂 (𝟏) 𝟑. √𝟑

√𝟑.√𝟐
 

⇒
𝒂𝟐

√𝐛 + 𝐜
+

𝐛𝟐

√𝐜 + 𝒂
+

𝐜𝟐

√𝒂 + 𝐛
≥
𝟑

√𝟐
  

 

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝒂 + 𝐛 + 𝐜 ≥ 𝟔 (𝐐𝐄𝐃) 

 

1554. 𝐈𝐟 𝒂, 𝐛, 𝐜 ∈ ℝ 𝒂𝐧𝐝 (𝒂𝟑 + 𝟏)(𝐛𝟑 + 𝟏)(𝐜𝟑 + 𝟏) = 𝟕𝟐𝟗, 
 

𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≥ 𝟏𝟐 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

(𝒂𝟐 + 𝟐)
𝟒
− 𝟏𝟔(𝒂𝟑 + 𝟏)

𝟐
= 𝒂𝟖 − 𝟖𝒂𝟔 + 𝟐𝟒𝒂𝟒 − 𝟑𝟐𝒂𝟑 + 𝟑𝟐𝒂𝟐 

= 𝒂𝟐(𝒂 − 𝟐)𝟐(𝒂𝟐(𝒂 + 𝟐)𝟐 + 𝟖) ≥ 𝟎 ∀ 𝒂 ∈ ℝ ∴ (𝒂𝟑 + 𝟏)
𝟐
≤
(𝟏) (𝒂𝟐 + 𝟐)

𝟒

𝟏𝟔
 

𝐍𝐨𝐰,𝟕𝟐𝟗𝟐 =∏(𝒂𝟑 + 𝟏)
𝟐

𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬

∏
(𝒂𝟐 + 𝟐)

𝟒

𝟏𝟔
𝐜𝐲𝐜

 

⇒ 𝟐𝟕 ≤
𝟏

𝟖
∏(𝒂𝟐 + 𝟐)

𝐜𝐲𝐜

 (∵∏(𝒂𝟐 + 𝟐)

𝐜𝐲𝐜

> 0 ∀ 𝒂, 𝐛, 𝐜 ∈ ℝ) 

⇒ 𝟐𝟏𝟔 ≤ 𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟖+ 𝟒∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

 

≤
𝟏

𝟐𝟕
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟖+ 𝟒∑𝒂𝟐

𝐜𝐲𝐜

+
𝟐

𝟑
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

  

(∵ (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

≥ 𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐 𝒂𝐧𝐝 (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

≥ 𝟑∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

 ∀ 𝒂, 𝐛, 𝐜 ∈ ℝ) 

=
𝐭𝟑 + 𝟐𝟏𝟔+ 𝟏𝟎𝟖𝐭 + 𝟏𝟖𝐭𝟐

𝟐𝟕
 (𝐭 =∑𝒂𝟐

𝐜𝐲𝐜

) ⇒ 𝐭𝟑 + 𝟏𝟖𝐭𝟐 + 𝟏𝟎𝟖𝐭− 𝟓𝟔𝟏𝟔 ≥ 𝟎 

⇒ (𝐭 − 𝟏𝟐)(𝐭𝟐 + 𝟑𝟎𝐭+ 𝟒𝟖) ≥ 𝟎 ⇒ 𝐭 ≥ 𝟏𝟐  
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(∵ 𝐭𝟐 + 𝟑𝟎𝐭 + 𝟒𝟖 = (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+ 𝟑𝟎(∑𝒂𝟐

𝐜𝐲𝐜

)+ 𝟒𝟖 > 0 ∀ 𝒂,𝐛, 𝐜 ∈ ℝ) 

∴ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≥ 𝟏𝟐 ∀ 𝒂,𝐛, 𝐜 ∈ ℝ│(𝒂𝟑 + 𝟏)(𝐛𝟑 + 𝟏)(𝐜𝟑 + 𝟏) = 𝟕𝟐𝟗, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟐 (𝐐𝐄𝐃) 

1555. 𝐈𝐟 𝒂, 𝒃, 𝒄 > 0, 𝐭𝐡𝐞𝐧: 

(𝒂 + 𝒃 + 𝒄) (
𝟏

𝟐𝒂 + 𝟑𝒃
+

𝟏

𝟐𝒃+ 𝟑𝒄
+

𝟏

𝟐𝒄 + 𝟑𝒂
) +

√(𝟏 + 𝒂)(𝟏 + 𝒃)(𝟏 + 𝒄)(𝟏 + √𝒂𝒃𝒄
𝟑

)
𝟒

√(𝟏 + √𝒂𝒃)(𝟏+ √𝒃𝒄)(𝟏 + √𝒄𝒂)
𝟑

≥
𝟏𝟒

𝟓
 

 
Proposed by Pavlos Trifon-Greece 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

(𝒂 + 𝒃 + 𝒄) (
𝟏

𝟐𝒂 + 𝟑𝒃
+

𝟏

𝟐𝒃+ 𝟑𝒄
+

𝟏

𝟐𝒄 + 𝟑𝒃
) ≥

(𝒂 + 𝒃 + 𝒄). 𝟑𝟐

(𝟐𝒂 + 𝟑𝒃) + (𝟐𝒃 + 𝟑𝒄) + (𝟐𝒄 + 𝟑𝒃)
=
𝟗

𝟓
. 

𝐒𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

√(𝟏 + 𝒂)(𝟏 + 𝒃)(𝟏 + 𝒄)(𝟏 + √𝒂𝒃𝒄
𝟑

)
𝟒

≥ √(𝟏 + √𝒂𝒃)(𝟏 + √𝒃𝒄)(𝟏 + √𝒄𝒂)
𝟑

 

⇔  𝟑(∑𝐥𝐧(𝟏 + 𝒂)

𝒄𝒚𝒄

+ 𝐥𝐧(𝟏 + √𝒂𝒃𝒄
𝟑

)) ≥ 𝟒∑𝐥𝐧(𝟏 + √𝒂𝒃)

𝒄𝒚𝒄

  (𝟏) 

𝐋𝐞𝐭 𝒂 = 𝒆𝒙, 𝒃 = 𝒆𝒚, 𝒄 = 𝒆𝒛 ,   𝒙, 𝒚, 𝒛 ∈ ℝ, 𝐚𝐧𝐝 𝐥𝐞𝐭 𝒇(𝒕) = 𝐥𝐧(𝟏 + 𝒆𝒕) , 𝒕 ∈ ℝ.  𝐖𝐞 𝐡𝐚𝐯𝐞 

(𝟏) ⇔ 𝟑(𝒇(𝒙) + 𝒇(𝒚) + 𝒇(𝒛)) + 𝟑𝒇(
𝒙 + 𝒚 + 𝒛

𝟑
) ≥ 𝟒 [𝒇 (

𝒙 + 𝒚

𝟐
) + 𝒇 (

𝒚 + 𝒛

𝟐
) + 𝒇 (

𝒛 + 𝒙

𝟐
)]. 

𝒇′′(𝒕) =
𝒆𝒕

(𝟏 + 𝒆𝒕)𝟐
> 0, 𝐬𝐨 𝒇 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝐱, 𝐚𝐧𝐝 𝐛𝐲 𝐏𝐨𝐩𝐨𝐯𝐢𝐜𝐢𝐮 𝐚𝐧𝐝 𝐉𝐞𝐧𝐬𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐢𝐞𝐬,𝐰𝐞 𝐠𝐞𝐭 

𝒇(𝒙) + 𝒇(𝒚) + 𝒇(𝒛) + 𝟑𝒇(
𝒙 + 𝒚 + 𝒛

𝟑
) ≥ 𝟐 [𝒇 (

𝒙 + 𝒚

𝟐
) + 𝒇 (

𝒚 + 𝒛

𝟐
) + 𝒇 (

𝒛 + 𝒙

𝟐
)] 

𝒇(𝒙) + 𝒇(𝒚) ≥ 𝟐𝒇(
𝒙 + 𝒚

𝟐
) ,   𝒇(𝒚) + 𝒇(𝒛) ≥ 𝟐𝒇(

𝒚 + 𝒛

𝟐
) ,   𝒇(𝒛) + 𝒇(𝒙) ≥ 𝟐𝒇(

𝒛 + 𝒙

𝟐
). 

𝐀𝐝𝐝𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐢𝐞𝐬 𝐲𝐢𝐞𝐥𝐝𝐬 𝐭𝐡𝐞 𝐝𝐞𝐬𝐢𝐫𝐞𝐝 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 (𝟏). 𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞.  

 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄. 
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1556. If 𝒂, 𝒃 > 0 then: 

𝒂 + 𝒃

√𝒂(𝟒𝒂 + 𝟓𝒃) + √𝒃(𝟒𝒃 + 𝟓𝒂) 
≥
𝟏

𝟑
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 
 

√𝒂(𝟒𝒂 + 𝟓𝒃) + √𝒃(𝟒𝒃 + 𝟓𝒂) ≤
𝑪𝑩𝑺

√𝟐(𝟒𝒂𝟐 + 𝟒𝒃𝟐 + 𝟏𝟎𝒂𝒃) = 
 

= √𝟐(𝟒(𝒂 + 𝒃)𝟐 + 𝟐𝒂𝒃) ≤
𝑨𝑴−𝑮𝑴

 √𝟐(𝟒(𝒂 + 𝒃)𝟐 +
(𝒂 + 𝒃)𝟐

𝟐
) = 𝟑(𝒂 + 𝒃) 

 
𝒂 + 𝒃

√𝒂(𝟒𝒂 + 𝟓𝒃) + √𝒃(𝟒𝒃 + 𝟓𝒂) 
≥

𝒂 + 𝒃

𝟑(𝒂 + 𝒃)
=
𝟏

𝟑
 

 
 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓 𝒂 = 𝒃 

 

1557. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂𝐛𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂

√𝟏 + 𝒂
+

𝐛

√𝟏 + 𝐛
+

𝐜

√𝟏 + 𝐜
≥
𝟑√𝟐

𝟐
 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

(
𝒂

√𝟏 + 𝒂
+

𝐛

√𝟏 + 𝐛
+

𝐜

√𝟏 + 𝐜
)
𝟐

≥ 𝟑∑
𝐛𝐜

√(𝟏 + 𝐛)(𝟏 + 𝐜)𝐜𝐲𝐜

 

= 𝟑∑

𝟏
𝐲𝐳

√(𝟏 +
𝟏
𝐲
) (𝟏 +

𝟏
𝐳
)𝐜𝐲𝐜

 (𝒙 =
𝟏

𝒂
, 𝐲 =

𝟏

𝐛
, 𝐳 =

𝟏

𝐜
) =
𝒙𝐲𝐳 = 𝟏

𝟑∑
𝒙√𝐲𝐳

√(𝐲 + 𝟏)(𝐳 + 𝟏)𝐜𝐲𝐜

 

=
𝒙𝐲𝐳 = 𝟏

𝟑∑
𝒙√𝒙

√𝒙𝟐(𝐲 + 𝟏)(𝐳 + 𝟏)𝐜𝐲𝐜

≥
𝐑𝒂𝐝𝐨𝐧

𝟑.
(∑ 𝒙𝐜𝐲𝐜 )

𝟑
𝟐

√∑ (𝒙𝟐(𝐲𝐳 + 𝐲 + 𝐳 + 𝟏))𝐜𝐲𝐜

=
𝒙𝐲𝐳 = 𝟏

 

𝟑.
(∑ 𝒙𝐜𝐲𝐜 )

𝟑
𝟐

√∑ 𝒙𝐜𝐲𝐜 + (∑ 𝒙𝐜𝐲𝐜 )(∑ 𝒙𝐲𝐜𝐲𝐜 ) − 𝟑 + (∑ 𝒙𝐜𝐲𝐜 )
𝟐
− 𝟐∑ 𝒙𝐲𝐜𝐲𝐜
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=
𝟑(∑ 𝒙𝐜𝐲𝐜 )

𝟑
𝟐

√∑ 𝒙𝐜𝐲𝐜 − 𝟑 + (∑ 𝒙𝐜𝐲𝐜 )
𝟐
+ (∑ 𝒙𝐲𝐜𝐲𝐜 )(∑ 𝒙𝐜𝐲𝐜 − 𝟐)

 

≥
𝟑(∑ 𝒙𝐜𝐲𝐜 )

𝟑
𝟐

√∑ 𝒙𝐜𝐲𝐜 − 𝟑 + (∑ 𝒙𝐜𝐲𝐜 )
𝟐
+
(∑ 𝒙𝐜𝐲𝐜 )

𝟐

𝟑
(∑ 𝒙𝐜𝐲𝐜 − 𝟐)

  

(∵∑𝒙

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑√𝒙𝐲𝐳
𝟑 =

𝒙𝐲𝐳 = 𝟏
𝟑 ⇒∑𝒙

𝐜𝐲𝐜

− 𝟐 ≥ 𝟏 > 0) ≥
? 𝟗

𝟐
 

⇔
𝐭𝟑

𝐭 − 𝟑 + 𝐭𝟐 +
𝐭𝟐(𝐭 − 𝟐)

𝟑

≥
? 𝟗

𝟒
 (𝐭 =∑𝒙

𝐜𝐲𝐜

)⇔
𝐭𝟑

𝟑𝐭 − 𝟗 + 𝟑𝐭𝟐 + 𝐭𝟐(𝐭 − 𝟐)
≥
? 𝟑

𝟒
 

⇔ 𝐭𝟑 − 𝟑𝐭𝟐 − 𝟗𝐭 + 𝟐𝟕 ≥
?
𝟎 ⇔ (𝐭 − 𝟑)𝟐(𝐭 + 𝟑) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞  

∴ (
𝒂

√𝟏 + 𝒂
+

𝐛

√𝟏 + 𝐛
+

𝐜

√𝟏 + 𝐜
)
𝟐

≥
𝟗

𝟐
⇒

𝒂

√𝟏 + 𝒂
+

𝐛

√𝟏 + 𝐛
+

𝐜

√𝟏 + 𝐜
≥
𝟑√𝟐

𝟐
 

∀ 𝒂,𝐛, 𝐜 > 0│𝒂𝐛𝐜 = 𝟏, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

 

1558. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 > 0 𝑃𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

(𝟏 +
𝟐

𝒃 + 𝒄
)

(𝒃+𝒄−𝟐𝒂)𝟑

. (𝟏 +
𝟐

𝒄 + 𝒂
)

(𝒄+𝒂−𝟐𝒃)𝟑

. (𝟏 +
𝟐

𝒂 + 𝒃
)

(𝒂+𝒃−𝟐𝒄)𝟑

. 𝒆−𝟐𝟎(𝒂
𝟐+𝒃𝟐+𝒄𝟐−𝒂𝒃−𝒃𝒄−𝒄𝒂) ≤ 𝟏 

 
Proposed by Pavlos Trifon-Greece 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐓𝐡𝐞 𝐝𝐞𝐬𝐢𝐫𝐞𝐝 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 

(𝒃 + 𝒄 − 𝟐𝒂)𝟑 𝐥𝐧 (𝟏 +
𝟐

𝒃 + 𝒄
) + (𝒄 + 𝒂 − 𝟐𝒃)𝟑 𝐥𝐧 (𝟏 +

𝟐

𝒄 + 𝒂
) + (𝒂 + 𝒃 − 𝟐𝒄)𝟑 𝐥𝐧 (𝟏 +

𝟐

𝒂+ 𝒃
) ≤ 

≤ 𝟐𝟎(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝒂𝒃− 𝒃𝒄 − 𝒄𝒂). 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐞 𝐤𝐧𝐨𝐰𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝟎 ≤ 𝐥𝐧(𝟏 + 𝒙) ≤ 𝒙,   ∀𝒙 ≥ 𝟎,𝐰𝐞 𝐡𝐚𝐯𝐞 

(𝒃 + 𝒄 − 𝟐𝒂) 𝐥𝐧(𝟏 +
𝟐

𝒃 + 𝒄
) = (𝒃 + 𝒄) 𝐥𝐧 (𝟏 +

𝟐

𝒃 + 𝒄
) − 𝟐𝒂 𝐥𝐧 (𝟏 +

𝟐

𝒃 + 𝒄
) ≤ 

≤ (𝒃 + 𝒄).
𝟐

𝒃 + 𝒄
− 𝟎 = 𝟐 
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⇒ (𝒃 + 𝒄 − 𝟐𝒂)𝟑 𝐥𝐧 (𝟏 +
𝟐

𝒃 + 𝒄
) ≤ 𝟐(𝒃 + 𝒄 − 𝟐𝒂)𝟐  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬). 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

∑(𝒃+ 𝒄 − 𝟐𝒂)𝟑 𝐥𝐧 (𝟏 +
𝟐

𝒃 + 𝒄
)

𝒄𝒚𝒄

≤ 𝟐∑(𝒃 + 𝒄 − 𝟐𝒂)𝟐

𝒄𝒚𝒄

= 𝟐∑(𝟒𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝟒𝒂𝒃+ 𝟐𝒃𝒄− 𝟒𝒄𝒂)

𝒄𝒚𝒄

 

= 𝟏𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝒂𝒃− 𝒃𝒄 − 𝒄𝒂) ≤ 𝟐𝟎(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝒂𝒃 − 𝒃𝒄 − 𝒄𝒂), 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄. 

1559. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟒

𝒂𝟑 + 𝟐𝐛𝟑
+

𝐛𝟒

𝐛𝟑 + 𝟐𝐜𝟑
+

𝐜𝟒

𝐜𝟑 + 𝟐𝒂𝟑
≥
𝒂 + 𝐛 + 𝐜

𝟑
 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐇𝐒 − 𝐑𝐇𝐒 =∑(
𝒂𝟒

𝒂𝟑 + 𝟐𝐛𝟑
−
𝒂

𝟑
)

𝐜𝐲𝐜

=∑
𝟐𝒂(𝒂𝟑 − 𝐛𝟑)

𝟑(𝒂𝟑 + 𝟐𝐛𝟑)
𝐜𝐲𝐜

≥
?
𝟎 

⇔
𝒂(𝒂𝟑 + 𝟐𝐛𝟑 − 𝟑𝐛𝟑)

𝒂𝟑 + 𝟐𝐛𝟑
≥
?
𝟎 ⇔

𝟏

𝟑
∑𝒂

𝐜𝐲𝐜

≥
?
⏟
(∗)

∑
𝒂𝐛𝟑

𝒂𝟑 + 𝟐𝐛𝟑
𝐜𝐲𝐜

 

𝐍𝐨𝐰,∑
𝒂𝐛𝟑

𝒂𝟑 + 𝟐𝐛𝟑
𝐜𝐲𝐜

≤∑
𝒂𝐛𝟑

𝒂𝐛(𝒂 + 𝐛) + 𝐛𝟑
𝐜𝐲𝐜

=∑
𝒂𝐛𝟐

𝒂𝟐 + 𝒂𝐛 + 𝐛𝟐
𝐜𝐲𝐜

≤
𝐀−𝐆

∑
𝐛.
(𝒂 + 𝐛)𝟐

𝟒
𝟑
𝟒 .
(𝒂 + 𝐛)𝟐𝐜𝐲𝐜

 

 (∵ 𝒂𝟐 + 𝒂𝐛 + 𝐛𝟐 =
𝟑

𝟒
. (𝒂 + 𝐛)𝟐 +

𝟏

𝟒
. (𝒂 − 𝐛)𝟐) =

𝟏

𝟑
∑𝒂

𝐜𝐲𝐜

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒂𝟒

𝒂𝟑 + 𝟐𝐛𝟑
+

𝐛𝟒

𝐛𝟑 + 𝟐𝐜𝟑
+

𝐜𝟒

𝐜𝟑 + 𝟐𝒂𝟑
≥
𝒂 + 𝐛 + 𝐜

𝟑
 ∀ 𝒂, 𝐛, 𝐜 > 0, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

1560. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
 

𝒂𝟐

𝐛
+
𝐛𝟐

𝐜
+
𝐜𝟐

𝒂
≥ √𝒂𝟐 − 𝒂𝐛 + 𝐛𝟐 + √𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐 + √𝐜𝟐 − 𝐜𝒂 + 𝒂𝟐 

 
  Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Soumava Chakraborty-Kolkata-India 
 

𝒂𝟐

𝐛
+
𝐛𝟐

𝐜
+
𝐜𝟐

𝒂
=
𝒂𝟐

𝐛
− 𝒂 + 𝐛 +

𝐛𝟐

𝐜
− 𝐛 + 𝐜 +

𝐜𝟐

𝒂
− 𝐜 + 𝒂 

=
𝒂𝟐 − 𝒂𝐛 + 𝐛𝟐

𝐛
+
𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐

𝐛
+
𝐜𝟐 − 𝐜𝒂 + 𝒂𝟐

𝒂
→ (𝟏) 

𝐍𝐨𝐰,√𝒂𝟐 − 𝒂𝐛 + 𝐛𝟐 +√𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐 +√𝐜𝟐 − 𝐜𝒂 + 𝒂𝟐 

= ∑√
𝒂𝟐 − 𝒂𝐛 + 𝐛𝟐

𝐛
. 𝐛

𝐜𝐲𝐜

≤
𝐀−𝐆 𝟏

𝟐
∑(

𝒂𝟐 − 𝒂𝐛 + 𝐛𝟐

𝐛
+ 𝐛)

𝐜𝐲𝐜

 

≤
𝐀−𝐆

∑
𝒂𝟐 − 𝒂𝐛 + 𝐛𝟐

𝐛
𝐜𝐲𝐜

−
𝟏

𝟐
∑

𝟐𝒂𝐛 − 𝒂𝐛

𝐛
𝐜𝐲𝐜

+
𝟏

𝟐
∑𝒂

𝐜𝐲𝐜

 

= ∑
𝒂𝟐 − 𝒂𝐛 + 𝐛𝟐

𝐛
𝐜𝐲𝐜

−
𝟏

𝟐
∑𝒂

𝐜𝐲𝐜

+
𝟏

𝟐
∑𝒂

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝟐

𝐛
+
𝐛𝟐

𝐜
+
𝐜𝟐

𝒂
 

∴
𝒂𝟐

𝐛
+
𝐛𝟐

𝐜
+
𝐜𝟐

𝒂
≥ √𝒂𝟐 − 𝒂𝐛 + 𝐛𝟐 + √𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐 +√𝐜𝟐 − 𝐜𝒂 + 𝒂𝟐 

∀ 𝒂, 𝐛, 𝐜 > 0,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

1561. 

𝐈𝐟 𝒂, 𝒃, 𝒄 > 0 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒆𝟏−𝒂−𝒃−𝒄 ≥ (𝒂 + 𝒃 + 𝒄)𝒂+𝒃+𝒄−𝟐, 𝐭𝐡𝐞𝐧 

((
𝒄𝟏−𝒄

𝒂𝒃
)

𝟑

+ (
𝒂𝟏−𝒂

𝒃𝒄
)

𝟑

+ (
𝒃𝟏−𝒃

𝒄𝒂
)

𝟑

)

𝟐

. (𝒂𝟐𝒂−𝟐 + 𝒃𝟐𝒃−𝟐 + 𝒄𝟐𝒄−𝟐)
𝟑
≥ 𝟏𝟐𝟗𝟏𝟒𝟎𝟏𝟔𝟑 

Proposed by Pavlos Trifon-Greece 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐋𝐞𝐭 𝒇(𝒙) = (𝒙 − 𝟐). 𝐥𝐧 𝒙 + 𝒙 − 𝟏,   𝐟𝐨𝐫 𝒙 > 0. 

𝐖𝐞 𝐡𝐚𝐯𝐞 𝒇′(𝒙) = 𝐥𝐧𝒙 +
𝟐(𝒙 − 𝟏)

𝒙
, 

 ∀𝒙 > 0, 𝐭𝐡𝐞𝐧 𝒇 𝐢𝐬 𝐝𝐞𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠 𝐨𝐧 (𝟎, 𝟏] 𝐚𝐧𝐝 𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠 𝐨𝐧 [𝟏,∞), 

𝐡𝐞𝐧𝐜𝐞,   𝒇(𝒙) ≥ 𝒇(𝟏) = 𝟎,   ∀𝒙 > 0,   𝐨𝐫  𝒆𝟏−𝒙 ≤ 𝒙𝒙−𝟐,   ∀𝒙 > 0,𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐟𝐨𝐫 𝒙 = 𝟏. 

𝐁𝐮𝐭 𝐰𝐞 𝐡𝐚𝐯𝐞 𝒆𝟏−(𝒂+𝒃+𝒄) ≥ (𝒂 + 𝒃 + 𝒄)(𝒂+𝒃+𝒄)−𝟐, 𝐭𝐡𝐞𝐧 

 𝒆𝟏−(𝒂+𝒃+𝒄) = (𝒂 + 𝒃 + 𝒄)(𝒂+𝒃+𝒄)−𝟐. 𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞,   𝒂 + 𝒃 + 𝒄 = 𝟏. 

𝐍𝐨𝐰, 𝐛𝐲 𝐇ӧ𝐥𝐝𝐞𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 
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((
𝒂𝟏−𝒂

𝒃𝒄
)

𝟑

+ (
𝒃𝟏−𝒃

𝒄𝒂
)

𝟑

+ (
𝒄𝟏−𝒄

𝒂𝒃
)

𝟑

)

𝟐

. (𝒂𝟐𝒂−𝟐 + 𝒃𝟐𝒃−𝟐 + 𝒄𝟐𝒄−𝟐)
𝟑
. (𝒃 + 𝒄 + 𝒂)𝟔. (𝒄 + 𝒂 + 𝒃)𝟔 ≥ 

≥ ( √(
𝒂𝟏−𝒂

𝒃𝒄
)

𝟔

. (𝒂𝟐𝒂−𝟐)𝟑. 𝒃𝟔. 𝒄𝟔
𝟏𝟕

+ √(
𝒃𝟏−𝒃

𝒄𝒂
)

𝟔

(𝒃𝟐𝒃−𝟐)𝟑𝒄𝟔𝒂𝟔
𝟏𝟕

+ √(
𝒄𝟏−𝒄

𝒂𝒃
)

𝟔

(𝒄𝟐𝒄−𝟐)𝟑𝒂𝟔𝒃𝟔
𝟏𝟕

)

𝟏𝟕

= 𝟑𝟏𝟕 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

((
𝒄𝟏−𝒄

𝒂𝒃
)

𝟑

+ (
𝒂𝟏−𝒂

𝒃𝒄
)

𝟑

+ (
𝒃𝟏−𝒃

𝒄𝒂
)

𝟑

)

𝟐

. (𝒂𝟐𝒂−𝟐 + 𝒃𝟐𝒃−𝟐 + 𝒄𝟐𝒄−𝟐)
𝟑
≥ 𝟑𝟏𝟕 = 𝟏𝟐𝟗𝟏𝟒𝟎𝟏𝟔𝟑. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 =
𝟏

𝟑
. 

1562. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
 

(𝒂𝟐 + 𝟐)(𝐛𝟐 + 𝟐)(𝐜𝟐 + 𝟐) ≥ 𝟑(𝒂 + 𝐛 + 𝐜)𝟐 + (𝒂𝐛𝐜 − 𝟏)𝟐 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

(𝒂𝟐 + 𝟐)(𝐛𝟐 + 𝟐)(𝐜𝟐 + 𝟐) − 𝟑(𝒂 + 𝐛 + 𝐜)𝟐 − (𝒂𝐛𝐜 − 𝟏)𝟐 

= 𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟖 + 𝟒∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟑∑𝒂𝟐

𝐜𝐲𝐜

− 𝟔∑𝒂𝐛

𝐜𝐲𝐜

− 𝒂𝟐𝐛𝟐𝐜𝟐 − 𝟏+ 𝟐𝒂𝐛𝐜 

= (𝒂𝐛𝐜+ 𝒂𝐛𝐜 + 𝟏) + 𝟐((𝒂𝟐𝐛𝟐 + 𝟏) + (𝐛𝟐𝐜𝟐 + 𝟏) + (𝐜𝟐𝒂𝟐 + 𝟏))+∑𝒂𝟐

𝐜𝐲𝐜

− 𝟔∑𝒂𝐛

𝐜𝐲𝐜

 

≥
𝐀−𝐆

𝟑√𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

+ 𝟐(𝟐𝒂𝐛+ 𝟐𝐛𝐜+ 𝟐𝐜𝒂) +∑𝒂𝟐

𝐜𝐲𝐜

− 𝟔∑𝒂𝐛

𝐜𝐲𝐜

≥
?
𝟎 

⇔∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟑√𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

≥
?
𝟐∑𝒂𝐛

𝐜𝐲𝐜

 

⇔ (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟗(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

. √𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

+ 𝟐𝟕(∑𝒂𝟐

𝐜𝐲𝐜

) . √𝒂𝟒𝐛𝟒𝐜𝟒
𝟑

 

≥
?
⏟
(∗)

𝟖(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟑

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝑥 = 𝟐𝒂 
> 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 ⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 
𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲);  
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𝐬𝐨 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐)𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

⇒ 

∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫+ 𝐫𝟐 → (𝟑),∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏),(𝟑)

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) 

⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒) 

𝐕𝐢𝒂 (𝟏), (𝟐) 𝒂𝐧𝐝 (𝟒), 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 

(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟑
+ 𝟐𝟕𝐫𝟒𝐬𝟐 + 𝟗(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝟐
. √𝐫𝟒𝐬𝟐
𝟑

 

+𝟐𝟕(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐). √𝐫𝟖𝐬𝟒
𝟑

≥
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

 

(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟑
+ 𝟐𝟕𝐫𝟒𝐬𝟐 + 𝟗(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝟐
. √𝐫𝟒. 𝟐𝟕𝐫𝟐
𝟑

 

+𝟐𝟕(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐). √𝐫𝟖. 𝟕𝟐𝟗𝐫𝟒
𝟑

 

= (𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟑
+ 𝟐𝟕𝐫𝟒𝐬𝟐 + 𝟐𝟕𝐫𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝟐
+ 𝟐𝟒𝟑𝐫𝟒(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) 

≥
?
𝟖(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟑

=
𝐯𝐢𝒂 (𝟑)

𝟖(𝟒𝐑𝐫 + 𝐫𝟐)
𝟑
 

⇔ 𝐬𝟔 − (𝟐𝟒𝐑𝐫 − 𝟐𝟏𝐫𝟐)𝐬𝟒 + 𝐫𝟐(𝟏𝟗𝟐𝐑𝟐 − 𝟑𝟑𝟔𝐑𝐫 + 𝟏𝟕𝟒𝐫𝟐)𝐬𝟐 

−𝐫𝟑(𝟏𝟎𝟐𝟒𝐑𝟑 − 𝟗𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟕𝟐𝐑𝐫𝟐 + 𝟑𝟗𝟒𝐫𝟑) ≥
?
⏟
(∗∗)

𝟎 𝒂𝐧𝐝 

∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

 

⇔ (𝟖𝐑 + 𝟐𝐫)𝐬𝟒 − 𝐫(𝟏𝟗𝟐𝐑𝟐 − 𝟒𝟖𝐑𝐫 − 𝟑𝟑𝐫𝟐)𝐬𝟐 

+𝐫𝟐(𝟏𝟎𝟐𝟒𝐑𝟑 − 𝟗𝟔𝟎𝐑𝟐𝐫 − 𝟐𝟒𝐑𝐫𝟐 − 𝟏𝟕𝟑𝐫𝟑) ≥
(∗∗∗)

𝟎 𝒂𝐧𝐝 ∵ 

(𝟖𝐑 + 𝟐𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥ (𝟖𝐑+ 𝟐𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟔𝟒𝐑𝟐 + 𝟑𝟐𝐑𝐫 + 𝟏𝟑𝐫𝟐)𝐬𝟐 ≥
(∗∗∗∗)

𝐫(𝟏𝟎𝟐𝟒𝐑𝟑 + 𝟏𝟗𝟐𝐑𝟐𝐫 − 𝟗𝟔𝐑𝐫𝟐 + 𝟐𝟐𝟑𝐫𝟑) 

𝐅𝐢𝐧𝒂𝒍𝒍𝐲, (𝟔𝟒𝐑𝟐 + 𝟑𝟐𝐑𝐫 + 𝟏𝟑𝐫𝟐)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟔𝟒𝐑𝟐 + 𝟑𝟐𝐑𝐫 + 𝟏𝟑𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

≥
?
𝐫(𝟏𝟎𝟐𝟒𝐑𝟑 + 𝟏𝟗𝟐𝐑𝟐𝐫 − 𝟗𝟔𝐑𝐫𝟐 + 𝟐𝟐𝟑𝐫𝟑) ⇔ 𝟏𝟒𝟒𝐫𝟑(𝐑 − 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 

⇒ (∗∗∗∗) ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ (𝒂𝟐 + 𝟐)(𝐛𝟐 + 𝟐)(𝐜𝟐 + 𝟐) 

≥ 𝟑(𝒂 + 𝐛+ 𝐜)𝟐 + (𝒂𝐛𝐜− 𝟏)𝟐 ∀ 𝒂, 𝐛, 𝐜 > 0, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

1563. 𝐈𝐟 𝒂, 𝐛 > 0, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟑𝟐𝒂𝟐𝐛𝟐(𝒂𝟑 + 𝐛𝟑) ≤ (𝒂𝟐 + 𝐛𝟐)(𝒂 + 𝐛)𝟓 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Soumava Chakraborty-Kolkata-India 
 

(𝒂𝟐 + 𝐛𝟐 + 𝟐𝒂𝐛)𝟐 ≥
𝐀−𝐆

𝟒(𝒂𝟐 + 𝐛𝟐)(𝟐𝒂𝐛) ⇒ (𝒂 + 𝐛)𝟒 ≥ 𝟖𝒂𝐛(𝒂𝟐 + 𝐛𝟐) 

⇒ (𝒂𝟐 + 𝐛𝟐)(𝒂 + 𝐛)𝟓 ≥ 𝟖𝒂𝐛(𝒂𝟐 + 𝐛𝟐)(𝒂 + 𝐛)(𝒂𝟐 + 𝐛𝟐) ≥
?
𝟑𝟐𝒂𝟐𝐛𝟐(𝒂𝟑 + 𝐛𝟑) 

= 𝟑𝟐𝒂𝟐𝐛𝟐(𝒂 + 𝐛)(𝒂𝟐 + 𝐛𝟐 − 𝒂𝐛) ⇔ (𝒂𝟐 + 𝐛𝟐)𝟐 ≥
?
𝟒𝒂𝐛(𝒂𝟐 + 𝐛𝟐 − 𝒂𝐛) 

⇔ (𝒂𝟐 + 𝐛𝟐)𝟐 − 𝟒𝒂𝐛(𝒂𝟐 + 𝐛𝟐) + 𝟒𝒂𝟐𝐛𝟐 ≥
?
𝟎 ⇔ (𝒂𝟐 + 𝐛𝟐 − 𝟐𝒂𝐛)𝟐 ≥

?
𝟎 

⇔ (𝒂 − 𝐛)𝟒 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∴ 𝟑𝟐𝒂𝟐𝐛𝟐(𝒂𝟑 + 𝐛𝟑) ≤ (𝒂𝟐 + 𝐛𝟐)(𝒂 + 𝐛)𝟓 

  ∀ 𝒂, 𝐛 > 0, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 (𝐐𝐄𝐃) 

1564. 

𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎 𝒂𝐧𝐝 
𝟏

𝒂 + 𝐛 + 𝟏
+

𝟏

𝐛 + 𝐜 + 𝟏
+

𝟏

𝐜 + 𝒂 + 𝟏
≥ 𝟏, 𝐭𝐡𝐞𝐧: 

𝒂 + 𝐛 + 𝐜 ≥ 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝟏

𝒂 + 𝐛 + 𝟏
+

𝟏

𝐛 + 𝐜 + 𝟏
+

𝟏

𝐜 + 𝒂 + 𝟏
≥ 𝟏 ⇒∑

𝟏 + 𝒂 + 𝐛− (𝒂 + 𝐛)

𝒂 + 𝐛 + 𝟏
𝐜𝐲𝐜

≥ 𝟏 

⇒ 𝟑 ≥ 𝟏 +∑
𝒂+ 𝐛

𝒂 + 𝐛 + 𝟏
𝐜𝐲𝐜

⇒ 𝟐 ≥∑
(𝒂 + 𝐛)𝟐

(𝒂 + 𝐛)𝟐 + (𝒂 + 𝐛)
𝐜𝐲𝐜

 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (𝟐∑ 𝒂𝐜𝐲𝐜 )

𝟐

𝟐∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟐∑ 𝒂𝐛𝐜𝐲𝐜 + 𝟐∑ 𝒂𝐜𝐲𝐜

 

⇒ ∑𝒂𝟐

𝐜𝐲𝐜

+∑𝒂𝐛

𝐜𝐲𝐜

+∑𝒂

𝐜𝐲𝐜

≥ (∑𝒂

𝐜𝐲𝐜

)

𝟐

=∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

⇒∑𝒂

𝐜𝐲𝐜

≥∑𝒂𝐛

𝐜𝐲𝐜

 

∴ 𝒂 + 𝐛 + 𝐜 ≥ 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂  

∀ 𝒂, 𝐛, 𝐜 > 𝟎│
𝟏

𝒂 + 𝐛 + 𝟏
+

𝟏

𝐛 + 𝐜 + 𝟏
+

𝟏

𝐜 + 𝒂 + 𝟏
≥ 𝟏 (𝐐𝐄𝐃) 
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1565. 

𝐈𝐟 𝒂, 𝒃, 𝒄 > 0 𝐚𝐧𝐝 𝟐, 𝟐𝟓. (𝟏 + 𝐥𝐧𝟐 (
𝟒(𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂)

𝟑
)) ≥ (𝒂 + 𝒃 + 𝒄)𝟐, 𝐭𝐡𝐞𝐧 ∶ 

(𝟐(𝒂 + 𝒃)𝒂+𝒃 − 𝟏)𝒃𝒄

𝒃 + 𝒄
+
(𝟐(𝒃 + 𝒄)𝒃+𝒄 − 𝟏)𝒄𝒂

𝒄 + 𝒂
+
(𝟐(𝒄 + 𝒂)𝒄+𝒂 − 𝟏)𝒂𝒃

𝒂 + 𝒃
≥
𝟖𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)𝟐

𝟑
 

 

Proposed by Pavlos Trifon-Greece 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐋𝐞𝐭 𝒙 ≔
𝟒(𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂)

𝟑
. 𝐒𝐢𝐧𝐜𝐞 (𝒂 + 𝒃 + 𝒄)𝟐 ≥ 𝟑(𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂) = 𝟐,𝟐𝟓.𝒙, 𝐭𝐡𝐞𝐧 

𝟏 + 𝐥𝐧𝟐(𝒙) ≥ 𝒙.  𝐓𝐡𝐢𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝒙 ≤ 𝟏.  𝐈𝐟 𝒙 > 1,  

𝐥𝐞𝐭 𝒇(𝒕) = 𝐥𝐧(𝒕) − √𝒕 − 𝟏, 𝒕 ≥ 𝟏.  𝐖𝐞 𝐡𝐚𝐯𝐞 

𝒇′(𝒕) =
𝟏

𝒕
−

𝟏

𝟐√𝒕 − 𝟏
= −

(√𝒕 − 𝟏 − 𝟏)
𝟐

𝟐𝒕√𝒕 − 𝟏
≤ 𝟎,   ∀𝐭 > 1, 𝐭𝐡𝐞𝐧 𝒇 𝐢𝐬 𝐬𝐭𝐫𝐢𝐜𝐭𝐥𝐲 𝐝𝐞𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠, 𝐡𝐞𝐧𝐜𝐞 

𝒇(𝒙) < 𝑓(𝟏) = 𝟎 𝐨𝐫 𝟏 + 𝐥𝐧𝟐(𝒙) < 𝑥,𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐧𝐨𝐭 𝐭𝐫𝐮𝐞.  

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞,   𝒙 ≤ 𝟏 𝐨𝐫  𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤
𝟑

𝟒
 (𝟏) 

𝐍𝐨𝐰, 𝐥𝐞𝐭 𝐮𝐬 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝐟𝐨𝐫 𝐚𝐥𝐥 𝒕 > 0,   𝟐𝒕𝒕 ≥ 𝒕𝟐 + 𝟏  (𝟐).  

 𝐋𝐞𝐭 𝒈(𝒕) = 𝒕. 𝐥𝐧𝒕 − 𝐥𝐧(
𝒕𝟐 + 𝟏

𝟐
) ,   𝒕 > 0. 

𝐖𝐞 𝐡𝐚𝐯𝐞  𝒈′(𝒕) = 𝒍𝒏𝒕 + 𝟏 −
𝟐𝒕

𝒕𝟐 + 𝟏
 𝐚𝐧𝐝 𝒈′′(𝒕) =

𝒕𝟒 + 𝟐𝒕𝟑 + 𝒕𝟐 + (𝒕 − 𝟏)𝟐

𝒕(𝒕𝟐 + 𝟏)𝟐
≥ 𝟎, 𝐭𝐡𝐞𝐧 𝒈′ 𝐢𝐬 

𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠 𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞  𝒈′(𝟏) =
𝟎, 𝐭𝐡𝐞𝐧 𝒈 𝐢𝐬 𝐝𝐞𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠 𝐨𝐧 (𝟎, 𝟏] 𝐚𝐧𝐝 𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠 𝐨𝐧 [𝟏,∞), 𝐡𝐞𝐧𝐜𝐞 

𝒈(𝒕) ≥ 𝒈(𝟏) = 𝟎, ∀𝒕 > 0 ⇔  𝒕. 𝐥𝐧𝒕 ≥ 𝐥𝐧(
𝒕𝟐 + 𝟏

𝟐
) , 𝐭𝐡𝐞𝐧 𝟐𝒕𝒕 ≥ 𝒕𝟐 + 𝟏, ∀𝒕 > 0,  

  𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐟𝐨𝐫 𝒙 = 𝟏.𝐍𝐨𝐰,𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
(𝟐(𝒂+ 𝒃)𝒂+𝒃 − 𝟏)𝒃𝒄

𝒃 + 𝒄
𝒄𝒚𝒄

 ≥⏞
(𝟐)

 ∑
(𝒂 + 𝒃)𝟐𝒃𝒄

𝒃 + 𝒄
𝒄𝒚𝒄

= 𝒂𝒃𝒄∑
(𝒂+ 𝒃)𝟐

𝒂𝒃+ 𝒄𝒂
𝒄𝒚𝒄

 ≥⏞
𝑪𝑩𝑺

 
𝟒𝒂𝒃𝒄(𝒂+ 𝒃 + 𝒄)𝟐

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
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≥⏞
(𝟏)

 
𝟖𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)𝟐

𝟑
,                          

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 =
𝟏

𝟐
. 

1566. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎 𝒂𝐧𝐝 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟑, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

(𝟓𝒂 +
𝟐

𝐛 + 𝐜
)
𝟑

+ (𝟓𝐛 +
𝟐

𝐜 + 𝒂
)
𝟑

+ (𝟓𝐜 +
𝟐

𝒂 + 𝐛
)
𝟑

≥ 𝟔𝟒𝟖 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution 1 by Soumava Chakraborty-Kolkata-India 

∑(𝟓𝒂+
𝟐

𝐛 + 𝐜
)
𝟑

𝐜𝐲𝐜

=∑(𝒂 + 𝒂 + 𝒂 + 𝒂 + 𝒂 +
𝟐

𝐛 + 𝐜
)
𝟑

𝐜𝐲𝐜

≥
𝐀−𝐆

 

∑(𝟔. √
𝟐𝒂𝟓

𝐛 + 𝐜

𝟔

)

𝟑

𝐜𝐲𝐜

= 𝟐𝟏𝟔.√𝟐.∑√
𝒂𝟖

𝒂𝟑𝐛 + 𝒂𝟑𝐜
𝐜𝐲𝐜

= 𝟐𝟏𝟔.√𝟐.∑
𝒂𝟒

√𝒂𝟑𝐛 + 𝒂𝟑𝐜
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

𝟐𝟏𝟔.√𝟐.
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

∑ √𝒂𝟑𝐛 + 𝒂𝟑𝐜𝐜𝐲𝐜

≥
𝐂𝐁𝐒

𝟐𝟏𝟔.√𝟐.
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

√𝟑. √∑ (𝒂𝟑𝐛 + 𝒂𝐛𝟑)𝐜𝐲𝐜

=
𝒂𝟐+𝐛𝟐+𝐜𝟐  = 𝟑

 

𝟔𝟒𝟖. √𝟐.
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

√𝟑. (∑ 𝒂𝟐𝐜𝐲𝐜 ).√(∑ 𝒂𝟐𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝒂𝐛𝐜∑ 𝒂𝐜𝐲𝐜

≥
?
𝟔𝟒𝟖 

⇔ 𝟐(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

≥
?
⏟
(∗)

𝟑(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) − 𝟑𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 = 𝟐𝒂 
> 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 ⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 
𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲);  

𝐬𝐨 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙, 𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐)𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

 

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟑),∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏),(𝟑)

 



 
www.ssmrmh.ro 

63 RMM-CYCLIC INEQUALITIES MARATHON 1501-1600 

 

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒) 

𝐕𝐢𝒂 (𝟏), (𝟐), (𝟑) 𝒂𝐧𝐝 (𝟒), (∗) ⇔ 

𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)𝟐 − 𝟑(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)(𝟒𝐑𝐫 + 𝐫𝟐) + 𝟑𝐫𝟐𝐬𝟐 ≥
(∗∗)

𝟎 𝒂𝐧𝐝 

∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ⇔ (𝟓𝐑 − 𝟕𝐫)𝐬𝟐 ≥
(∗∗∗)

𝐫(𝟕𝟐𝐑𝟐 − 𝟏𝟎𝟖𝐑𝐫 + 𝟗𝐫𝟐) 

𝐍𝐨𝐰, (𝟓𝐑 − 𝟕𝐫)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟓𝐑 − 𝟕𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫(𝟕𝟐𝐑𝟐 − 𝟏𝟎𝟖𝐑𝐫 + 𝟗𝐫𝟐) 

⇔ 𝟖𝐑𝟐 − 𝟐𝟗𝐑𝐫 + 𝟐𝟔𝐫𝟐 ≥
?
𝟎 ⇔ (𝐑 − 𝟐𝐫)(𝟖𝐑− 𝟏𝟑𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 

⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ (𝟓𝒂 +
𝟐

𝐛 + 𝐜
)
𝟑

+ (𝟓𝐛 +
𝟐

𝐜 + 𝒂
)
𝟑

+ (𝟓𝐜 +
𝟐

𝒂 + 𝐛
)
𝟑

 

≥ 𝟔𝟒𝟖 ∀ 𝒂, 𝐛, 𝐜 > 𝟎│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟑,′′=
′′
𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

 

Solution 2 by Tapas Das-India 

𝑵𝒐𝒕𝒆: 𝑽𝒂𝒔𝒄′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 ≥ 𝟑(𝒂𝟑𝒃 + 𝒃𝟑𝒄 + 𝒄𝟑𝒂) 
 

(𝟓𝒂 +
𝟐

𝒃 + 𝒄
)
𝟑

+ (𝟓𝒃 +
𝟐

𝒄 + 𝒂
)
𝟑

+ (𝟓𝒄 +
𝟐

𝒂 + 𝒃
)
𝟑

≥
𝑨𝑴−𝑮𝑴

 

 

≥ (∑(𝟔√
𝟐𝒂𝟓

𝒃 + 𝒄

𝟔

)

𝟑

= 𝟐𝟏𝟔. √𝟐(∑
𝒂
𝟓
𝟐

(𝒃 + 𝒄)
𝟏
𝟐

 ) = 

= 𝟐𝟏𝟔.√𝟐 (∑
𝒂
𝟓
𝟐 𝒂

𝟑
𝟐

𝒂
𝟑
𝟐(𝒃 + 𝒄)

𝟏
𝟐

 ) = 𝟐𝟏𝟔.√𝟐 (∑
𝒂𝟒

√𝒂𝟑(𝒃 + 𝒄)
 ) ≥

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 & 𝐶𝐵𝑆

 

 ≥  𝟐𝟏𝟔.√𝟐
(∑𝒂𝟐)𝟐

(𝟑((𝒂𝟑𝒃 + 𝒃𝟑𝒄 + 𝒄𝟑𝒂) + (𝒂𝟑𝒄 + 𝒄𝟑𝒃 + 𝒃𝟑𝒂)))

𝟏
𝟐

≥
𝑽𝒂𝒔𝒄

  

 

𝟐𝟏𝟔.√𝟐
 (∑𝒂𝟐)𝟐 

√𝟐 (∑𝒂𝟐)
= 𝟐𝟏𝟔. (∑𝒂𝟐) = 𝟐𝟏𝟔 . 𝟑 = 𝟔𝟒𝟖 

1567. 𝐈𝐟 𝒂, 𝐛, 𝐜 ≥ 𝟎, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
 

(𝒂𝟐𝟎𝟐𝟒 − 𝒂𝟐𝟎𝟐𝟐 + 𝟑)(𝐛𝟐𝟎𝟐𝟒 − 𝐛𝟐𝟎𝟐𝟐 + 𝟑)(𝐜𝟐𝟎𝟐𝟒 − 𝐜𝟐𝟎𝟐𝟐 + 𝟑) ≥ 𝟗(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Soumava Chakraborty-Kolkata-India 
 

𝒂𝟐𝟎𝟐𝟒 − 𝒂𝟐𝟎𝟐𝟐 + 𝟑 ≥
?
𝒂𝟐 + 𝟐 ⇔ 𝒂𝟐𝟎𝟐𝟐(𝒂𝟐 − 𝟏) ≥

?
𝒂𝟐 − 𝟏 

⇔ (𝒂𝟐 − 𝟏)((𝒂𝟐)
𝟏𝟎𝟏𝟏

− 𝟏) ≥
?
𝟎 ⇔ (𝒂𝟐 − 𝟏)

𝟐
((𝒂𝟐)

𝟏𝟎𝟏𝟎
+ (𝒂𝟐)

𝟏𝟎𝟎𝟗
+⋯+ 𝟏) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∴ 𝒂𝟐𝟎𝟐𝟒 − 𝒂𝟐𝟎𝟐𝟐 + 𝟑 ≥ 𝒂𝟐 + 𝟐 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒ 

𝐋𝐇𝐒 ≥ (𝒂𝟐 + 𝟐)(𝐛𝟐 + 𝟐)(𝐜𝟐 + 𝟐) ∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝒂𝟐 + 𝟐)(𝐛𝟐 + 𝟐)(𝐜𝟐 + 𝟐) ≥
(⦁)

𝟗(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) 

𝐂𝒂𝐬𝐞 𝟏  𝒂 = 𝐛 = 𝐜 = 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (⦁) = 𝟖 𝒂𝐧𝐝 𝐑𝐇𝐒 𝐨𝐟 (⦁) = 𝟎 ⇒ 
𝐋𝐇𝐒 > 𝑅𝐻𝑆 

𝐂𝒂𝐬𝐞 𝟐  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝐭𝐰𝐨 𝒂𝐦𝐨𝐧𝐠 𝒂,𝐛, 𝐜 𝐞𝐪𝐮𝒂𝒍 𝐳𝐞𝐫𝐨 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞  

𝐛 = 𝐜 = 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (⦁) = 𝟒(𝒂𝟐 + 𝟐) 𝒂𝐧𝐝 𝐑𝐇𝐒 𝐨𝐟 (⦁) = 𝟎 ⇒ 𝐋𝐇𝐒 > 𝑅𝐻𝑆 

𝐂𝒂𝐬𝐞 𝟑  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝐨𝐧𝐞 𝒂𝐦𝐨𝐧𝐠 𝒂,𝐛, 𝐜 𝐞𝐪𝐮𝒂𝒍𝐬 𝐳𝐞𝐫𝐨 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞  

𝒂 = 𝟎 (𝐛, 𝐜 > 0) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (⦁) − 𝐑𝐇𝐒 𝐨𝐟 (⦁) = 𝟐(𝐛𝟐 + 𝟐)(𝐜𝟐 + 𝟐) − 𝟗𝐛𝐜 

= 𝟐𝐛𝟐𝐜𝟐 + 𝟒(𝐛𝟐 + 𝐜𝟐) + 𝟖 − 𝟗𝐛𝐜 ≥
𝐀−𝐆

𝟐𝐛𝟐𝐜𝟐 + 𝟖𝐛𝐜 + 𝟖 − 𝟗𝐛𝐜 

= (𝐛𝐜 − 𝟏)𝟐 + 𝐛𝟐𝐜𝟐 + 𝐛𝐜 + 𝟕 > 0 ⇒ 𝐋𝐇𝐒 > 𝑅𝐻𝑆 

𝐂𝒂𝐬𝐞 𝟒  𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝐋𝐇𝐒 𝐨𝐟 (⦁) = 𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟐 + 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝟒∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟖 

= (𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟏+ 𝟏) + 𝟐((𝒂𝟐𝐛𝟐 + 𝟏) + (𝐛𝟐𝐜𝟐 + 𝟏) + (𝐜𝟐𝒂𝟐 + 𝟏)) + 𝟒∑𝒂𝟐

𝐜𝐲𝐜

 

≥
𝐀−𝐆

𝟑√𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

+ 𝟒∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟒∑𝒂𝟐

𝐜𝐲𝐜

≥
?
𝟗(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) 

⇔ 𝟒∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟑√𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

≥
?
⏟
(⦁⦁)

𝟓∑𝒂𝐛

𝐜𝐲𝐜

 

𝐍𝐨𝐰,∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟑√𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

≥
?
𝟐∑𝒂𝐛

𝐜𝐲𝐜

 

⇔ (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟗(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

. √𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

+ 𝟐𝟕(∑𝒂𝟐

𝐜𝐲𝐜

) . √𝒂𝟒𝐛𝟒𝐜𝟒
𝟑

 

≥
?
⏟
(∗)

𝟖(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟑

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲,𝒂 + 𝐛 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 = 𝟐𝒂 
> 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 ⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 
𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲);  

𝐬𝐨 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐)𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜
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⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟑),∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏),(𝟑)

 

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒) 

𝐕𝐢𝒂 (𝟏), (𝟐) 𝒂𝐧𝐝 (𝟒), 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ (𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟑

 

+𝟐𝟕𝐫𝟒𝐬𝟐 + 𝟗(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟐
. √𝐫𝟒𝐬𝟐
𝟑

+ 𝟐𝟕(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐). √𝐫𝟖𝐬𝟒
𝟑

≥
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

 

(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟑
+ 𝟐𝟕𝐫𝟒𝐬𝟐 + 𝟗(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝟐
. √𝐫𝟒. 𝟐𝟕𝐫𝟐
𝟑

 

+𝟐𝟕(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐). √𝐫𝟖. 𝟕𝟐𝟗𝐫𝟒
𝟑

 

= (𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟑
+ 𝟐𝟕𝐫𝟒𝐬𝟐 + 𝟐𝟕𝐫𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝟐
+ 𝟐𝟒𝟑𝐫𝟒(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) 

≥
?
𝟖(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟑

=
𝐯𝐢𝒂 (𝟑)

𝟖(𝟒𝐑𝐫 + 𝐫𝟐)
𝟑
 

⇔ 𝐬𝟔 − (𝟐𝟒𝐑𝐫 − 𝟐𝟏𝐫𝟐)𝐬𝟒 + 𝐫𝟐(𝟏𝟗𝟐𝐑𝟐 − 𝟑𝟑𝟔𝐑𝐫 + 𝟏𝟕𝟒𝐫𝟐)𝐬𝟐 

−𝐫𝟑(𝟏𝟎𝟐𝟒𝐑𝟑 − 𝟗𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟕𝟐𝐑𝐫𝟐 + 𝟑𝟗𝟒𝐫𝟑) ≥
?
⏟
(∗∗)

𝟎 𝒂𝐧𝐝 

∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

: 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑
⇔ 

(𝟖𝐑 + 𝟐𝐫)𝐬𝟒 − 𝐫(𝟏𝟗𝟐𝐑𝟐 − 𝟒𝟖𝐑𝐫 − 𝟑𝟑𝐫𝟐)𝐬𝟐 

+𝐫𝟐(𝟏𝟎𝟐𝟒𝐑𝟑 − 𝟗𝟔𝟎𝐑𝟐𝐫 − 𝟐𝟒𝐑𝐫𝟐 − 𝟏𝟕𝟑𝐫𝟑) ≥
(∗∗∗)

𝟎 

𝒂𝐧𝐝 ∵ (𝟖𝐑+ 𝟐𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥ (𝟖𝐑+ 𝟐𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟔𝟒𝐑𝟐 + 𝟑𝟐𝐑𝐫 + 𝟏𝟑𝐫𝟐)𝐬𝟐 ≥
(∗∗∗∗)

𝐫(𝟏𝟎𝟐𝟒𝐑𝟑 + 𝟏𝟗𝟐𝐑𝟐𝐫 − 𝟗𝟔𝐑𝐫𝟐 + 𝟐𝟐𝟑𝐫𝟑) 

𝐅𝐢𝐧𝒂𝒍𝒍𝐲, (𝟔𝟒𝐑𝟐 + 𝟑𝟐𝐑𝐫 + 𝟏𝟑𝐫𝟐)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟔𝟒𝐑𝟐 + 𝟑𝟐𝐑𝐫 + 𝟏𝟑𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

≥
?
𝐫(𝟏𝟎𝟐𝟒𝐑𝟑 + 𝟏𝟗𝟐𝐑𝟐𝐫 − 𝟗𝟔𝐑𝐫𝟐 + 𝟐𝟐𝟑𝐫𝟑) ⇔ 𝟏𝟒𝟒𝐫𝟑(𝐑 − 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 

⇒ (∗∗∗∗) ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟑√𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

≥ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

 

⇒ 𝟒∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟑√𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

≥ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟑∑𝒂𝟐

𝐜𝐲𝐜

≥ 𝟓∑𝒂𝐛

𝐜𝐲𝐜

⇒ (⦁⦁) ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎 

∴ (𝒂𝟐𝟎𝟐𝟒 − 𝒂𝟐𝟎𝟐𝟐 + 𝟑)(𝐛𝟐𝟎𝟐𝟒 − 𝐛𝟐𝟎𝟐𝟐 + 𝟑)(𝐜𝟐𝟎𝟐𝟒 − 𝐜𝟐𝟎𝟐𝟐 + 𝟑) ≥ 𝟗(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)  

∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
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1568.  𝐈𝐟 𝒙, 𝐲 > 𝟎 𝒂𝐧𝐝 𝒙𝐲 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒙𝟐 + 𝟑𝒙 + 𝐲𝟐 + 𝟑𝐲 +
𝟗

𝒙𝟐 + 𝐲𝟐 + 𝟏
≥ 𝟏𝟏 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝒙𝟐 + 𝟑𝒙 + 𝐲𝟐 + 𝟑𝐲 +
𝟗

𝒙𝟐 + 𝐲𝟐 + 𝟏
 

= (𝒙 + 𝐲)𝟐 − 𝟐𝒙𝐲+ 𝟑(𝒙 + 𝐲) +
𝟗

(𝒙 + 𝐲)𝟐 − 𝟐𝒙𝐲 + 𝟏
=

𝒙𝐲 = 𝟏
𝐭𝟐 − 𝟐 + 𝟑𝐭 +

𝟗

𝐭𝟐 − 𝟐 + 𝟏
  

(𝐭 = 𝒙 + 𝐲) =
(𝐭𝟐 − 𝟏)(𝐭𝟐 − 𝟐 + 𝟑𝐭) + 𝟗

𝐭𝟐 − 𝟏
≥
?
𝟏𝟏 

⇔ (𝐭𝟐 − 𝟏)(𝐭𝟐 − 𝟐 + 𝟑𝐭) + 𝟗 ≥
?
𝟏𝟏(𝐭𝟐 − 𝟏) ⇔ 𝐭𝟒 + 𝟑𝐭𝟑 − 𝟏𝟒𝐭𝟐 − 𝟑𝐭 + 𝟐𝟐 ≥

?
𝟎 

 

⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐)(𝐭𝟐 + 𝟕𝐭 + 𝟏𝟎) + 𝟗) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 = 𝒙 + 𝐲 ≥

𝐀−𝐆
𝟐√𝒙𝐲 = 𝟐 

 

∴ 𝒙𝟐 + 𝟑𝒙 + 𝐲𝟐 + 𝟑𝐲 +
𝟗

𝒙𝟐 + 𝐲𝟐 + 𝟏
≥ 𝟏𝟏  

 

∀ 𝒙, 𝐲 > 𝟎│𝒙𝐲 = 𝟏,′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝟏 (𝐐𝐄𝐃) 
 

1569. If 𝒙, 𝒚, 𝒛 > 0, 𝒙 + 𝒚 + 𝒛 = 𝟑 then: 

𝟐𝒙

𝒙𝟔 + 𝒚𝟒
+

𝟐𝒚

𝒚𝟔 + 𝒛𝟒
+

𝟐𝒛

𝒛𝟔 + 𝒙𝟒
≤
𝟏

𝒙𝟒
+
𝟏

𝒚𝟒
+
𝟏

𝒛𝟒
 

Proposed by Nguyen Hung Cuong-Vietnam  

Solution by Tapas Das-India 

𝟐𝒙

𝒙𝟔 + 𝒚𝟒
+

𝟐𝒚

𝒚𝟔 + 𝒛𝟒
+

𝟐𝒛

𝒛𝟔 + 𝒙𝟒
≤

𝑨𝑴−𝑮𝑴
 ∑

𝟐𝒙

𝟐𝒙𝟑𝒚𝟐
= 

 

=∑
𝟏

𝒙𝟐𝒚𝟐
=
𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐

𝒙𝟐𝒚𝟐𝒛𝟐
=
𝒙𝟐𝒚𝟐𝒛𝟐(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)

𝒙𝟒𝒚𝟒𝒛𝟒
= 

 

=
∑(𝒙𝟐𝒚𝟐)(𝒙𝟐𝒛𝟐)

𝒙𝟒𝒚𝟒𝒛𝟒
≤

(∑𝒂𝒃)≤(∑𝒂𝟐)∀ 𝒂,𝒃,𝒄>0
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≤  
𝒙𝟒𝒚𝟒 + 𝒚𝟒𝒛𝟒 + 𝒛𝟒𝒙𝟒

𝒙𝟒𝒚𝟒𝒛𝟒
=
𝟏

𝒙𝟒
+
𝟏

𝒚𝟒
+
𝟏

𝒛𝟒
  

 
Equality holds for 𝒙 = 𝒚 = 𝒛 = 𝟏. 

1570. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
 

𝟐𝟕(𝒙 + 𝐲)𝟒(𝐲 + 𝐳)𝟒(𝐳 + 𝒙)𝟒 ≥ 𝟒𝟎𝟗𝟔𝒙𝟑𝐲𝟑𝐳𝟑(𝒙 + 𝐲 + 𝐳)𝟑 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

(𝒙 + 𝐲)(𝐲 + 𝐳)(𝐳 + 𝒙) ≥
? 𝟖

𝟗
(𝒙 + 𝐲 + 𝐳)(𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙) 

⇔ 𝟗((∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) − 𝒙𝐲𝐳) ≥
?
𝟖(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) ⇔ 

(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) ≥
?
𝟗𝒙𝐲𝐳 → 𝐭𝐫𝐮𝐞 ∵∑𝒙

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑√𝒙𝐲𝐳
𝟑  𝒂𝐧𝐝 ∑𝒙𝐲

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑√𝒙𝟐𝐲𝟐𝐳𝟐
𝟑

⇒ 

(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) ≥ 𝟗𝒙𝐲𝐳 ∴ (𝒙 + 𝐲)(𝐲 + 𝐳)(𝐳 + 𝒙) ≥
𝟖

𝟗
(𝒙 + 𝐲 + 𝐳)(𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙) 

⇒ 𝟐𝟕(𝒙 + 𝐲)𝟒(𝐲 + 𝐳)𝟒(𝐳 + 𝒙)𝟒 ≥
𝟐𝟕. 𝟒𝟎𝟗𝟔

𝟗𝟒
(∑𝒙

𝐜𝐲𝐜

)

𝟒

(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟒

 

≥
𝟐𝟕. 𝟗𝒙𝐲𝐳. 𝟒𝟎𝟗𝟔

𝟗𝟒
(∑𝒙

𝐜𝐲𝐜

)

𝟑

(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟑

≥
𝐀−𝐆 𝟐𝟕. 𝟗𝒙𝐲𝐳. 𝟒𝟎𝟗𝟔

𝟗𝟒
(∑𝒙

𝐜𝐲𝐜

)

𝟑

(𝟐𝟕𝒙𝟐𝐲𝟐𝐳𝟐) 

⇒ 𝟐𝟕(𝒙 + 𝐲)𝟒(𝐲 + 𝐳)𝟒(𝐳 + 𝒙)𝟒 ≥ 𝟒𝟎𝟗𝟔𝒙𝟑𝐲𝟑𝐳𝟑(𝒙 + 𝐲 + 𝐳)𝟑 ∀ 𝒙, 𝐲, 𝐳 > 0, 

′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 (𝐐𝐄𝐃) 

1571. 𝐈𝐟 𝒂, 𝐛, 𝐜 ∈ ℝ 𝒂𝐧𝐝 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≤ 𝟐, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟐𝟎𝟐𝟒𝒄𝒂 − 𝒂𝐛 − 𝐛𝐜 ≥ −𝟐𝟎𝟐𝟒 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Soumava Chakraborty-Kolkata-India 
 

𝟐𝟎𝟐𝟒𝒄𝒂 + 𝟐𝟎𝟐𝟒 − 𝒂𝐛 − 𝐛𝐜 ≥
𝟐 ≥ 𝒂𝟐+𝐛𝟐+𝐜𝟐

 
 

𝟐𝟎𝟐𝟒𝒄𝒂 + 𝟏𝟎𝟏𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐) − 𝐛(𝐜 + 𝒂) = 
 

𝟏𝟎𝟏𝟐(𝐜𝟐 + 𝒂𝟐 + 𝟐𝒄𝒂) − 𝐛(𝐜 + 𝒂) + 𝟏𝟎𝟏𝟐𝐛𝟐 = 𝟏𝟎𝟏𝟐(𝐜 + 𝒂)𝟐 − 𝐛(𝐜 + 𝒂) + 𝟏𝟎𝟏𝟐𝐛𝟐 
 

≥ 𝟎 (
∵ 𝟏𝟎𝟏𝟐(𝐜 + 𝒂)𝟐 − 𝐛(𝐜 + 𝒂) + 𝟏𝟎𝟏𝟐𝐛𝟐 𝐢𝐬 𝒂 𝐪𝐮𝒂𝐝𝐫𝒂𝐭𝐢𝐜 𝐩𝐨𝐥𝐲𝐧𝐨𝐦𝐢𝒂𝒍 𝐢𝐧 ′′𝐛′′𝐨𝐫 ′′𝐜 + 𝒂′′

𝐰𝐢𝐭𝐡 𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝒂𝐧𝐭 = (𝟏 − 𝟒. 𝟏𝟎𝟏𝟐𝟐)(𝐜 + 𝒂)𝟐 𝐨𝐫 (𝟏 − 𝟒. 𝟏𝟎𝟏𝟐𝟐)𝐛𝟐 ≤ 𝟎
)   

 
𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝐥𝐢𝐭𝐲 𝐟𝐨𝐫 𝐛 = 𝐜 + 𝒂 = 𝟎 ∴ 𝟐𝟎𝟐𝟒𝒄𝒂 − 𝒂𝐛 − 𝐛𝐜 ≥ −𝟐𝟎𝟐𝟒 ∀ 𝒂, 𝐛, 𝐜 ∈ ℝ 

 

│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≤ 𝟐,′′ =′′  𝐢𝐟𝐟 (𝒂 = 𝟏, 𝐛 = 𝟎, 𝐜 = −𝟏) 𝐨𝐫 (𝒂 = −𝟏, 𝐛 = 𝟎, 𝐜 = 𝟏) (𝐐𝐄𝐃) 
 

1572. 𝐈𝐟 𝒙, 𝐲, 𝐳 ∈ [−𝟐, 𝟐], 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟐(𝒙𝟔 + 𝐲𝟔 + 𝐳𝟔) − 𝒙𝟒𝐲𝟐 − 𝐲𝟒𝐳𝟐 − 𝐳𝟒𝒙𝟐 ≤ 𝟏𝟗𝟐 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 

 
−𝟐 ≤ 𝒙 ≤ 𝟐 ⇒ (𝒙 + 𝟐)(𝒙 − 𝟐) ≤ 𝟎 ⇒ 𝒙𝟐 − 𝟒 ≤ 𝟎 ⇒ 𝟒 − 𝒙𝟐 ≥ 𝟎 𝒂𝐧𝐝  

𝐬𝐢𝐦𝐢𝒍𝒂𝐫𝒍𝐲, 𝟒 − 𝐲𝟐 ≥ 𝟎 𝒂𝐧𝐝 𝟒 − 𝐳𝟐 ≥ 𝟎 𝒂𝐧𝐝 𝐬𝐞𝐭𝐭𝐢𝐧𝐠 𝒂 = 𝟒 − 𝒙𝟐, 𝐛 = 𝟒 − 𝐲𝟐, 

𝐜 = 𝟒 − 𝐳𝟐,𝐰𝐞 𝐧𝐨𝐭𝐢𝐜𝐞 𝐭𝐡𝒂𝐭 ∶ 𝟎 ≤ 𝒂,𝐛, 𝐜 ≤ 𝟒  (∵ 𝒂 = 𝟒 − 𝒙𝟐 ≤ 𝟒 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) 𝒂𝐧𝐝 

 𝒙𝟐 = 𝟒 − 𝒂, 𝐲𝟐 = 𝟒 − 𝐛, 𝐳𝟐 = 𝟒− 𝐜 𝒂𝐧𝐝 𝐯𝐢𝒂 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬, 
𝟐(𝒙𝟔 + 𝐲𝟔 + 𝐳𝟔) − 𝒙𝟒𝐲𝟐 − 𝐲𝟒𝐳𝟐 − 𝐳𝟒𝒙𝟐 ≤ 𝟏𝟗𝟐 

⇔ 𝟐∑(𝟒 − 𝒂)𝟑

𝐜𝐲𝐜

−∑((𝟒 − 𝒂)𝟐(𝟒 − 𝐛))

𝐜𝐲𝐜

− 𝟏𝟗𝟐 ≤ 𝟎 

⇔∑𝒂𝟐𝐛

𝐜𝐲𝐜

+ 𝟐𝟎∑𝒂𝟐

𝐜𝐲𝐜

≤
(∗)

𝟐∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟖∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟒𝟖∑𝒂

𝐜𝐲𝐜

 

𝐍𝐨𝐰, (𝒂 − 𝟒)𝟐 ≥ 𝟎 ⇒ 𝒂𝟐 + 𝟏𝟔 ≥ 𝟖𝒂 ⇒ 𝟐𝒂𝟑 + 𝟑𝟐𝒂 ≥ 𝟏𝟔𝒂𝟐 (∵ 𝒂 ≥ 𝟎) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒ 𝟐∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑𝟐∑𝒂

𝐜𝐲𝐜

≥ 𝟏𝟔∑𝒂𝟐

𝐜𝐲𝐜

→ (𝟏) 

𝐀𝐥𝐬𝐨,𝟏𝟔∑𝒂

𝐜𝐲𝐜

≥ 𝟒∑𝒂𝟐

𝐜𝐲𝐜

→ (𝟐) (∵ 𝟒 ≥ 𝒂 ⇒ 𝟒𝒂 ≥ 𝒂𝟐 (∵ 𝒂 ≥ 𝟎) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) 𝒂𝐧𝐝  

𝐦𝐨𝐫𝐞𝐨𝐯𝐞𝐫,𝟒∑𝒂𝐛

𝐜𝐲𝐜

≥ 𝒂𝟐𝐛+ 𝐛𝟐𝐜 + 𝐜𝟐𝒂 (∵ 𝟒 ≥ 𝒂, 𝐛, 𝐜 𝒂𝐧𝐝 𝒂𝐛,𝐛𝐜, 𝐜𝒂 ≥ 𝟎) 

⇒ 𝟖∑𝒂𝐛

𝐜𝐲𝐜

≥∑𝒂𝟐𝐛

𝐜𝐲𝐜

+ 𝟒∑𝒂𝐛

𝐜𝐲𝐜

≥
𝒂𝐛,𝐛𝐜,𝐜𝒂 ≥ 𝟎 ⇒ ∑ 𝒂𝐛𝐜𝐲𝐜  ≥ 𝟎

∑𝒂𝟐𝐛

𝐜𝐲𝐜

→ (𝟑) 
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∴ (𝟏) + (𝟐) + (𝟑) ⇒ 𝟐∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟖∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟒𝟖∑𝒂

𝐜𝐲𝐜

≥∑𝒂𝟐𝐛

𝐜𝐲𝐜

+ 𝟐𝟎∑𝒂𝟐

𝐜𝐲𝐜

 

 
⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝟐(𝒙𝟔 + 𝐲𝟔 + 𝐳𝟔) − 𝒙𝟒𝐲𝟐 − 𝐲𝟒𝐳𝟐 − 𝐳𝟒𝒙𝟐 ≤ 𝟏𝟗𝟐 ∀ 𝒙, 𝐲, 𝐳 ∈ [−𝟐, 𝟐],  

 
′′ =′′  (𝒙 = 𝟐, 𝐲 = 𝟐, 𝐳 = 𝟐) 𝐨𝐫 (𝒙 = −𝟐, 𝐲 = −𝟐, 𝐳 = −𝟐) 𝐨𝐫 (𝒙 = 𝟐, 𝐲 = 𝟐, 𝐳 = −𝟐)  

 
𝐨𝐫 (𝒙 = 𝟐, 𝐲 = −𝟐, 𝐳 = 𝟐) 𝐨𝐫 (𝒙 = 𝟐, 𝐲 = −𝟐, 𝐳 = −𝟐) 𝐨𝐫 (𝒙 = −𝟐,𝐲 = 𝟐, 𝐳 = 𝟐) 

 
𝐨𝐫 (𝒙 = −𝟐,𝐲 = 𝟐, 𝐳 = −𝟐) 𝐨𝐫 (𝒙 = −𝟐, 𝐲 = −𝟐, 𝐳 = 𝟐) (𝐐𝐄𝐃) 

 

1573. 𝐅𝐢𝐧𝐝 𝐚𝐥𝐥 𝐯𝐚𝐥𝐮𝐞𝐬 𝐨𝐟 𝒌 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 

∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

+∑√
𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

≥ 𝒌∑
𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

 

𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝐚𝐥𝐥 𝒂, 𝒃, 𝒄 > 0.  

Proposed by Nguyen Van Canh-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐅𝐨𝐫 𝒃 = 𝒄 = 𝟏,𝐰𝐞 𝐡𝐚𝐯𝐞 𝒌 ≤

𝒂𝟐

𝟐
+

𝟐

𝒂𝟐+𝟏
+√

𝒂

𝟐
+

𝟐

√𝒂+𝟏

𝒂

𝟐
+

𝟐

𝒂+𝟏

→⏟
𝒂→𝟎+

𝟐. 

𝐋𝐞𝐭 𝐮𝐬 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝒌 = 𝟐. 

𝐖𝐋𝐎𝐆,𝐰𝐞 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟏.  𝐖𝐞 𝐡𝐚𝐯𝐞 

∑√
𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

=∑
𝟐𝒂

𝟐√𝒂(𝒃+ 𝒄)𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

∑
𝟐𝒂

𝒂+ (𝒃 + 𝒄)
𝒄𝒚𝒄

= 𝟐 = 𝟐(𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂)𝟐   (𝟏) 

𝐍𝐨𝐰, 𝐛𝐲 𝐀𝐌− 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
+ 𝒂𝟐(𝒃𝟐 + 𝒄𝟐) ≥ 𝟐𝒂𝟐  ⇒  

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≥ 𝟐𝒂𝟐 − 𝒂𝟐(𝒃𝟐 + 𝒄𝟐)  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

⇒ ∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

≥ 𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − 𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)   (𝟐) 

𝐅𝐫𝐨𝐦 𝐭𝐡𝐞 𝐫𝐞𝐬𝐮𝐥𝐭𝐬 (𝟏) 𝐚𝐧𝐝 (𝟐), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) ≥∑
𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

. 
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∑
𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

=∑
𝒂(𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂)

𝒃 + 𝒄
𝒄𝒚𝒄

=∑𝒂𝟐

𝒄𝒚𝒄

+ 𝒂𝒃𝒄∑
𝟏

𝒃 + 𝒄
𝒄𝒚𝒄

=∑𝒂𝟐

𝒄𝒚𝒄

+ 𝒂𝒃𝒄∑(𝒂+
𝒃𝒄

𝒃 + 𝒄
)

𝒄𝒚𝒄

 

≤⏞
𝑯𝑴−𝑨𝑴

∑𝒂𝟐

𝒄𝒚𝒄

+ 𝒂𝒃𝒄∑(𝒂+
𝒃 + 𝒄

𝟒
)

𝒄𝒚𝒄

≤ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄). 

𝐒𝐨 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫  

𝒌 = 𝟐.  𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞, 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝐚𝐥𝐥  𝒌 ≤ 𝟐 . 

1574. 𝐅𝐢𝐧𝐝 𝐚𝐥𝐥 𝐯𝐚𝐥𝐮𝐞𝐬 𝐨𝐟 𝒌 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 

∑√
𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

+∑
𝒂𝟑

𝒃𝟑 + 𝒄𝟑
𝒄𝒚𝒄

≥ 𝒌∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

, 

𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝐚𝐥𝐥 𝒂, 𝒃, 𝒄 > 0. 

Proposed by Nguyen Van Canh-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐅𝐨𝐫 𝒃 = 𝒄 = 𝟏,𝐰𝐞 𝐡𝐚𝐯𝐞 

 𝒌 ≤

√
𝒂
𝟐 +

𝟐

√𝒂+ 𝟏
+
𝒂𝟑

𝟐 +
𝟐

𝒂𝟑 + 𝟏

𝒂𝟐

𝟐 +
𝟐

𝒂𝟐 + 𝟏

→⏟
𝒂→𝟎+

𝟐.𝐖𝐞 𝐰𝐢𝐥𝐥 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝐭𝐡𝐞 𝐯𝐚𝐥𝐮𝐞𝐬 𝐨𝐟 𝒌 𝐚𝐫𝐞  

𝒌 ≤ 𝟐.  𝐅𝐨𝐫 𝐭𝐡𝐢𝐬, 𝐢𝐭 𝐢𝐬 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝒌 = 𝟐. 

𝐖𝐞 𝐡𝐚𝐯𝐞▪∑√
𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

= 𝟐∑
𝒂

𝟐√𝒂(𝒃+ 𝒄)𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

𝟐∑
𝒂

𝒂 + (𝒃 + 𝒄)
𝒄𝒚𝒄

= 𝟐. 

▪∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

= 𝟏 +
𝒂𝟔 + 𝒃𝟔 + 𝒄𝟔 + 𝒂𝟐𝒃𝟐𝒄𝟐

(𝒂𝟐 + 𝒃𝟐)(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)
= 𝟏 +

𝒂𝟔 + 𝒃𝟔 + 𝒄𝟔 + 𝒂𝟐𝒃𝟐𝒄𝟐

∑ 𝒂𝟐𝒃𝟐(𝒂𝟐 + 𝒃𝟐)𝒄𝒚𝒄 + 𝟐𝒂𝟐𝒃𝟐𝒄𝟐
≤ 

≤ 𝟏 +
𝒂𝟔 + 𝒃𝟔 + 𝒄𝟔 + 𝒂𝟐𝒃𝟐𝒄𝟐

𝟐(𝒂𝟑𝒃𝟑 + 𝒃𝟑𝒄𝟑 + 𝒄𝟑𝒂𝟑) + 𝟐𝒂𝟐𝒃𝟐𝒄𝟐
. 

𝐅𝐫𝐨𝐦 𝐭𝐡𝐞𝐬𝐞 𝐫𝐞𝐬𝐮𝐥𝐭𝐬, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

(𝒂𝟑𝒃𝟑 + 𝒃𝟑𝒄𝟑 + 𝒄𝟑𝒂𝟑 + 𝒂𝟐𝒃𝟐𝒄𝟐)∑
𝒂𝟑

𝒃𝟑 + 𝒄𝟑
𝒄𝒚𝒄

≥ 𝒂𝟔 + 𝒃𝟔 + 𝒄𝟔 + 𝒂𝟐𝒃𝟐𝒄𝟐 



 
www.ssmrmh.ro 

71 RMM-CYCLIC INEQUALITIES MARATHON 1501-1600 

 

⇔ 𝒂𝟑𝒃𝟑𝒄𝟑∑
𝟏

𝒃𝟑 + 𝒄𝟑
𝒄𝒚𝒄

+ 𝒂𝟐𝒃𝟐𝒄𝟐∑
𝒂𝟑

𝒃𝟑 + 𝒄𝟑
𝒄𝒚𝒄

≥ 𝒂𝟐𝒃𝟐𝒄𝟐, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 ∑
𝒂𝟑

𝒃𝟑 + 𝒄𝟑
𝒄𝒚𝒄

≥∑
𝒂𝟑

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑
𝒄𝒚𝒄

= 𝟏. 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞, 𝐭𝐡𝐞 𝐯𝐚𝐥𝐮𝐞𝐬 𝐨𝐟 𝒌 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝐚𝐥𝐥 𝒂, 𝒃, 𝒄 > 0 𝐚𝐫𝐞 

 𝒌 ≤ 𝟐. 

1575. 𝐈𝐟 𝒙𝐤 > 0 (𝐤 = 𝟏, 𝟐, … , 𝐧), 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

∑√
𝟏

𝟑
(𝒙𝟏
𝟒 + 𝒙𝟏

𝟐𝒙𝟐
𝟐 + 𝒙𝟐

𝟒)

𝐜𝐲𝐜

≥ ∑𝒙𝐤
𝟐

𝐧

𝐤=𝟏

≥∑𝒙𝟏√
𝟏

𝟑
(𝟐𝒙𝟏

𝟐 + 𝒙𝟐𝒙𝟑)

𝐜𝐲𝐜

 

 
  Proposed by Neculai Stanciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 
 

∑√
𝟏

𝟑
(𝒙𝟏
𝟒 + 𝒙𝟏

𝟐𝒙𝟐
𝟐 + 𝒙𝟐

𝟒)

𝐜𝐲𝐜

≥∑√
𝟏

𝟑
.
𝟑

𝟒
. (𝒙𝟏

𝟐 + 𝒙𝟐
𝟐)
𝟐

𝐜𝐲𝐜

=
𝟏

𝟐
∑(𝒙𝟏

𝟐 + 𝒙𝟐
𝟐)

𝐜𝐲𝐜

 

= ∑𝒙𝐤
𝟐

𝐧

𝐤=𝟏

 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧,∑𝒙𝟏√
𝟏

𝟑
(𝟐𝒙𝟏

𝟐 + 𝒙𝟐𝒙𝟑)

𝐜𝐲𝐜

≤
𝐀−𝐆

∑
𝒙𝟏
𝟐 +

𝟐𝒙𝟏
𝟐 + 𝒙𝟐𝒙𝟑
𝟑

𝟐
𝐜𝐲𝐜

 

=
𝟓

𝟔
∑𝒙𝐤

𝟐

𝐧

𝐤=𝟏

+
𝟏

𝟔
∑𝒙𝟐𝒙𝟑
𝐜𝐲𝐜

≤
𝐀−𝐆 𝟓

𝟔
∑𝒙𝐤

𝟐

𝐧

𝐤=𝟏

+
𝟏

𝟏𝟐
∑(𝒙𝟐

𝟐 + 𝒙𝟑
𝟐)

𝐜𝐲𝐜

 

=
𝟓

𝟔
∑𝒙𝐤

𝟐

𝐧

𝐤=𝟏

+
𝟏

𝟔
∑𝒙𝐤

𝟐

𝐧

𝐤=𝟏

=∑𝒙𝐤
𝟐

𝐧

𝐤=𝟏

 

∴ ∑√
𝟏

𝟑
(𝒙𝟏
𝟒 + 𝒙𝟏

𝟐𝒙𝟐
𝟐 + 𝒙𝟐

𝟒)

𝐜𝐲𝐜

≥∑𝒙𝐤
𝟐

𝐧

𝐤=𝟏

≥∑𝒙𝟏√
𝟏

𝟑
(𝟐𝒙𝟏

𝟐 + 𝒙𝟐𝒙𝟑)

𝐜𝐲𝐜

  

∀ 𝒙𝐤 > 0 (𝐤 = 𝟏, 𝟐, … , 𝐧),
′′ =′′  𝐢𝐟𝐟 𝒙𝟏 = 𝒙𝟐 = ⋯ = 𝒙𝐧 (𝐐𝐄𝐃) 
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1576. 𝐈𝐟 𝒂𝐤 > 0 (𝐤 = 𝟏, 𝟐, … , 𝐧), 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

∑

(

 
 
 

𝒂𝟏

√𝒂𝟐
𝟐 + (𝐧𝟐 − 𝟐)𝒂𝟐𝒂𝟑 + 𝒂𝟑

𝟐

+
𝒂𝟐

√𝒂𝟑
𝟐 + (𝐧𝟐 − 𝟐)𝒂𝟑𝒂𝟏 + 𝒂𝟏

𝟐

…+
𝒂𝟑

√𝒂𝟏
𝟐 + (𝐧𝟐 − 𝟐)𝒂𝟏𝒂𝟐 + 𝒂𝟐

𝟐

)

 
 
 

𝐜𝐲𝐜

≥ 𝟑 

  Proposed by Neculai Stanciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐖𝐞 𝒂𝐬𝐬𝐢𝐠𝐧 𝒂𝟏 = 𝒂, 𝒂𝟐 = 𝐛, 𝒂𝟑 = 𝐜 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 
𝒂𝟏

√𝒂𝟐
𝟐 + (𝐧𝟐 − 𝟐)𝒂𝟐𝒂𝟑 + 𝒂𝟑

𝟐

+
𝒂𝟐

√𝒂𝟑
𝟐 + (𝐧𝟐 − 𝟐)𝒂𝟑𝒂𝟏 + 𝒂𝟏

𝟐

+
𝒂𝟑

√𝒂𝟏
𝟐 + (𝐧𝟐 − 𝟐)𝒂𝟏𝒂𝟐 + 𝒂𝟐

𝟐
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= ∑
𝒂

√𝐛𝟐 + (𝐧𝟐 − 𝟐)𝐛𝐜 + 𝐜𝟐𝐜𝐲𝐜

𝒂,𝐛,𝐜

= ∑
𝒂𝟐

√𝒂.√𝒂𝐛𝟐 + (𝐧𝟐 − 𝟐)𝒂𝐛𝐜 + 𝒂𝐜𝟐𝐜𝐲𝐜

𝒂,𝐛,𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

≥
(∑ 𝒂𝐜𝐲𝐜 )

𝟐

√∑ 𝒂𝐜𝐲𝐜 . √∑ 𝒂𝟐𝐛𝐜𝐲𝐜 +∑ 𝒂𝐛𝟐𝐜𝐲𝐜 + 𝟑(𝐧𝟐 − 𝟐)𝒂𝐛𝐜

= 

=
(∑ 𝒂𝐜𝐲𝐜 )

𝟐

√∑ 𝒂𝐜𝐲𝐜 . √(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) + 𝟑(𝐧𝟐 − 𝟑)𝒂𝐛𝐜

≥ 

≥
(∑ 𝒂𝐜𝐲𝐜 )

𝟐

√∑ 𝒂𝐜𝐲𝐜 . √(∑ 𝒂𝐜𝐲𝐜 ).
(∑ 𝒂𝐜𝐲𝐜 )

𝟐

𝟑 +
𝟑(𝐧𝟐 − 𝟑)

𝟐𝟕
(∑ 𝒂𝐜𝐲𝐜 )

𝟑

=
𝟏

√𝟏
𝟑+

𝐧𝟐 − 𝟑
𝟗

=
𝟑

𝐧
∴ 

𝒂𝟏

√𝒂𝟐
𝟐 + (𝐧𝟐 − 𝟐)𝒂𝟐𝒂𝟑 + 𝒂𝟑

𝟐

+
𝒂𝟐

√𝒂𝟑
𝟐 + (𝐧𝟐 − 𝟐)𝒂𝟑𝒂𝟏 + 𝒂𝟏

𝟐

+
𝒂𝟑

√𝒂𝟏
𝟐 + (𝐧𝟐 − 𝟐)𝒂𝟏𝒂𝟐 + 𝒂𝟐

𝟐

 

≥
𝟑

𝐧
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ∴ ∑

(

 
 
 

𝒂𝟏

√𝒂𝟐
𝟐 + (𝐧𝟐 − 𝟐)𝒂𝟐𝒂𝟑 + 𝒂𝟑

𝟐

+
𝒂𝟐

√𝒂𝟑
𝟐 + (𝐧𝟐 − 𝟐)𝒂𝟑𝒂𝟏 + 𝒂𝟏

𝟐

+
𝒂𝟑

√𝒂𝟏
𝟐 + (𝐧𝟐 − 𝟐)𝒂𝟏𝒂𝟐 + 𝒂𝟐

𝟐

)

 
 
 

𝐜𝐲𝐜

 

≥ 𝐧.
𝟑

𝐧
= 𝟑,′′ =′′  𝐢𝐟𝐟 𝒂𝟏 = 𝒂𝟐 = ⋯ = 𝒂𝐧 (𝐐𝐄𝐃) 

1577. 𝐈𝐟 𝒂, 𝐛 > 0 𝑎𝐧𝐝 𝒂𝟑 + 𝐛𝟑 = 𝒂𝐛, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
𝟏

𝒂𝟔
+
𝟏

𝐛𝟔
≥ 𝟏𝟐𝟖 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝟏

𝒂𝟔
+
𝟏

𝐛𝟔
=
𝒂𝟔 + 𝐛𝟔

𝒂𝟔𝐛𝟔
=
(𝒂𝟑 + 𝐛𝟑)𝟐 − 𝟐𝒂𝟑𝐛𝟑

𝒂𝟔𝐛𝟔
=

𝒂𝟑+𝐛𝟑 = 𝒂𝐛 𝒂𝟐𝐛𝟐 − 𝟐𝒂𝟑𝐛𝟑

𝒂𝟔𝐛𝟔
 

 

=
𝟏 − 𝟐𝒂𝐛

𝒂𝟒𝐛𝟒
≥
?
𝟏𝟐𝟖 ⇔ 𝟏𝟐𝟖𝐭𝟒 + 𝟐𝐭 − 𝟏 ≤

?
𝟎 (𝐭 = 𝒂𝐛) 

⇔ (𝟒𝐭 − 𝟏)(𝟑𝟐𝐭𝟑 + 𝟖𝐭𝟐 + 𝟐𝐭 + 𝟏) ≤
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝒂𝐛 = 𝒂𝟑 + 𝐛𝟑 ≥

𝐀−𝐆
𝟐√𝒂𝟑𝐛𝟑 
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⇒ 𝐭𝟐 ≥ 𝟒𝐭𝟑 ⇒ 𝐭 ≤
𝟏

𝟒
⇒ 𝟒𝐭 − 𝟏 ≤ 𝟎 ∴

𝟏

𝒂𝟔
+
𝟏

𝐛𝟔
≥ 𝟏𝟐𝟖  

 

∀ 𝒂, 𝐛 > 0│𝒂𝟑 + 𝐛𝟑 = 𝒂𝐛,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 =
𝟏

𝟐
 (𝐐𝐄𝐃) 

1578. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎 𝒂𝐧𝐝 𝒂 + 𝐛 + 𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟐

𝐛
+
𝐛𝟐

𝐜
+
𝐜𝟐

𝒂
≥ 𝟑(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐) 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 
= 𝟐𝒂 > 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙+ 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 ⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦  
𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲);  

𝐬𝐨 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐) 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

 

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟑),∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏),(𝟑)

 

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒) 

𝐍𝐨𝐰,
𝒂𝟐

𝐛
+
𝐛𝟐

𝐜
+
𝐜𝟐

𝒂
=∑(

𝒂𝟐

𝐛
+ 𝐛 + 𝟐𝒂)

𝐜𝐲𝐜

− 𝟑∑𝒂

𝐜𝐲𝐜

=∑
(𝒂+ 𝐛)𝟐

𝐛
𝐜𝐲𝐜

− 𝟑∑𝒂

𝐜𝐲𝐜

 

= ∑
((𝒂 + 𝐛)(𝒂 + 𝐜))

𝟐

𝐛(𝐜 + 𝒂)𝟐
𝐜𝐲𝐜

− 𝟑∑𝒂

𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟑∑ 𝒂𝐛𝐜𝐲𝐜 )

𝟐

∑ 𝐛𝐜𝟐𝐜𝐲𝐜 +∑ 𝒂𝟐𝐛𝐜𝐲𝐜 + 𝟔𝒂𝐛𝐜
− 𝟑∑𝒂

𝐜𝐲𝐜

 

=
((∑ 𝒂𝐜𝐲𝐜 )

𝟐
+ ∑ 𝒂𝐛𝐜𝐲𝐜 )

𝟐

(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟑𝒂𝐛𝐜 + 𝟔𝒂𝐛𝐜
− 𝟑∑𝒂

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏),(𝟐),(𝟑) (𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)

𝟐

𝐬(𝟒𝐑𝐫 + 𝐫𝟐) + 𝟑𝐫𝟐𝐬
− 𝟑𝐬 

=
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐
− 𝟑𝐬𝟐(𝟒𝐑𝐫 + 𝐫𝟐) − 𝟗𝐫𝟐𝐬𝟐

𝐬(𝟒𝐑𝐫 + 𝟒𝐫𝟐)
≥
?
𝟑(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐) =

𝒂+𝐛+𝐜 = 𝟏 𝟑∑ 𝒂𝟐𝐜𝐲𝐜

∑ 𝒂𝐜𝐲𝐜
 

=
𝐯𝐢𝒂 (𝟏),(𝟒) 𝟑(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝐬
⇔ (𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)

𝟐
− 𝟑𝐬𝟐(𝟒𝐑𝐫 + 𝐫𝟐) − 𝟗𝐫𝟐𝐬𝟐 

≥
?
𝟑(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)(𝟒𝐑𝐫 + 𝟒𝐫𝟐) 

⇔ 𝐬𝟒 − (𝟏𝟔𝐑𝐫 + 𝟐𝟐𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟏𝟏𝟐𝐑𝟐 + 𝟏𝟐𝟖𝐑𝐫 + 𝟐𝟓𝐫𝟐) ≥
?
⏟
(∗)

𝟎 
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𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)𝐬𝟐 − (𝟏𝟔𝐑𝐫 + 𝟐𝟐𝐫𝟐)𝐬𝟐 

+𝐫𝟐(𝟏𝟏𝟐𝐑𝟐 + 𝟏𝟐𝟖𝐑𝐫 + 𝟐𝟓𝐫𝟐) ≥
?
𝟎 ⇔ 𝟏𝟏𝟐𝐑𝟐 + 𝟏𝟐𝟖𝐑𝐫 + 𝟐𝟓𝐫𝟐 ≥

?
⏟
(∗∗)

𝟐𝟕𝐬𝟐 

𝐀𝐠𝒂𝐢𝐧,𝟐𝟕𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟏𝟎𝟖𝐑𝟐 + 𝟏𝟎𝟖𝐑𝐫 + 𝟖𝟏𝐫𝟐 ≤
?
𝟏𝟏𝟐𝐑𝟐 + 𝟏𝟐𝟖𝐑𝐫 + 𝟐𝟓𝐫𝟐 

⇔ 𝐑𝟐 + 𝟓𝐑𝐫 − 𝟏𝟒𝐫𝟐 ≥
?
𝟎 ⇔ (𝐑𝟐 − 𝟒𝐫𝟐) + 𝟓𝐫(𝐑 − 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 

⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝒂𝟐

𝐛
+
𝐛𝟐

𝐜
+
𝐜𝟐

𝒂
≥ 𝟑(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)  

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂 + 𝐛 + 𝐜 = 𝟏,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =
𝟏

𝟑
 (𝐐𝐄𝐃) 

Solution 2 by Tapas Das-India 

(𝒂 + 𝒃 + 𝒄)(
𝒂𝟐

𝒃
+
𝒃𝟐

𝒄
+
𝒄𝟐

𝒂
) ≥ 𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝒐𝒓  

 

∑
𝒂𝟑

𝒃
+∑

𝒂𝒃𝟐

𝒄
≥ 𝟐∑𝒂𝟐  𝒐𝒓 ∑

𝒂𝟒

𝒂𝒃
+∑

𝒂𝟐𝒃𝟐

𝒂𝒄
≥ 𝟐∑𝒂𝟐 𝒐𝒓 

 

(∑𝒂𝟐)
𝟐

∑𝒂𝒃
+
(∑𝒂𝒃)𝟐

∑𝒂𝒃
− 𝟐∑𝒂𝟐 ≥ 𝟎(𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎) 𝒐𝒓 

 

 (∑𝒂𝟐)
𝟐

− 𝟐∑𝒂𝒃 .∑𝒂𝟐 + (∑𝒂𝒃)
𝟐

≥ 𝟎 𝒐𝒓 (∑𝒂𝟐 −∑𝒂𝒃)
𝟐

≥ 𝟎 𝒕𝒓𝒖𝒆  

 

, 𝑵𝒐𝒘 
𝒂𝟐

𝒃
+
𝒃𝟐

𝒄
+
𝒄𝟐

𝒂
≥
𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝒂 + 𝒃 + 𝒄
= 𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)(𝒂𝒔 𝒂 + 𝒃 + 𝒄 = 𝟏) 

 

1579. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟐 + 𝐛𝟐

𝒂 + 𝐛
+
𝐛𝟐 + 𝐜𝟐

𝐛 + 𝐜
+
𝐜𝟐 + 𝒂𝟐

𝐜 + 𝒂
≤
𝟑(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

𝒂 + 𝐛 + 𝐜
 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 
= 𝟐𝒂 > 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙+ 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 ⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦  
𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲);  

𝐬𝐨 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 𝒂𝐧𝐝 

𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫+ 𝐫𝟐 → (𝟐), 
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∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏),(𝟐)

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) 

⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟑) 

𝐍𝐨𝐰,
𝒂𝟐 + 𝐛𝟐

𝒂 + 𝐛
+
𝐛𝟐 + 𝐜𝟐

𝐛 + 𝐜
+
𝐜𝟐 + 𝒂𝟐

𝐜 + 𝒂
≤
𝟑(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

𝒂 + 𝐛 + 𝐜
 

⇔
𝟑∑ 𝒂𝟐𝐜𝐲𝐜

∑ 𝒂𝐜𝐲𝐜
≥∑

(𝐛 + 𝐜)𝟐 − 𝟐𝐛𝐜

𝐛 + 𝐜
𝐜𝐲𝐜

⇔
𝟑∑ 𝒂𝟐𝐜𝐲𝐜

∑ 𝒂𝐜𝐲𝐜
+ 𝟐∑

𝐛𝐜

𝐛 + 𝐜
𝐜𝐲𝐜

≥ 𝟐∑𝒂

𝐜𝐲𝐜

→ (𝐢) 

∑
𝐛𝐜

𝐛 + 𝐜
𝐜𝐲𝐜

=∑
(𝐬 − 𝐲)(𝐬 − 𝐳)

𝒙
𝐜𝐲𝐜

=∑
𝐬𝟐 − 𝐬(𝟐𝐬 − 𝒙) + 𝐲𝐳

𝒙
𝐜𝐲𝐜

 

=
−𝐬𝟐

𝟒𝐑𝐫𝐬
∑𝒙𝐲

𝐜𝐲𝐜

+ 𝟑𝐬 +
𝟏

𝟒𝐑𝐫𝐬
∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

 

=
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐
− 𝟏𝟔𝐑𝐫𝐬𝟐 − 𝐬𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) + 𝟏𝟐𝐑𝐫𝐬𝟐

𝟒𝐑𝐫𝐬
 

=
𝐫(𝟒𝐑+ 𝐫)𝟐 + 𝐫𝐬𝟐

𝟒𝐑𝐬
⇒
𝟑∑ 𝒂𝟐𝐜𝐲𝐜

∑ 𝒂𝐜𝐲𝐜
+ 𝟐∑

𝐛𝐜

𝐛 + 𝐜
𝐜𝐲𝐜

− 𝟐∑𝒂

𝐜𝐲𝐜

 

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟑) 𝟑(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝐬
+
𝐫(𝟒𝐑 + 𝐫)𝟐 + 𝐫𝐬𝟐

𝟐𝐑𝐬
− 𝟐𝐬 

=
𝟔𝐑(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟐 + 𝐫𝐬𝟐 − 𝟒𝐑𝐬𝟐

𝟐𝐑𝐬
≥
?
𝟎 

⇔ (𝟐𝐑 + 𝐫)𝐬𝟐 ≥
?
⏟
(∗)

𝐫(𝟑𝟐𝐑𝟐 + 𝟒𝐑𝐫 − 𝐫𝟐) 

𝐍𝐨𝐰, (𝟐𝐑+ 𝐫)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝐑 + 𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫(𝟑𝟐𝐑𝟐 + 𝟒𝐑𝐫 − 𝐫𝟐) 

⇔ 𝟐𝐑𝐫 − 𝟒𝐫𝟐 ≥
?
𝟎 ⇔ 𝟐𝐫(𝐑− 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 ⇒ (∗) ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒂𝟐 + 𝐛𝟐

𝒂+ 𝐛
+
𝐛𝟐 + 𝐜𝟐

𝐛 + 𝐜
+
𝐜𝟐 + 𝒂𝟐

𝐜 + 𝒂
≤
𝟑(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

𝒂 + 𝐛 + 𝐜
  

∀ 𝒂, 𝐛, 𝐜 > 𝟎,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 
 

1580. 𝐈𝐟 𝒙, 𝐲, 𝐳 ∈ [𝟎, 𝟐], 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟐(𝒙 + 𝐲 + 𝐳) − (𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙) ≤ 𝟒 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐂𝒂𝐬𝐞 𝟏  𝒙 = 𝐲 = 𝐳 = 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 = 𝟎 < 4 
 

𝐂𝒂𝐬𝐞 𝟐  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟐 𝒂𝐦𝐨𝐧𝐠 𝒙, 𝐲, 𝐳 𝐞𝐪𝐮𝒂𝒍 𝐳𝐞𝐫𝐨 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐲 = 𝐳 = 𝟎  
𝒂𝐧𝐝 𝟎 ≤ 𝒙 ≤ 𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 𝟐𝒙 − 𝟒 = 𝟐(𝒙 − 𝟐) ≤ 𝟎 



 
www.ssmrmh.ro 

77 RMM-CYCLIC INEQUALITIES MARATHON 1501-1600 

 

⇒ 𝟐(𝒙 + 𝐲 + 𝐳) − (𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙) ≤ 𝟒 
 
𝐂𝒂𝐬𝐞 𝟑  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝐨𝐧𝐞 𝒂𝐦𝐨𝐧𝐠 𝒙, 𝐲, 𝐳 𝐞𝐪𝐮𝒂𝒍𝐬 𝐳𝐞𝐫𝐨 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒙 = 𝟎  

 
𝒂𝐧𝐝 𝟎 ≤ 𝐲, 𝐳 ≤ 𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ (𝐲 − 𝟐)(𝐳 − 𝟐) ≥ 𝟎 ⇒ 𝐲𝐳 − 𝟐𝐲 − 𝟐𝐳 + 𝟒 ≥ 𝟎 → (𝟏) 

𝐀𝐥𝐬𝐨, 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 𝟒 + 𝐲𝐳 − 𝟐𝐲 − 𝟐𝐳 ≥
𝐯𝐢𝒂 (𝟏)

𝟎 ⇒ 𝟐(𝒙 + 𝐲 + 𝐳) − (𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙) ≤ 𝟒 
 

𝐂𝒂𝐬𝐞 𝟒  𝟎 < 𝑥, 𝐲, 𝐳 ≤ 𝟐 𝒂𝐧𝐝 ∵ 𝟎 < 𝒙 ≤ 𝟐 ∴
𝟏

𝒙
≥
𝟏

𝟐
⇒
𝟏

𝒙
−
𝟏

𝟐
= 𝒂 (𝐬𝒂𝐲) ≥ 𝟎 ⇒ 𝒙 = 

𝟐

𝟐𝒂 + 𝟏
 𝒂𝐧𝐝 𝐬𝐢𝐦𝐢𝒍𝒂𝐫𝒍𝐲, 𝐬𝐞𝐭𝐭𝐢𝐧𝐠 

𝟏

𝐲
−
𝟏

𝟐
= 𝐛 ≥ 𝟎 𝒂𝐧𝐝 

𝟏

𝐳
−
𝟏

𝟐
= 𝐜 ≥ 𝟎,𝐰𝐞 𝐠𝐞𝐭 ∶ 

𝐲 =
𝟐

𝟐𝐛 + 𝟏
 𝒂𝐧𝐝 𝐳 =

𝟐

𝟐𝐜 + 𝟏
 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝟐(𝒙 + 𝐲 + 𝐳) − (𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙) ≤ 𝟒 ⇔ 

𝟒∑
𝟏

𝟐𝒂 + 𝟏
𝐜𝐲𝐜

− 𝟒∑(
𝟏

𝟐𝐛 + 𝟏
.

𝟏

𝟐𝐜 + 𝟏
)

𝐜𝐲𝐜

≤ 𝟒 

⇔∏(𝟐𝒂 + 𝟏)

𝐜𝐲𝐜

+∑(𝟐𝒂 + 𝟏)

𝐜𝐲𝐜

−∑((𝟐𝐛 + 𝟏)(𝟐𝐜 + 𝟏))

𝐜𝐲𝐜

≥ 𝟎 

⇔ 𝟖𝒂𝐛𝐜 + 𝟏 ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝒂, 𝐛, 𝐜 ≥ 𝟎 ∴ 𝟐(𝒙 + 𝐲 + 𝐳) − (𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙) < 4 𝑎𝐧𝐝 
 

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 𝟐(𝒙 + 𝐲 + 𝐳) − (𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙) ≤ 𝟒 ∀ 𝒙, 𝐲, 𝐳 ∈ [𝟎, 𝟐], 
 

′′ =′′  𝐢𝐟𝐟 (𝒙 = 𝟐, 𝐲 = 𝐳 = 𝟎) 𝐨𝐫 (𝐲 = 𝟐, 𝐳 = 𝒙 = 𝟎) 𝐨𝐫 (𝐳 = 𝟐, 𝒙 = 𝐲 = 𝟎) 𝐨𝐫  

(𝒙 = 𝐲 = 𝟐, 𝐳 = 𝟎) 𝐨𝐫 (𝐲 = 𝐳 = 𝟐, 𝒙 = 𝟎) 𝐨𝐫 (𝐳 = 𝒙 = 𝟐, 𝐲 = 𝟎) (𝐐𝐄𝐃) 

 

1581. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝒂 + 𝐛 + 𝐜 = 𝟑, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟒

(𝒂 + 𝐛)𝟑
+

𝟒

(𝐛 + 𝐜)𝟑
+

𝟒

(𝐜 + 𝒂)𝟑
≥

𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐋𝐇𝐒 − 𝐑𝐇𝐒 =
𝒂+𝐛+𝐜 = 𝟑

∑
𝟒

(𝐛 + 𝐜)𝟑
𝐜𝐲𝐜

−∑
𝟑− (𝐛 + 𝐜)

𝐛 + 𝐜
𝐜𝐲𝐜

=∑(
𝟒

𝒙𝟑
−
𝟑

𝒙
+ 𝟏)

𝐜𝐲𝐜

  

(𝒙 = 𝐛 + 𝐜, 𝐲 = 𝐜 + 𝒂, 𝐳 = 𝒂 + 𝐛) =∑
𝒙𝟑 − 𝟑𝒙𝟐 + 𝟒

𝒙𝟑
𝐜𝐲𝐜

=∑
(𝒙− 𝟐)𝟐(𝒙 + 𝟏)

𝒙𝟑
𝐜𝐲𝐜

≥ 𝟎 

∴
𝟒

(𝒂 + 𝐛)𝟑
+

𝟒

(𝐛 + 𝐜)𝟑
+

𝟒

(𝐜 + 𝒂)𝟑
≥

𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
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∀ 𝒂,𝐛, 𝐜 > 0│𝒂 + 𝐛 + 𝐜 = 𝟑,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

Solution 2 by Tapas Das-India 

𝒂

𝒃 + 𝒄
= 𝟒.

𝒂

𝒃 + 𝒄
.
𝟏

𝟐
.
𝟏

𝟐
≤

𝑨𝑴−𝑮𝑴 𝟒

𝟐𝟕
(
𝒂

𝒃 + 𝒄
+
𝟏

𝟐
+
𝟏

𝟐
)
𝟑

= 

 

=
𝟒

𝟐𝟕
(
𝒂

𝒃+ 𝒄
+ 𝟏)

𝟑

=
𝟒

𝟐𝟕
(
𝒂 + 𝒃 + 𝒄

𝒃 + 𝒄
)
𝟑

= 𝟒(
𝟏

(𝒃 + 𝒄)𝟑
)  𝒔𝒊𝒏𝒄𝒆 𝒂 + 𝒃 + 𝒄 = 𝟑. 

 

 𝒔𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚,
𝒃

𝒄 + 𝒂
≤ 𝟒.

𝟏

(𝒄 + 𝒂)𝟑
 𝒂𝒏𝒅

𝒄

𝒂 + 𝒃
≤ 𝟒.

𝟏

(𝒂 + 𝒃)𝟑
 

 
 𝒖𝒔𝒊𝒏𝒈 𝒕𝒉𝒊𝒔 𝒓𝒆𝒔𝒖𝒍𝒕 𝒘𝒆 𝒈𝒆𝒕 

 

  
𝟒

(𝒂 + 𝒃)𝟑
+

𝟒

(𝒃 + 𝒄)𝟑
+

𝟒

(𝒄 + 𝒂)𝟑
≥

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
 

 
1582. 𝐈𝐟 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝒂𝐧𝐝 𝒂 + 𝐛 + 𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 − 𝟑𝒂𝐛𝐜 ≤
𝟏

𝟒
 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟐 𝒂𝐦𝐨𝐧𝐠 𝒂, 𝐛, 𝐜 𝐞𝐪𝐮𝒂𝒍 𝐳𝐞𝐫𝐨 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞  

𝐛 = 𝐜 = 𝟎 (𝒂 = 𝟏) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 = 𝟎 <
𝟏

𝟒
 

𝐂𝒂𝐬𝐞 𝟐  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝒂𝐦𝐨𝐧𝐠 𝒂, 𝐛, 𝐜 𝐞𝐪𝐮𝒂𝒍𝐬 𝐳𝐞𝐫𝐨 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲  

𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎 (𝐛 + 𝐜 = 𝟏) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 = 𝐛𝐜 ≤
𝐀−𝐆 (𝐛 + 𝐜)𝟐

𝟒
=
𝟏

𝟒
 

𝐂𝒂𝐬𝐞 𝟑  𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 =
𝒂+𝐛+𝐜 = 𝟏

(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) − 𝟑𝒂𝐛𝐜 

≤
? 𝟏

𝟒
=

𝒂+𝐛+𝐜 = 𝟏 𝟏

𝟒
(∑𝒂

𝐜𝐲𝐜

)

𝟑

 

⇔∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

≤
? 𝟏

𝟒
(∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑(𝟐𝒂𝐛𝐜 +∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

)) 
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⇔∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟔𝒂𝐛𝐜 + 𝟑(∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

) ≥
?
𝟒(∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

) 

⇔∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟔𝒂𝐛𝐜 ≥
?
∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 

∵ ∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟔𝒂𝐛𝐜 ≥
𝐒𝐜𝐡𝐮𝐫

∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

+ 𝟑𝒂𝐛𝐜 >∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

 

⇒ 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 − 𝟑𝒂𝐛𝐜 <
𝟏

𝟒
 𝒂𝐧𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 − 𝟑𝒂𝐛𝐜 ≤

𝟏

𝟒
   

∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎│𝒂+ 𝐛 + 𝐜 = 𝟏,′′ =′′  𝐢𝐟𝐟 (𝒂 = 𝟎, 𝐛 = 𝐜 =
𝟏

𝟐
) 

𝐨𝐫 (𝐛 = 𝟎, 𝐜 = 𝒂 =
𝟏

𝟐
)  𝐨𝐫 (𝐜 = 𝟎, 𝒂 = 𝐛 =

𝟏

𝟐
) (𝐐𝐄𝐃) 

 

1583. 𝐈𝐟 𝒂, 𝐛, 𝐜 ∈ ℝ 𝒂𝐧𝐝 𝒂𝐛𝐜(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑) ≥ 𝟑, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≥ 𝟑 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 

𝒂𝐛𝐜(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑) ≥ 𝟑 ⇒ 𝒂𝟐𝐛𝟐𝐜𝟐(∑𝒂𝟑

𝐜𝐲𝐜

)

𝟐

≥ 𝟗 

⇒∑𝒂𝟔

𝐜𝐲𝐜

+ 𝟐∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

≥
𝟗

𝒂𝟐𝐛𝟐𝐜𝟐
→ (𝟏) 

𝐂𝒂𝐬𝐞 𝟏  𝒂𝟐𝐛𝟐𝐜𝟐 ≥ 𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

 

= ∑𝒂𝟔

𝐜𝐲𝐜

+ 𝟑(𝟐𝒂𝟐𝐛𝟐𝐜𝟐 +∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

) 

=∑𝒂𝟔

𝐜𝐲𝐜

+∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

+ 𝟔𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟐(∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

) 

≥
𝐀−𝐆

∑𝒂𝟔

𝐜𝐲𝐜

+ 𝟐∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

+ 𝟔𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟐(𝟑𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟑𝒂𝟐𝐛𝟐𝐜𝟐) ≥
𝐯𝐢𝒂 (𝟏)

 

𝟗

𝒂𝟐𝐛𝟐𝐜𝟐
+ 𝟏𝟖𝒂𝟐𝐛𝟐𝐜𝟐 ≥

?
𝟐𝟕 ⇔ 𝟐𝒙𝟒 − 𝟑𝒙𝟐 + 𝟏 ≥

?
𝟎 (𝒙 = 𝒂𝐛𝐜) 

⇔ (𝒙𝟐 − 𝟏)(𝟐𝒙𝟐 − 𝟏) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝒙𝟐 − 𝟏 ≥ 𝟎 𝒂𝐧𝐝 𝟐𝒙𝟐 ≥ 𝟐 > 1 ⇒ 2𝒙𝟐 − 𝟏 > 0 
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∴ (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

≥ 𝟐𝟕 ⇒ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≥ 𝟑 

𝐂𝒂𝐬𝐞 𝟐  𝒂𝟐𝐛𝟐𝐜𝟐 ≤ 𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

 

= ∑𝒂𝟔

𝐜𝐲𝐜

+ 𝟑(𝟐𝒂𝟐𝐛𝟐𝐜𝟐 +∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

) 

=∑𝒂𝟔

𝐜𝐲𝐜

+∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

+ 𝟔𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟐(∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

) 

≥
𝐀−𝐆

∑𝒂𝟔

𝐜𝐲𝐜

+ 𝟐∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

+ 𝟔𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟐∑(𝒂𝟒𝐛𝟐 + 𝒂𝟒𝐜𝟐)

𝐜𝐲𝐜

≥
𝐀−𝐆

 

∑𝒂𝟔

𝐜𝐲𝐜

+ 𝟐∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

+ 𝟔𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟒𝒂𝐛𝐜(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑) ≥

𝐯𝐢𝒂 (𝟏)
𝒂𝐧𝐝

∵ 𝒂𝐛𝐜(𝒂𝟑+𝐛𝟑+𝐜𝟑) ≥ 𝟑

 

𝟗

𝒂𝟐𝐛𝟐𝐜𝟐
+ 𝟔𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟏𝟐 ≥

?
𝟐𝟕 ⇔ 𝟐𝒙𝟒 − 𝟓𝒙𝟐 + 𝟑 ≥

?
𝟎 ⇔ (𝒙𝟐 − 𝟏)(𝟐𝒙𝟐 − 𝟑) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝒙𝟐 − 𝟏 ≤ 𝟎 𝒂𝐧𝐝 𝟐𝒙𝟐 ≤ 𝟐 < 3 ⇒ 2𝒙𝟐 − 𝟑 < 0 ⇒ (𝒙𝟐 − 𝟏)(𝟐𝒙𝟐 − 𝟑) ≤ 𝟎 

∴ (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

≥ 𝟐𝟕 ⇒ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≥ 𝟑 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≥ 𝟑 

∀ 𝒂, 𝐛, 𝐜 ∈ ℝ│𝒂𝐛𝐜(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑) ≥ 𝟑,′′=′′  𝐢𝐟𝐟 𝒂𝟐 = 𝐛𝟐 = 𝐜𝟐 𝒂𝐧𝐝 𝒂𝟐𝐛𝟐𝐜𝟐 = 𝟏 𝒂𝐧𝐝 
∵ 𝒂𝐛𝐜(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑) ≥ 𝟑 

∴ 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 (𝒂 = 𝐛 = 𝐜 = 𝟏) 𝐨𝐫 (𝒂 = 𝐛 = 𝐜 = −𝟏) (𝐐𝐄𝐃) 
 

1584. 𝐈𝐟 𝒂, 𝐛 ∈ ℝ 𝒂𝐧𝐝 𝒂𝟑𝐛𝟑(𝒂𝟒 + 𝐛𝟒) ≥ 𝟐, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟐 + 𝐛𝟐 ≥ 𝟐 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝒂𝟑𝐛𝟑(𝒂𝟒 + 𝐛𝟒) ≥ 𝟐 > 0 𝑎𝐧𝐝 ∵ 𝒂𝟒 + 𝐛𝟒 > 0 (𝒂𝟒 + 𝐛𝟒 ≠ 𝟎) ∴ 𝒂𝟑𝐛𝟑 > 0 
⇒ 𝒂𝐛 > 0 → (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲 ∈ ℝ, (𝒙 + 𝐲)𝟒 = (𝒙𝟐 + 𝐲𝟐 + 𝟐𝒙𝐲)𝟐 ≥ 𝟒(𝒙𝟐 + 𝐲𝟐)(𝟐𝒙𝐲)  
 

(∵ (𝐦 + 𝐧)𝟐 ≥ 𝟒𝐦𝐧 ∀ 𝐦, 𝐧 ∈ ℝ) ∴ 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝒙 ≡ 𝒂𝟐, 𝐲 ≡ 𝐛𝟐, 
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(𝒂𝟐 + 𝐛𝟐)𝟒 ≥ 𝟒(𝒂𝟒 + 𝐛𝟒)(𝟐𝒂𝟐𝐛𝟐) → (𝐢) 𝒂𝐧𝐝 𝒂𝟐 + 𝐛𝟐 ≥ 𝟐𝒂𝐛 → (𝐢𝐢) 

𝒂𝐧𝐝 ∵ 𝒂𝐛 >
𝐯𝐢𝒂 (𝟏)

𝟎 ∴ (𝐢). (𝐢𝐢) ⇒ (𝒂𝟐 + 𝐛𝟐)𝟓 ≥ 𝟏𝟔𝒂𝟑𝐛𝟑(𝒂𝟒 + 𝐛𝟒) ≥
𝒂𝟑𝐛𝟑(𝒂𝟒+𝐛𝟒) ≥ 𝟐

𝟑𝟐 
 

∴ 𝒂𝟐 + 𝐛𝟐 ≥ 𝟐 ∀ 𝒂, 𝐛 ∈ ℝ│𝒂𝟑𝐛𝟑(𝒂𝟒 + 𝐛𝟒) ≥ 𝟐, 
 

′′ =′′  𝐢𝐟𝐟 (𝒂 = 𝐛 = 𝟏) 𝐨𝐫 (𝒂 = 𝐛 = −𝟏) (𝐐𝐄𝐃) 
 

1585. 𝐈𝐟 𝒂, 𝐛, 𝐜 ∈ [𝟑, 𝟓] 𝒂𝐧𝐝 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟓𝟎, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂 + 𝐛 + 𝐜 ≥ 𝟏𝟐 
 

  Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝒂, 𝐛, 𝐜 ∈ [𝟑,𝟓] ⇒ 𝟎 ≤ 𝒂 − 𝟑, 𝐛 − 𝟑, 𝐜 − 𝟑 ≤ 𝟐 𝒂𝐧𝐝 𝒂𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝒙 = 𝒂 − 𝟑, 
𝐲 = 𝐛 − 𝟑, 𝐳 = 𝐜 − 𝟑 𝐰𝐢𝐭𝐡 𝟎 ≤ 𝒙, 𝐲, 𝐳 ≤ 𝟐,𝐰𝐞 𝐠𝐞𝐭 ∶ 

 

∑(𝒙 + 𝟑)𝟐

𝐜𝐲𝐜

= 𝟓𝟎 (∵∑𝒂𝟐

𝐜𝐲𝐜

= 𝟓𝟎) ⇒ ∑𝒙𝟐

𝐜𝐲𝐜

+ 𝟔∑𝒙

𝐜𝐲𝐜

= 𝟐𝟑 → (𝟏) 𝒂𝐧𝐝 (𝟏) ⇒  

 
𝒂𝒍𝒍 𝐨𝐟 𝒙, 𝐲, 𝐳 𝐜𝒂𝐧𝐧𝐨𝐭 𝐛𝐞 𝐳𝐞𝐫𝐨 𝒂𝐧𝐝 𝐬𝐨,𝐰𝐞 𝐧𝐨𝐰 𝐟𝐨𝐜𝐮𝐬 𝐨𝐧 𝐭𝐡𝐞 𝐬𝐜𝐞𝐧𝒂𝐫𝐢𝐨 𝐰𝐡𝐞𝐧 𝟐 𝒂𝐦𝐨𝐧𝐠 𝒙, 𝐲, 𝐳  

𝐞𝐪𝐮𝒂𝒍 𝐳𝐞𝐫𝐨 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐲 = 𝐳 = 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 
(𝟏) ⇒ 𝒙𝟐 + 𝟔𝒙− 𝟐𝟑 = 𝟎 𝐰𝐡𝐨𝐬𝐞 𝐧𝐨𝐧 − 𝐧𝐞𝐠𝒂𝐭𝐢𝐯𝐞 𝐫𝐨𝐨𝐭 ≈ 𝟐. 𝟔𝟓𝟔𝟖𝟓;𝐛𝐮𝐭 𝟎 ≤ 𝒙 ≤ 𝟐 

 
∴ 𝟐 𝒂𝐦𝐨𝐧𝐠 𝒙, 𝐲, 𝐳 𝐜𝒂𝐧𝐧𝐨𝐭 𝐛𝐞 𝐞𝐪𝐮𝒂𝒍 𝐭𝐨 𝐳𝐞𝐫𝐨 𝒂𝐧𝐝 𝐡𝐞𝐧𝐜𝐞,𝐰𝐞 𝐧𝐨𝐰 𝐟𝐨𝐜𝐮𝐬 𝐨𝐧 𝐭𝐡𝐞 𝐬𝐜𝐞𝐧𝒂𝐫𝐢𝐨 
𝐰𝐡𝐞𝐧 𝐞𝒙𝒂𝐜𝐭𝐥𝐲 𝐨𝐧𝐞 𝒂𝐦𝐨𝐧𝐠 𝒙, 𝐲, 𝐳 𝐞𝐪𝐮𝒂𝒍𝐬 𝐳𝐞𝐫𝐨 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒙 = 𝟎  

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ (𝟏) ⇒ 𝐲𝟐 + 𝐳𝟐 + 𝟔𝐲+ 𝟔𝐳 = 𝟐𝟑 → (𝐢) 

⦁ 𝐈𝐟 𝐩𝐨𝐬𝐬𝐢𝐛𝐥𝐞, 𝐥𝐞𝐭 𝐮𝐬 𝒂𝐬𝐬𝐮𝐦𝐞 ∶ 𝐲 < 1 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝟔𝐲 + 𝐲𝟐 < 7 (∵ 𝐲 > 0) ⇒
𝐯𝐢𝒂 (𝐢)

  
𝟐𝟑 − 𝐳𝟐 − 𝟔𝐳 < 7 ⇒ 𝐳𝟐 + 𝟔𝐳 − 𝟏𝟔 > 0 ⇒ (𝐳 + 𝟖)(𝐳 − 𝟐) > 0 → 𝐢𝐦𝐩𝐨𝐬𝐬𝐢𝐛𝐥𝐞 

∵ 𝐳 − 𝟐 ≤ 𝟎 𝒂𝐧𝐝 𝐳 + 𝟖 > 0 ⇒ (𝐳 + 𝟖)(𝐳 − 𝟐) ≤ 𝟎 ∴ 𝐲 ≮ 𝟏 
 

⦁ 𝐈𝐟 𝐩𝐨𝐬𝐬𝐢𝐛𝐥𝐞, 𝐥𝐞𝐭 𝐮𝐬 𝒂𝐬𝐬𝐮𝐦𝐞 ∶ 𝐲 > 1 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐲𝟐 + 𝐳𝟐 + 𝟔𝐲 + 𝟔𝐳 = 𝟐𝟑 ⇒ 
𝐲𝟐 − 𝟐𝐲+ 𝟏 + 𝐳𝟐 − 𝟒𝐳 + 𝟒 + 𝟖𝐲 + 𝟏𝟎𝐳 + 𝟏𝟖 = 𝟐𝟑 ⇒ 𝟖𝐲+ 𝟏𝟎𝐳 

= 𝟓 − (𝐲 − 𝟏)𝟐 − (𝐳 − 𝟐)𝟐 < 5 ⇒ 𝟓 > 8𝑦 + 10𝑧 > 8 + 10𝑧 ⇒ 10𝑧 < −3 → 
 

𝐢𝐦𝐩𝐨𝐬𝐬𝐢𝐛𝐥𝐞 ∵ 𝐳 > 0 ∴ 𝐲 ≯ 𝟏 ∴ 𝐲 ≮ 𝟏,𝐲 ≯ 𝟏 ⇒ 𝐲 = 𝟏 𝐰𝐡𝐞𝐧 𝒙 = 𝟎 𝒂𝐧𝐝 𝐩𝐮𝐭𝐭𝐢𝐧𝐠  
𝒙 = 𝟎, 𝐲 = 𝟏 𝐢𝐧 (𝐢), 𝐰𝐞 𝐠𝐞𝐭 ∶ 𝐳𝟐 + 𝟔𝐳 − 𝟏𝟔 = 𝟎 ⇒ (𝐳 + 𝟖)(𝐳 − 𝟐) = 𝟎 ⇒ 𝐳 = 𝟐 

 (∵ 𝐳 > 0) 𝒂𝐧𝐝 𝒙 = 𝟎, 𝐲 = 𝟏, 𝐳 = 𝟐 ⇒ 𝒙+ 𝐲 + 𝐳 = 𝟑 ⇒ 𝒂− 𝟑+ 𝐛 − 𝟑 + 𝐜 − 𝟑 = 𝟑 

⇒ 𝒂+ 𝐛 + 𝐜 = 𝟏𝟐 ⇒ 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐜𝒂𝐬𝐞 𝐟𝐨𝐫 𝒂 = 𝟑,𝐛 = 𝟒, 𝐜 = 𝟓 𝒂𝐧𝐝 𝐩𝐞𝐫𝐦𝐮𝐭𝒂𝐭𝐢𝐨𝐧𝐬  

 
𝐓𝐡𝐞 𝐟𝐢𝐧𝒂𝒍 𝐬𝐜𝐞𝐧𝒂𝐫𝐢𝐨 𝐭𝐡𝒂𝐭 𝐫𝐞𝐦𝒂𝐢𝐧𝐬 𝐢𝐬 ∶ 𝟎 < 𝒙, 𝐲, 𝐳 ≤ 𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 
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(𝒙 − 𝟐)(𝐲 − 𝟐)(𝐳 − 𝟐) ≤ 𝟎 ⇒ 𝒙𝐲𝐳 + 𝟒∑𝒙

𝐜𝐲𝐜

− 𝟐∑𝒙𝐲

𝐜𝐲𝐜

− 𝟖 ≤ 𝟎 

⇒ −𝟐∑𝒙𝐲

𝐜𝐲𝐜

≤ 𝟖 − 𝟒∑𝒙

𝐜𝐲𝐜

− 𝒙𝐲𝐳 <
𝒙,𝐲,𝐳 > 0 ⇒ 𝒙𝐲𝐳 > 0

𝟖 − 𝟒∑𝒙

𝐜𝐲𝐜

⇒∑𝒙𝟐

𝐜𝐲𝐜

+ 𝟔∑𝒙

𝐜𝐲𝐜

 

= (∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒙𝐲

𝐜𝐲𝐜

+ 𝟔∑𝒙

𝐜𝐲𝐜

< (∑𝒙

𝐜𝐲𝐜

)

𝟐

+ 𝟖 − 𝟒∑𝒙

𝐜𝐲𝐜

+ 𝟔∑𝒙

𝐜𝐲𝐜

⇒
𝐯𝐢𝒂 (𝟏)

 

𝟐𝟑 < 𝐭𝟐 + 𝟐𝐭 + 𝟖 (𝐭 =∑𝒙

𝐜𝐲𝐜

) ⇒ 𝐭𝟐 + 𝟐𝐭 − 𝟏𝟓 > 0 ⇒ (𝐭 − 𝟑)(𝐭 + 𝟓) > 0 

⇒ 𝐭 > 3 (∵ 𝐭 =∑𝒙

𝐜𝐲𝐜

> 0) ∴∑(𝒂− 𝟑)

𝐜𝐲𝐜

> 3 ⇒ 𝒂+ 𝐛 + 𝐜 > 𝟏𝟐 

∴ 𝒂 + 𝐛 + 𝐜 ≥ 𝟏𝟐 ∀ 𝒂,𝐛, 𝐜 ∈ [𝟑, 𝟓]│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟓𝟎, 
 

′′ =′′  𝐢𝐟𝐟 (𝒂 = 𝟑, 𝐛 = 𝟒, 𝐜 = 𝟓) 𝐨𝐫 (𝒂 = 𝟑,𝐛 = 𝟓, 𝐜 = 𝟒) 𝐨𝐫 (𝒂 = 𝟒,𝐛 = 𝟓, 𝐜 = 𝟑) 
 

𝐨𝐫 (𝒂 = 𝟒,𝐛 = 𝟑, 𝐜 = 𝟓) 𝐨𝐫 (𝒂 = 𝟓,𝐛 = 𝟑, 𝐜 = 𝟒) 𝐨𝐫 (𝒂 = 𝟓, 𝐛 = 𝟒, 𝐜 = 𝟑) (𝐐𝐄𝐃) 
 

 

 

 

 

1586. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂𝐛𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

(√𝐛 + √𝐜)(𝐛 + 𝐜)

√𝐛(√𝒂 + √𝐛) + √𝐜(√𝐜 + √𝒂)
+

(√𝐜 + √𝒂)(𝐜 + 𝒂)

√𝐜(√𝐛 + √𝐜) + √𝒂(√𝒂 + √𝐛)
 

+
(√𝒂 + √𝐛)(𝒂 + 𝐛)

√𝒂(√𝐜 + √𝒂) + √𝐛(√𝐛 + √𝐜)
≥ 𝟑 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

 ∀ 𝐀, 𝐁, 𝐂 > 0, (𝐀 + 𝐁), (𝐁 + 𝐂), (𝐂 + 𝐀) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞    
(∵ (𝐀 + 𝐁) + (𝐁 + 𝐂) > (𝐂 + 𝐀) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) 

⇒ √𝐀 + 𝐁,√𝐁 + 𝐂, √𝐂 + 𝐀 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝟏𝟔𝐅𝟐 = 
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𝟐∑(𝐀+ 𝐁)(𝐁 + 𝐂)

𝐜𝐲𝐜

−∑(𝐀+ 𝐁)𝟐

𝐜𝐲𝐜

= 𝟐∑(∑𝐀𝐁

𝐜𝐲𝐜

+ 𝐁𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

 

= 𝟔∑𝐀𝐁

𝐜𝐲𝐜

+ 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀𝐁

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲, 𝐳 > 0,√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝒙𝟐𝐲𝟐

𝒙𝐲(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
 

𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦,𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

∑ (𝒙𝐲(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝐳𝟐))𝐜𝐲𝐜

=
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐
+ 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

 

≥
? 𝟑

𝟒
⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ∴ √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
→ (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
(√𝐛+ √𝐜)(𝐛 + 𝐜)

√𝐛(√𝒂 + √𝐛) + √𝐜(√𝐜 + √𝒂)
+

(√𝐜 + √𝒂)(𝐜 + 𝒂)

√𝐜(√𝐛+ √𝐜) + √𝒂(√𝒂 + √𝐛)
 

+
(√𝒂 + √𝐛)(𝒂 + 𝐛)

√𝒂(√𝐜 + √𝒂) + √𝐛(√𝐛 + √𝐜)
 

=
𝒂𝐛𝐜 = 𝟏

(
√𝐛 + √𝐜

√𝒂
) (𝐛 + 𝐜)

√𝐛𝐜 (
√𝒂 + √𝐛

√𝐜
+
√𝐜 + √𝒂

√𝐛
)

+

(
√𝐜 + √𝒂

√𝐛
) (𝐜 + 𝒂)

√𝐜𝒂(
√𝐛 + √𝐜

√𝒂
+
√𝒂 + √𝐛

√𝐜
)

+

(
√𝒂 + √𝐛

√𝐜
) (𝒂 + 𝐛)

√𝒂𝐛(
√𝐜 + √𝒂

√𝐛
+
√𝐛 + √𝐜

√𝒂
)

 

=
𝒙

𝐲 + 𝐳
(𝐁 + 𝐂) +

𝐲

𝐳 + 𝒙
(𝐂 + 𝐀) +

𝐳

𝒙 + 𝐲
(𝐀 + 𝐁)  

(𝒙 =
√𝐛 + √𝐜

√𝒂
, 𝐲 =

√𝐜 + √𝒂

√𝐛
, 𝐳 =

√𝒂+ √𝐛

√𝐜
, 𝐀 = 𝒂, 𝐁 = 𝐛, 𝐂 = 𝐜) 

=
𝒙

𝐲 + 𝐳
. √𝐁 + 𝐂

𝟐
+

𝐲

𝐳 + 𝒙
. √𝐂 + 𝐀

𝟐
+

𝐳

𝒙 + 𝐲
. √𝐀 + 𝐁

𝟐
≥

𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

 

𝟒𝐅.√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀𝐁

𝐜𝐲𝐜

.
√𝟑

𝟐
= √𝟑.√∑𝒂𝐛

𝐜𝐲𝐜

≥
𝐀−𝐆

 

√𝟑.√𝟑. √𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

=
𝒂𝐛𝐜 = 𝟏

𝟑 ∴
(√𝐛 + √𝐜)(𝐛 + 𝐜)

√𝐛(√𝒂 + √𝐛) + √𝐜(√𝐜 + √𝒂)
+ 

(√𝐜 + √𝒂)(𝐜 + 𝒂)

√𝐜(√𝐛 + √𝐜) + √𝒂(√𝒂 + √𝐛)
+

(√𝒂 + √𝐛)(𝒂 + 𝐛)

√𝒂(√𝐜 + √𝒂) + √𝐛(√𝐛+ √𝐜)
≥ 𝟑  

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝐛𝐜 = 𝟏,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1587. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

𝐛√𝐜(√𝒂 + √𝐛) + 𝐜√𝐛(√𝐜 + √𝒂)

𝒂(𝐛 + 𝐜)
+
𝐜√𝒂(√𝐛 + √𝐜) + 𝒂√𝐜(√𝒂 + √𝐛)

𝐛(𝒂 + 𝐜)
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+
𝐛√𝒂(√𝐛 + √𝐜) + 𝒂√𝐛(√𝐜 + √𝒂)

𝐜(𝒂 + 𝐛)
≥ 𝟔 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

 ∀ 𝐀, 𝐁, 𝐂 > 0, (𝐀 + 𝐁), (𝐁 + 𝐂), (𝐂 + 𝐀) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞    

(∵ (𝐀 + 𝐁) + (𝐁 + 𝐂) > (𝐂 + 𝐀) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) ⇒ √𝐀 + 𝐁,√𝐁 + 𝐂,√𝐂 + 𝐀 𝐟𝐨𝐫𝐦  
𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝟏𝟔𝐅𝟐 = 

𝟐∑(𝐀 + 𝐁)(𝐁 + 𝐂)

𝐜𝐲𝐜

−∑(𝐀 + 𝐁)𝟐

𝐜𝐲𝐜

= 𝟐∑(∑𝐀𝐁

𝐜𝐲𝐜

+ 𝐁𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

 

= 𝟔∑𝐀𝐁

𝐜𝐲𝐜

+ 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀𝐁

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲, 𝐳 > 0,√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝒙𝟐𝐲𝟐

𝒙𝐲(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
 

𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

∑ (𝒙𝐲(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝐳𝟐))𝐜𝐲𝐜

=
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐
+ 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

 

≥
? 𝟑

𝟒
⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ∴ √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
→ (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
𝐛√𝐜(√𝒂 + √𝐛) + 𝐜√𝐛(√𝐜 + √𝒂)

𝒂(𝐛 + 𝐜)
+
𝐜√𝒂(√𝐛 + √𝐜) + 𝒂√𝐜(√𝒂 + √𝐛)

𝐛(𝒂 + 𝐜)
 

+
𝐛√𝒂(√𝐛 + √𝐜) + 𝒂√𝐛(√𝐜 + √𝒂)

𝐜(𝒂 + 𝐛)
 

=
𝐛𝐜

𝐜𝒂 + 𝒂𝐛
.
𝐛√𝐜(√𝒂 + √𝐛) + 𝐜√𝐛(√𝐜 + √𝒂)

𝐛𝐜
 

+
𝐜𝒂

𝒂𝐛 + 𝐛𝐜
.
𝐜√𝒂(√𝐛 + √𝐜) + 𝒂√𝐜(√𝒂 + √𝐛)

𝐜𝒂
 

+
𝒂𝐛

𝐛𝐜 + 𝐜𝒂
.
𝐛√𝒂(√𝐛 + √𝐜) + 𝒂√𝐛(√𝐜 + √𝒂)

𝒂𝐛
 

=

𝐛𝐜 (√
𝐜 + √𝒂

√𝐛
+ √

𝒂 + √𝐛

√𝐜
)

𝐜𝒂 + 𝒂𝐛
+

𝐜𝒂(√
𝒂 + √𝐛

√𝐜
+
√𝐛 + √𝐜

√𝒂
)

𝒂𝐛 + 𝐛𝐜
+

𝒂𝐛(
√𝐛 + √𝐜

√𝒂
+ √

𝐜 + √𝒂

√𝐛
)

𝐛𝐜 + 𝐜𝒂
 

=
𝒙

𝐲 + 𝐳
(𝐁 + 𝐂) +

𝐲

𝐳 + 𝒙
(𝐂 + 𝐀) +

𝐳

𝒙 + 𝐲
(𝐀 + 𝐁)  
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(𝒙 = 𝐛𝐜, 𝐲 = 𝐜𝒂, 𝐳 = 𝒂𝐛,𝐀 =
√𝐛 + √𝐜

√𝒂
,𝐁 =

√𝐜 + √𝒂

√𝐛
, 𝐂 =

√𝒂 + √𝐛

√𝐜
) 

=
𝒙

𝐲 + 𝐳
. √𝐁 + 𝐂

𝟐
+

𝐲

𝐳 + 𝒙
. √𝐂 + 𝐀

𝟐
+

𝐳

𝒙 + 𝐲
. √𝐀 + 𝐁

𝟐
≥

𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

 

𝟒𝐅. √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀𝐁

𝐜𝐲𝐜

.
√𝟑

𝟐
= √𝟑.√∑(

√𝐛+ √𝐜

√𝒂
.
√𝐜 + √𝒂

√𝐛
)

𝐜𝐲𝐜

 

≥
𝐀−𝐆

√𝟑.√𝟑. √(
√𝐛 + √𝐜

√𝒂
.
√𝐜 + √𝒂

√𝐛
)(
√𝐜 + √𝒂

√𝐛
.
√𝒂 + √𝐛

√𝐜
)(
√𝒂+ √𝐛

√𝐜
.
√𝐛 + √𝐜

√𝒂
)

𝟑

 

= √𝟑.√𝟑. (
(√𝒂 + √𝐛)(√𝐛 + √𝐜)(√𝐜 + √𝒂)

√𝒂.√𝐛.√𝐜
)

𝟐
𝟑

≥
𝐂𝐞𝐬𝒂𝐫𝐨

√𝟑.√𝟑. 𝟖
𝟐
𝟑 = 𝟔 

∴
𝐛√𝐜(√𝒂 + √𝐛) + 𝐜√𝐛(√𝐜 + √𝒂)

𝒂(𝐛 + 𝐜)
+
𝐜√𝒂(√𝐛 + √𝐜) + 𝒂√𝐜(√𝒂 + √𝐛)

𝐛(𝒂 + 𝐜)
 

+
𝐛√𝒂(√𝐛 + √𝐜) + 𝒂√𝐛(√𝐜 + √𝒂)

𝐜(𝒂 + 𝐛)
≥ 𝟔 ∀ 𝒂, 𝐛, 𝐜 > 0,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

 

 

 

 

1588. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝒂𝐭 ∶ 

√
𝐜
𝒂
+
𝐛
𝒂

√𝐛
𝐜
+ √

𝐜
𝐛

+

√
𝒂
𝐛
+
𝐜
𝐛

√
𝒂
𝐜
+ √

𝐜
𝒂

+

√𝐛
𝐜
+
𝒂
𝐜

√
𝒂
𝐛
+ √

𝐛
𝒂

≥ 𝟑 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

 ∀ 𝐀, 𝐁, 𝐂 > 0, (𝐀 + 𝐁), (𝐁 + 𝐂), (𝐂 + 𝐀) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞    

(∵ (𝐀 + 𝐁) + (𝐁 + 𝐂) > (𝐂 + 𝐀) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) ⇒ √𝐀 + 𝐁,√𝐁 + 𝐂,√𝐂 + 𝐀 𝐟𝐨𝐫𝐦  
𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝟏𝟔𝐅𝟐 = 
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𝟐∑(𝐀 + 𝐁)(𝐁 + 𝐂)

𝐜𝐲𝐜

−∑(𝐀 + 𝐁)𝟐

𝐜𝐲𝐜

= 𝟐∑(∑𝐀𝐁

𝐜𝐲𝐜

+ 𝐁𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

 

= 𝟔∑𝐀𝐁

𝐜𝐲𝐜

+ 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀𝐁

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲, 𝐳 > 0,√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝒙𝟐𝐲𝟐

𝒙𝐲(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
 

𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

∑ (𝒙𝐲(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝐳𝟐))𝐜𝐲𝐜

=
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐
+ 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

 

≥
? 𝟑

𝟒
⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ∴ √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
→ (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
√
𝐜
𝒂 +

𝐛
𝒂

√𝐛
𝐜 +

√
𝐜
𝐛

+
√
𝒂
𝐛 +

𝐜
𝐛

√
𝒂
𝐜 +

√
𝐜
𝒂

+
√𝐛
𝐜 +

𝒂
𝐜

√
𝒂
𝐛 +

√𝐛
𝒂

 

=
𝐜.√

𝐛
𝒂
+
𝐛
𝒂
.√𝐛𝐜

𝐛 + 𝐜
+
𝒂.√

𝐜
𝐛
+
𝐜
𝐛
. √𝐜𝒂

𝐜 + 𝒂
+
𝐛.√

𝒂
𝐜
+
𝒂
𝐜
.√𝒂𝐛

𝒂 + 𝐛
 

=

√𝒂𝐛𝐜
𝒂𝟐

(√𝐜 +
𝐛

√𝒂
)

𝐛 + 𝐜
+

√𝒂𝐛𝐜
𝐛𝟐

(√𝒂 +
𝐜

√𝐛
)

𝐜 + 𝒂
+

√𝒂𝐛𝐜
𝐜𝟐

(√𝐛 +
𝒂

√𝐜
)

𝒂 + 𝐛
 

=
𝐜. √𝒂𝐛 + 𝐛. √𝐛𝐜

𝒂𝐛 + 𝐜𝒂
+
𝒂.√𝐛𝐜 + 𝐜. √𝐜𝒂

𝐛𝐜 + 𝒂𝐛
+
𝐛.√𝐜𝒂 + 𝒂. √𝒂𝐛

𝐜𝒂 + 𝐛𝐜
 

= 𝐛𝐜.

𝐜. √𝒂𝐛 + 𝐛.√𝐛𝐜
𝐛𝐜

𝒂𝐛 + 𝐜𝒂
+ 𝐜𝒂.

𝒂. √𝐛𝐜 + 𝐜.√𝐜𝒂
𝐜𝒂

𝐛𝐜 + 𝒂𝐛
+ 𝒂𝐛.

𝐛. √𝐜𝒂 + 𝒂. √𝒂𝐛
𝒂𝐛

𝐜𝒂 + 𝐛𝐜
 

=

𝐛𝐜 (√
𝒂
𝐛 +

√𝐛
𝐜)

𝐜𝒂 + 𝒂𝐛
+

𝐜𝒂(√
𝐛
𝐜 +

√
𝐜
𝒂)

𝒂𝐛 + 𝐛𝐜
+

𝒂𝐛(√
𝐜
𝒂+

√
𝒂
𝐛)

𝐛𝐜 + 𝐜𝒂
 

=
𝒙

𝐲 + 𝐳
(𝐁 + 𝐂) +

𝐲

𝐳 + 𝒙
(𝐂 + 𝐀) +

𝐳

𝒙 + 𝐲
(𝐀 + 𝐁)  

(𝒙 = 𝐛𝐜, 𝐲 = 𝐜𝒂, 𝐳 = 𝒂𝐛, 𝐀 = √
𝐜

𝒂
, 𝐁 = √

𝒂

𝐛
, 𝐂 = √

𝐛

𝐜
) 

=
𝒙

𝐲 + 𝐳
. √𝐁 + 𝐂

𝟐
+

𝐲

𝐳 + 𝒙
. √𝐂 + 𝐀

𝟐
+

𝐳

𝒙 + 𝐲
. √𝐀 + 𝐁

𝟐
≥

𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦
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𝟒𝐅. √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀𝐁

𝐜𝐲𝐜

.
√𝟑

𝟐
= √𝟑.√∑(√

𝐜

𝒂
. √
𝒂

𝐛
)

𝐜𝐲𝐜

  

= √𝟑.√∑(√
𝐜

𝐛
)

𝐜𝐲𝐜

≥
𝐀−𝐆

√𝟑.√𝟑. √√
𝐜

𝐛
. √
𝐛

𝒂
.√
𝒂

𝐜

𝟑

= 𝟑 

∴
√
𝐜
𝒂+

𝐛
𝒂

√𝐛
𝐜 +

√
𝐜
𝐛

+
√
𝒂
𝐛 +

𝐜
𝐛

√
𝒂
𝐜 +

√
𝐜
𝒂

+
√𝐛
𝐜 +

𝒂
𝐜

√
𝒂
𝐛 +

√𝐛
𝒂

≥ 𝟑 ∀ 𝒂, 𝐛, 𝐜 > 0,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

 

1589. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝐭 ∶ 

√𝐜(𝒂 + 𝐜) + √𝐛(𝒂 + 𝐛)

𝒂 (√
𝐛
𝐜 +

√
𝐜
𝐛)

+
√𝐜(𝐛 + 𝐜) + √𝒂(𝒂 + 𝐛)

𝐛 (√
𝒂
𝐜 +

√
𝐜
𝒂)

+
√𝐛(𝐛 + 𝐜) + √𝒂(𝒂 + 𝐜)

𝐜 (√
𝒂
𝐛 +

√𝐛
𝒂)

≥ 𝟑√𝟐 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

 ∀ 𝐀, 𝐁, 𝐂 > 0, (𝐀 + 𝐁), (𝐁 + 𝐂), (𝐂 + 𝐀) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞    

(∵ (𝐀 + 𝐁) + (𝐁 + 𝐂) > (𝐂 + 𝐀) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) ⇒ √𝐀+ 𝐁,√𝐁 + 𝐂, √𝐂 + 𝐀 𝐟𝐨𝐫𝐦  
𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝟏𝟔𝐅𝟐 = 

𝟐∑(𝐀+ 𝐁)(𝐁 + 𝐂)

𝐜𝐲𝐜

−∑(𝐀+ 𝐁)𝟐

𝐜𝐲𝐜

= 𝟐∑(∑𝐀𝐁

𝐜𝐲𝐜

+ 𝐁𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

 

= 𝟔∑𝐀𝐁

𝐜𝐲𝐜

+ 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀𝐁

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲, 𝐳 > 0,√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝒙𝟐𝐲𝟐

𝒙𝐲(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
 

𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦,𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

∑ (𝒙𝐲(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝐳𝟐))𝐜𝐲𝐜

=
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐
+ 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

 

≥
? 𝟑

𝟒
⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ∴ √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
→ (𝟐) 
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𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
√𝐜(𝒂 + 𝐜) + √𝐛(𝒂 + 𝐛)

𝒂 (√
𝐛
𝐜 +

√
𝐜
𝐛)

+
√𝐜(𝐛 + 𝐜) + √𝒂(𝒂 + 𝐛)

𝐛 (√
𝒂
𝐜
+ √

𝐜
𝒂
)

 

+
√𝐛(𝐛 + 𝐜) + √𝒂(𝒂 + 𝐜)

𝐜 (√
𝒂
𝐛
+ √

𝐛
𝒂
)

 

=
√𝐛𝐜(√𝐜(𝒂 + 𝐜) + √𝐛(𝒂 + 𝐛))

𝒂(𝐛 + 𝐜)
+
√𝐜𝒂 (√𝐜(𝐛 + 𝐜) + √𝒂(𝒂 + 𝐛))

𝐛(𝒂 + 𝐜)
 

+
√𝒂𝐛(√𝐛(𝐛 + 𝐜) + √𝒂(𝒂 + 𝐜))

𝐜(𝒂 + 𝐛)
 

=
𝐛𝐜

𝐜𝒂 + 𝒂𝐛
. (√

𝐜(𝒂 + 𝐜)

𝐛𝐜
+ √

𝐛(𝒂 + 𝐛)

𝐛𝐜
) +

𝐜𝒂

𝒂𝐛+ 𝐛𝐜
. (√

𝐜(𝐛 + 𝐜)

𝐜𝒂
+ √

𝒂(𝒂 + 𝐛)

𝐜𝒂
) 

+
𝒂𝐛

𝐛𝐜 + 𝐜𝒂
. (√

𝐛(𝐛 + 𝐜)

𝒂𝐛
+ √

𝒂(𝒂 + 𝐜)

𝒂𝐛
) 

=
𝐛𝐜

𝐜𝒂 + 𝒂𝐛
. (√

𝐜 + 𝒂

𝐛
+√

𝒂 + 𝐛

𝐜
) +

𝐜𝒂

𝒂𝐛+ 𝐛𝐜
. (√

𝐛 + 𝐜

𝒂
+ √

𝒂+ 𝐛

𝐜
)  

+
𝒂𝐛

𝐛𝐜 + 𝐜𝒂
. (√

𝐛 + 𝐜

𝒂
+√

𝐜 + 𝒂

𝐛
) =

𝒙

𝐲 + 𝐳
(𝐁 + 𝐂) +

𝐲

𝐳 + 𝒙
(𝐂 + 𝐀) +

𝐳

𝒙 + 𝐲
(𝐀 + 𝐁) 

(𝒙 = 𝐛𝐜, 𝐲 = 𝐜𝒂, 𝐳 = 𝒂𝐛,𝐀 = √
𝐛 + 𝐜

𝒂
, 𝐁 = √

𝐜 + 𝒂

𝐛
, 𝐂 = √

𝒂 + 𝐛

𝐜
) 

=
𝒙

𝐲 + 𝐳
. √𝐁 + 𝐂

𝟐
+

𝐲

𝐳 + 𝒙
. √𝐂 + 𝐀

𝟐
+

𝐳

𝒙 + 𝐲
. √𝐀 + 𝐁

𝟐
≥

𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

 

𝟒𝐅.√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀𝐁

𝐜𝐲𝐜

.
√𝟑

𝟐
= √𝟑∑(√

𝐛+ 𝐜

𝒂
.√
𝐜 + 𝒂

𝐛
)

𝐜𝐲𝐜

 

≥
𝐀−𝐆

√𝟑.𝟑√
(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂)

𝒂𝐛𝐜

𝟑

≥
𝐂𝐞𝐬𝒂𝐫𝐨

√𝟑.𝟑. √𝟖
𝟑

= 𝟑√𝟐 

∴
√𝐜(𝒂 + 𝐜) + √𝐛(𝒂 + 𝐛)

𝒂 (√
𝐛
𝐜 +

√
𝐜
𝐛)

+
√𝐜(𝐛 + 𝐜) + √𝒂(𝒂 + 𝐛)

𝐛 (√
𝒂
𝐜 +

√
𝐜
𝒂)

+
√𝐛(𝐛 + 𝐜) + √𝒂(𝒂 + 𝐜)

𝐜 (√
𝒂
𝐛 +

√𝐛
𝒂)

 

≥ 𝟑√𝟐 ∀ 𝒂,𝐛, 𝐜 > 0,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 
 

1590. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝐭 ∶ 
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∑
√𝒃(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐) + √𝒄(𝒂𝟐 + 𝒂𝒄 + 𝒄𝟐)

√𝒂𝒃 + √𝒂𝒄
𝒄𝒚𝒄

≥ 𝟑√𝒂 + 𝒃 + 𝒄. 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

 ∀ 𝐀, 𝐁, 𝐂 > 0, (𝐀 + 𝐁), (𝐁 + 𝐂), (𝐂 + 𝐀) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞   

(∵ (𝐀 + 𝐁) + (𝐁 + 𝐂) > (𝐂 + 𝐀) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) ⇒ √𝐀+ 𝐁,√𝐁 + 𝐂, √𝐂 + 𝐀 𝐟𝐨𝐫𝐦  

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝟏𝟔𝐅𝟐 = 

𝟐∑(𝐀+ 𝐁)(𝐁 + 𝐂)

𝐜𝐲𝐜

−∑(𝐀+ 𝐁)𝟐

𝐜𝐲𝐜

= 𝟐∑(∑𝐀𝐁

𝐜𝐲𝐜

+ 𝐁𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

 

= 𝟔∑𝐀𝐁

𝐜𝐲𝐜

+ 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀𝐁

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲, 𝐳 > 0,√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝒙𝟐𝐲𝟐

𝒙𝐲(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
 

𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦,𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

∑ (𝒙𝐲(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝐳𝟐))𝐜𝐲𝐜

=
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐
+ 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

 

≥
? 𝟑

𝟒
⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ∴ √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
→ (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
√𝐛(𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐) + √𝒂(𝒂𝟐 + 𝒂𝐜+ 𝐜𝟐)

√𝒂𝐜 + √𝐛𝐜
 

+
√𝐛(𝒂𝟐 + 𝒂𝐛 + 𝐛𝟐) + √𝐜(𝒂𝟐 + 𝒂𝐜 + 𝐜𝟐)

√𝒂𝐛+ √𝒂𝐜
+
√𝒂(𝒂𝟐 + 𝒂𝐛+ 𝐛𝟐) + √𝐜(𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐)

√𝒂𝐛 + √𝐛𝐜
 

=
√𝒂𝐛

√𝐛𝐜 + √𝐜𝒂
. (√

𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐

𝒂
+√

𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐

𝐛
) 

+
√𝐛𝐜

√𝐜𝒂 + √𝒂𝐛
. (√

𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐

𝐛
+√

𝒂𝟐 + 𝒂𝐛 + 𝐛𝟐

𝐜
) 
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+
√𝐜𝒂

√𝒂𝐛 + √𝐛𝐜
. (√

𝒂𝟐 + 𝒂𝐛+ 𝐛𝟐

𝐜
+ √

𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐

𝒂
) 

=
𝒙

𝐲 + 𝐳
(𝐁 + 𝐂) +

𝐲

𝐳 + 𝒙
(𝐂 + 𝐀) +

𝐳

𝒙 + 𝐲
(𝐀 + 𝐁)  

(

 

𝒙 = √𝒂𝐛,𝐲 = √𝐛𝐜, 𝐳 = √𝐜𝒂,

𝐀 = √
𝒂𝟐 + 𝒂𝐛 + 𝐛𝟐

𝐜
, 𝐁 = √

𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐

𝒂
, 𝐂 = √

𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐

𝐛 )

  

=
𝒙

𝐲 + 𝐳
. √𝐁 + 𝐂

𝟐
+

𝐲

𝐳 + 𝒙
. √𝐂 + 𝐀

𝟐
+

𝐳

𝒙 + 𝐲
. √𝐀 + 𝐁

𝟐
≥

𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

 

𝟒𝐅.√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀𝐁

𝐜𝐲𝐜

.
√𝟑

𝟐
 

= √𝟑.√∑(√
𝒂𝟐 + 𝒂𝐛+ 𝐛𝟐

𝐜
.√
𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐

𝒂
)

𝐜𝐲𝐜

 

≥
𝐀−𝐆

√𝟑.√∑(√
𝟑𝒂𝐛

𝐜
.√
𝟑𝐛𝐜

𝒂
)

𝐜𝐲𝐜

= √𝟑.√𝟑∑𝐛

𝐜𝐲𝐜

= 𝟑. √𝒂 + 𝐛 + 𝐜 

∴
√𝐛(𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐) + √𝒂(𝒂𝟐 + 𝒂𝐜 + 𝐜𝟐)

√𝒂𝐜 + √𝐛𝐜
+
√𝐛(𝒂𝟐 + 𝒂𝐛+ 𝐛𝟐) + √𝐜(𝒂𝟐 + 𝒂𝐜+ 𝐜𝟐)

√𝒂𝐛+ √𝒂𝐜
  

+
√𝒂(𝒂𝟐 + 𝒂𝐛 + 𝐛𝟐) + √𝐜(𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐)

√𝒂𝐛+ √𝐛𝐜
 ≥ 𝟑.√𝒂 + 𝐛 + 𝐜 

∀ 𝒂, 𝐛, 𝐜 > 0,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐋𝐞𝐭 𝒙 ≔ √𝒂, 𝒚 ≔ √𝒃, 𝒛 ∶= √𝒄.  𝐖𝐞 𝐡𝐚𝐯𝐞 

∑
√𝒃(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐) + √𝒄(𝒂𝟐 + 𝒂𝒄 + 𝒄𝟐)

√𝒂𝒃 + √𝒂𝒄
𝒄𝒚𝒄

 ≥⏞
𝑨𝑴−𝑮𝑴

∑
√𝒃.𝟑𝒂𝒃 + √𝒄. 𝟑𝒂𝒄

√𝒂𝒃 + √𝒂𝒄
𝒄𝒚𝒄

= √𝟑.∑
𝒚𝟐 + 𝒛𝟐

𝒚 + 𝒛
𝒄𝒚𝒄

≥⏞
𝑪𝑩𝑺

√𝟑.
(∑ √𝒚𝟐 + 𝒛𝟐𝒄𝒚𝒄 )

𝟐

𝟐(𝒙 + 𝒚 + 𝒛)
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= √𝟑.
𝟐∑ 𝒙𝟐𝒄𝒚𝒄 + 𝟐∑ √(𝒙𝟐 + 𝒚𝟐)(𝒙𝟐 + 𝒛𝟐)𝒄𝒚𝒄

𝟐(𝒙 + 𝒚 + 𝒛)
 

≥⏞
𝑪𝑩𝑺

√𝟑.
𝟐∑ 𝒙𝟐𝒄𝒚𝒄 + 𝟐∑ (𝒙𝟐 + 𝒚𝒛)𝒄𝒚𝒄

𝟐(𝒙 + 𝒚 + 𝒛)
= √𝟑.

𝟑∑ 𝒙𝟐𝒄𝒚𝒄 + (∑ 𝒙𝒄𝒚𝒄 )
𝟐

𝟐(𝒙 + 𝒚 + 𝒛)
 

≥⏞
𝑨𝑴−𝑮𝑴

𝟑√𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 = 𝟑√𝒂 + 𝒃 + 𝒄. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄. 

1591. If 𝒂, 𝒃, 𝒄 > 0 then: 

𝒂𝒃 ⋅ 𝟐
𝒄
𝒃 + 𝒃𝒄 ⋅ 𝟐

𝒂
𝒄 + 𝒄𝒂 ⋅ 𝟐

𝒃
𝒂 ≥ 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Tapas Das-India 

𝒂𝒃 (𝟐
𝒄
𝒃) + 𝒃𝒄 (𝟐

𝒂
𝒄) + 𝒄𝒂(𝟐

𝒃
𝒂)

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥ [(𝟐

𝒄
𝒃)
𝒂𝒃

⋅ (𝟐
𝒂
𝒄)
𝒃𝒄

⋅ (𝟐
𝒃
𝒂)
𝒄𝒂

]

𝟏
𝒂𝒃+𝒃𝒄+𝒄𝒂

= 

= (𝟐𝒂𝒄 ⋅ 𝟐𝒂𝒃 ⋅ 𝟐𝒃𝒄)
𝟏

𝒂𝒃+𝒃𝒄+𝒄𝒂 = 𝟐
(𝒂𝒃+𝒃𝒄+𝒄𝒂)⋅

𝟏
(𝒂𝒃+𝒃𝒄+𝒄𝒂) = 𝟐 

∴ 𝒂𝒃 𝟐
𝒄
𝒃 + 𝒃𝒄 ⋅ 𝟐

𝒂
𝒄 + 𝒄𝒂 ⋅ 𝟐

𝒃
𝒂 ≥ 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Khaled Abd Imouti-Syria 

𝒂𝒃 ⋅ 𝟐
𝒄
𝒃 + 𝒃𝒄 ⋅ 𝟐

𝒂
𝒄 + 𝒄𝒂 ⋅ 𝟐

𝒃
𝒂 ≥
?
𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

𝒆𝟏 = (
𝒂𝒃

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
) (𝟐

𝒄
𝒃) + (

𝒃𝒄

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
) (𝟐

𝒂
𝒄) + (

𝒄𝒂

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
)(𝟐

𝒃
𝒂) ≥

?
𝟐 

By using weighted AM-GM inequality 

𝒆𝟏 = ((𝟐
𝒄
𝒃)
𝒂𝒃

⋅ (𝟐
𝒂
𝒄)
𝒃𝒄

⋅ (𝟐
𝒃
𝒂)
𝒄𝒂

)

𝟏
𝒂𝒃+𝒃𝒄+𝒄𝒂

 

𝒆𝟏 ≥ 𝟐
(𝒄𝒂+𝒃𝒄+𝒂𝒃)⋅

𝟏
(𝒂𝒃+𝒃𝒄+𝒄𝒂) 

𝒆𝟏 ≥ 𝟐 
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Equality holds for 𝒂 = 𝒃 = 𝒄. 

1592. 𝐈𝐟 𝒂𝟐𝐛 > 2, 𝐛𝟐𝐜 > 2, 𝐜𝟐𝒂 > 2, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟒

𝒂𝟐𝐛 − 𝟐
+

𝐛𝟒

𝐛𝟐𝐜 − 𝟐
+

𝐜𝟒

𝐜𝟐𝒂 − 𝟐
≥ 𝟖 

 
  Proposed by Fazil Maharramov-Azerbaijan 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐒𝐢𝐧𝐜𝐞 𝒂𝟐𝐛 > 2, 𝐛𝟐𝐜 > 2, 𝐜𝟐𝒂 > 2 

∴
𝒂𝟒

𝒂𝟐𝐛 − 𝟐
+

𝐛𝟒

𝐛𝟐𝐜 − 𝟐
+

𝐜𝟒

𝐜𝟐𝒂 − 𝟐
 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

∑ 𝒂𝟐𝐛𝐜𝐲𝐜 − 𝟔
≥
?
𝟖 ⇔ (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+ 𝟒𝟖 ≥
?
⏟
(∗)

𝟖∑𝒂𝟐𝐛

𝐜𝐲𝐜

 

𝐍𝐨𝐰,𝟖∑𝒂𝟐𝐛

𝐜𝐲𝐜

≤
𝐂𝐁𝐒

𝟖.√(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

) ≤ 𝟖.√(∑𝒂𝟐

𝐜𝐲𝐜

) .
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

𝟑
 

≤
?
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+ 𝟒𝟖 ⇔ 𝟖. (∑𝒂𝟐

𝐜𝐲𝐜

) .√
∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
≤
?
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+ 𝟒𝟖 

⇔ 𝟖𝐭. 𝟑𝐭𝟐 ≤
?
𝟗𝐭𝟒 + 𝟒𝟖 (𝐭 = √

∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
) ⇔ 𝟑𝐭𝟒 − 𝟖𝐭𝟑 + 𝟏𝟔 ≥

?
𝟎 

⇔ (𝐭 − 𝟐)𝟐(𝟑𝐭𝟐 + 𝟒𝐭 + 𝟒) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 = √

∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
> 0 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒂𝟒

𝒂𝟐𝐛 − 𝟐
+

𝐛𝟒

𝐛𝟐𝐜 − 𝟐
+

𝐜𝟒

𝐜𝟐𝒂 − 𝟐
≥ 𝟖 ∀ 𝒂𝟐𝐛 > 2, 𝐛𝟐𝐜 > 2, 𝐜𝟐𝒂 > 2,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 

𝒂𝐧𝐝 √
∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
= 𝟐 ⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝟏𝟐 ∴ ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟐 (𝐐𝐄𝐃) 

1593. 𝐈𝐟 𝒂 > 𝟐, 𝐛 >
𝟐

𝟑
, 𝐜 > 𝟒, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝐭 ∶ 

𝒂𝟑

(𝟗𝐛 − 𝟔)𝟐
+

𝟑𝐛𝟑

(𝐜 − 𝟒)𝟐
+

𝐜𝟑

(𝟑𝒂 − 𝟔)𝟐
≥ 𝟔 

 
  Proposed by Fazil Maharramov-Azerbaijan 
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Solution by Soumava Chakraborty-Kolkata-India 
 

𝐒𝐢𝐧𝐜𝐞 𝒂 > 2, 𝐛 >
𝟐

𝟑
, 𝐜 > 4 ∴

𝒂𝟑

(𝟗𝐛 − 𝟔)𝟐
+

𝟑𝐛𝟑

(𝐜 − 𝟒)𝟐
+

𝐜𝟑

(𝟑𝒂 − 𝟔)𝟐
 

=
𝒂𝟑

(𝟗𝐛 − 𝟔)𝟐
+

𝟐𝟕𝐛𝟑

(𝟑𝐜 − 𝟏𝟐)𝟐
+

𝐜𝟑

(𝟑𝒂 − 𝟔)𝟐
≥

𝐑𝒂𝐝𝐨𝐧 (𝒂 + 𝟑𝐛 + 𝐜)𝟑

𝟗(𝒂 + 𝟑𝐛 + 𝐜 − 𝟖)𝟐
=

𝒙𝟑

𝟗(𝒙 − 𝟖)𝟐
≥
?
𝟔 

(𝒙 = 𝒂 + 𝟑𝐛 + 𝐜) ⇔ 𝒙𝟑 − 𝟓𝟒𝒙𝟐 + 𝟖𝟔𝟒𝒙 − 𝟑𝟒𝟓𝟔 ≥
?
𝟎 ⇔ (𝒙 − 𝟔)(𝒙 − 𝟐𝟒)𝟐 ≥

?
𝟎  

→ 𝐭𝐫𝐮𝐞 ∵ 𝒂 + 𝟑𝐛 + 𝐜 > 2 + 3,
𝟐

𝟑
+ 𝟒 = 𝟖 ⇒ 𝒙 − 𝟔 > 2 > 0, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 

𝒂

𝟑𝐛 − 𝟐
=

𝟑𝐛

𝐜 − 𝟒
=

𝐜

𝒂 − 𝟐
=

𝒂 + 𝟑𝐛 + 𝐜

𝒂 + 𝟑𝐛 + 𝐜 − 𝟖
=

𝟐𝟒

𝟐𝟒 − 𝟖
=
𝟑

𝟐
⇒ 𝐢𝐟𝐟 𝟐𝒂 = 𝟗𝐛 − 𝟔 → (𝐢), 

𝟔𝐛 = 𝟑𝐜 − 𝟏𝟐 → (𝐢𝐢), 𝟐𝐜 = 𝟑𝒂 − 𝟔 → (𝐢𝐢𝐢) ∴ (𝐢) 𝒂𝐧𝐝 (𝐢𝐢𝐢) ⇒ 𝟔𝒂 = 𝟐𝟕𝐛 − 𝟏𝟖 𝒂𝐧𝐝 
 𝟔𝒂 = 𝟒𝐜 + 𝟏𝟐 ⇒ 𝟐𝟕𝐛 − 𝟏𝟖 = 𝟒𝐜 + 𝟏𝟐 ⇒ 𝟓𝟒𝐛 = 𝟖𝐜 + 𝟔𝟎 → (𝟏) 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨, 

𝐯𝐢𝒂 (𝐢𝐢), 𝟓𝟒𝐛 = 𝟐𝟕𝐜 − 𝟏𝟎𝟖 → (𝟐) ∴ (𝟏), (𝟐) ⇒ 𝟖𝐜 + 𝟔𝟎 = 𝟐𝟕𝐜 − 𝟏𝟎𝟖 ⇒ 𝐜 =
(∗) 𝟏𝟔𝟖

𝟏𝟗
 

𝐏𝐮𝐭𝐭𝐢𝐧𝐠 𝐜 =
𝟏𝟔𝟖

𝟏𝟗
 𝐢𝐧 (𝐢𝐢) 𝒂𝐧𝐝 (𝐢𝐢𝐢) 𝐫𝐞𝐬𝐩𝐞𝐜𝐭𝐢𝐯𝐞𝐥𝐲,𝐰𝐞 𝐠𝐞𝐭 ∶ 𝐛 =

𝟒𝟔

𝟏𝟗
 𝒂𝐧𝐝 𝒂 =

𝟏𝟓𝟎

𝟏𝟗
 

∴
𝒂𝟑

(𝟗𝐛 − 𝟔)𝟐
+

𝟑𝐛𝟑

(𝐜 − 𝟒)𝟐
+

𝐜𝟑

(𝟑𝒂 − 𝟔)𝟐
≥ 𝟔 ∀ 𝒂 > 2, 𝐛 >

𝟐

𝟑
, 𝐜 > 4, 

 

′′ =′′  𝐢𝐟𝐟 𝒂 =
𝟏𝟓𝟎

𝟏𝟗
, 𝐛 =

𝟒𝟔

𝟏𝟗
, 𝐜 =

𝟏𝟔𝟖

𝟏𝟗
 (𝐐𝐄𝐃) 

1594. 

𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝒂𝐛𝟐𝐜𝟑 >
𝟏

𝟕
, 𝐛𝐜𝟐𝒂𝟑 >

𝟏

𝟕
. 𝐜𝒂𝟐𝐛𝟑 >

𝟏

𝟕
, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟕

𝟕𝒂𝐛𝟐𝐜𝟑 − 𝟏
+

𝐛𝟕

𝟕𝐛𝐜𝟐𝒂𝟑 − 𝟏
+

𝐜𝟕

𝟕𝐜𝒂𝟐𝐛𝟑 − 𝟏
≥
𝟏

𝟐
 

 
  Proposed by Fazil Maharramov-Azerbaijan 

 
 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐒𝐢𝐧𝐜𝐞 𝒂𝐛𝟐𝐜𝟑 >
𝟏

𝟕
, 𝐛𝐜𝟐𝒂𝟑 >

𝟏

𝟕
. 𝐜𝒂𝟐𝐛𝟑 >

𝟏

𝟕
 

 

∴
𝒂𝟕

𝟕𝒂𝐛𝟐𝐜𝟑 − 𝟏
+

𝐛𝟕

𝟕𝐛𝐜𝟐𝒂𝟑 − 𝟏
+

𝐜𝟕

𝟕𝐜𝒂𝟐𝐛𝟑 − 𝟏
 

 

=
𝒂𝟗

𝟕𝒂𝟑𝐛𝟐𝐜𝟑 − 𝒂𝟐
+

𝐛𝟗

𝟕𝐛𝟑𝐜𝟐𝒂𝟑 − 𝐛𝟐
+

𝐜𝟗

𝟕𝐜𝟑𝒂𝟐𝐛𝟑 − 𝐜𝟐
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≥
𝐇𝐨𝐥𝐝𝐞𝐫 (∑ 𝒂𝟑𝐜𝐲𝐜 )

𝟑

𝟐𝟏𝒂𝟐𝐛𝟐𝐜𝟐 ∑ 𝒂𝐛𝐜𝐲𝐜 − 𝟑∑ 𝒂𝟐𝐜𝐲𝐜
≥
? 𝟏

𝟐
 

⇔ 𝟐(∑𝒂𝟑

𝐜𝐲𝐜

)

𝟑

+ 𝟑∑𝒂𝟐

𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟐𝟏𝒂𝟐𝐛𝟐𝐜𝟐∑𝒂𝐛

𝐜𝐲𝐜

 

𝐍𝐨𝐰,𝐏𝐨𝐰𝐞𝐫 −𝐌𝐞𝒂𝐧 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 ⇒ (
∑ 𝒂𝟑𝐜𝐲𝐜

𝟑
)

𝟏
𝟑

≥ (
∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
)

𝟏
𝟐

 

⇒ ∑𝒂𝟑

𝐜𝐲𝐜

≥ 𝟑(
∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
)

𝟑
𝟐

⇒ 𝟐(∑𝒂𝟑

𝐜𝐲𝐜

)

𝟑

≥ 𝟏𝟖(
∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
)

𝟑

. 𝟑 (
∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
)

𝟑
𝟐

 

= 𝟐(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

(
∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
)

𝟑
𝟐

→ (𝟏) 

𝐀𝐠𝒂𝐢𝐧, 𝟐𝟏𝒂𝟐𝐛𝟐𝐜𝟐∑𝒂𝐛

𝐜𝐲𝐜

≤
𝐀−𝐆 𝟕

𝟗
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟒

→ (𝟐) ∴ (𝟏), (𝟐) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫  

𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟐 (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

(
∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
)

𝟑
𝟐

+ 𝟑∑𝒂𝟐

𝐜𝐲𝐜

≥
𝟕

𝟗
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟒

 

⇔ 𝟐. 𝟐𝟕𝐭𝟔. 𝐭𝟑 + 𝟗𝐭𝟐 ≥
𝟕

𝟗
. 𝟖𝟏𝐭𝟖  (𝐭 = √

∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
) ⇔ 𝐭𝟐(𝟔𝐭𝟕 − 𝟕𝐭𝟔 + 𝟏) ≥ 𝟎 

 

⇔ (𝐭 − 𝟏)𝟐(𝟔𝐭𝟓 + 𝟓𝐭𝟒 + 𝟒𝐭𝟑 + 𝟑𝐭𝟐 + 𝟐𝐭 + 𝟏) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

 

∴
𝒂𝟕

𝟕𝒂𝐛𝟐𝐜𝟑 − 𝟏
+

𝐛𝟕

𝟕𝐛𝐜𝟐𝒂𝟑 − 𝟏
+

𝐜𝟕

𝟕𝐜𝒂𝟐𝐛𝟑 − 𝟏
≥
𝟏

𝟐
 ∀ 𝒂, 𝐛, 𝐜 > 0│𝑎𝐛𝟐𝐜𝟑 >

𝟏

𝟕
, 

𝐛𝐜𝟐𝒂𝟑 >
𝟏

𝟕
. 𝐜𝒂𝟐𝐛𝟑 >

𝟏

𝟕
,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 𝒂𝐧𝐝 √

∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
= 𝟏 ⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝟑 

∴ ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1595. 𝐈𝐟 𝒂 >
𝟏

𝟐
,   𝒃 >

𝟏

𝟒
,   𝒄

𝟏

𝟑
, 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲  

 
𝟑𝒂𝟐

𝟒𝒃 − 𝟏
+

𝟐𝒃𝟐

𝟗𝒄 − 𝟑
+

𝒄𝟐

𝟐𝒂 − 𝟏
≥ 𝟐. 𝐈𝐧 𝐰𝐡𝐚𝐭 𝐜𝐚𝐬𝐞 𝐢𝐬 𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐩𝐨𝐬𝐬𝐢𝐛𝐥𝐞? 
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Proposed by Fazil Maharramov-Azerbaijan 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐋𝐞𝐭 𝒙 ≔ 𝟑𝒂 + 𝟐𝒃 + 𝟑𝒄.  𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟑𝒂𝟐

𝟒𝒃 − 𝟏
+

𝟐𝒃𝟐

𝟗𝒄 − 𝟑
+

𝒄𝟐

𝟐𝒂 − 𝟏
≥

(𝟑𝒂 + 𝟐𝒃 + 𝟑𝒄)𝟐

𝟑(𝟒𝒃 − 𝟏) + 𝟐(𝟗𝒄 − 𝟑) + 𝟗(𝟐𝒂− 𝟏)
= 

=
𝒙𝟐

𝟔(𝒙 − 𝟑)
= 𝟐 +

(𝒙 − 𝟔)𝟐

𝟔(𝒙 − 𝟑)
≥ 𝟐 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐰𝐡𝐞𝐧 𝟑𝒂 + 𝟐𝒃 + 𝟑𝒄 = 𝒙 = 𝟔 𝐚𝐧𝐝 

 
𝒂

𝟒𝒃 − 𝟏
=

𝒃

𝟗𝒄 − 𝟑
=

𝒄

𝟑(𝟐𝒂 − 𝟏)
=

𝟑. 𝒂 + 𝟐. 𝒃 + 𝟑. 𝒄

𝟑. (𝟒𝒃 − 𝟏) + 𝟐. (𝟗𝒄 − 𝟑) + 𝟑. 𝟑(𝟐𝒂 − 𝟏)
= 

=
𝒙

𝟔𝒙−𝟏𝟖
=
𝟏

𝟑
  𝐭𝐡𝐞𝐧 𝒂 =

𝟏𝟕

𝟐𝟏
, 𝒃 =

𝟔

𝟕
, 𝒄 =

𝟏𝟑

𝟐𝟏
 

1596. 𝐈𝐟 𝒂, 𝒃, 𝒄 > 0 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒂𝒃, 𝒃𝒄, 𝒄𝒂 > 1, 𝐭𝐡𝐞𝐧 

𝒂𝟑(𝒃𝒄 − 𝟏) + 𝒃𝟑(𝒄𝒂 − 𝟏) + 𝒄𝟑(𝒂𝒃 − 𝟏) ≤
𝟒

𝟗
𝒂𝟑𝒃𝟑𝒄𝟑 

Proposed by Fazil Maharramov-Azerbaijan 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐋𝐞𝐦𝐦𝐚 ∶ 𝐟𝐨𝐫 𝐱 > 0, 𝑤𝑒 ℎ𝑎𝑣𝑒  𝒙 − 𝟏 ≤
𝟒

𝟐𝟕
𝒙𝟑. 

𝐏𝐫𝐨𝐨𝐟: 𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

 
𝟒

𝟐𝟕
𝒙𝟑 + 𝟏 =

𝟒

𝟐𝟕
𝒙𝟑 +

𝟏

𝟐
+
𝟏

𝟐
≥ 𝟑√

𝟒

𝟐𝟕
𝒙𝟑.
𝟏

𝟐
.
𝟏

𝟐

𝟑

= 𝒙, 

𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐟𝐨𝐫 
𝟒

𝟐𝟕
𝒙𝟑 =

𝟏

𝟐
 𝐨𝐫 𝒙 =

𝟑

𝟐
.𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐢𝐬 𝐥𝐞𝐦𝐦𝐚,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒂𝟑(𝒃𝒄 − 𝟏) + 𝒃𝟑(𝒄𝒂 − 𝟏) + 𝒄𝟑(𝒂𝒃 − 𝟏) ≤ 

≤ 𝒂𝟑.
𝟒

𝟐𝟕
(𝒃𝒄)𝟑 + 𝒃𝟑.

𝟒

𝟐𝟕
(𝒄𝒂)𝟑 + 𝒄𝟑 .

𝟒

𝟐𝟕
(𝒂𝒃)𝟑 =

𝟒

𝟗
𝒂𝟑𝒃𝟑𝒄𝟑.    

 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐟𝐨𝐫 𝒂 = 𝒃 = 𝒄 = √
𝟑

𝟐
. 
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1597. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝒂𝐭 ∶ 𝒂 + 𝐛 + 𝐜 = 𝟑 𝒂𝐧𝐝 𝛌 ≥ 𝟎, 𝐭𝐡𝐞𝐧 ∶ 
𝒂

𝐛
(𝐛 + 𝛌𝐜) +

𝐛

𝐜
(𝐜 + 𝛌𝒂) +

𝐜

𝒂
(𝒂 + 𝛌𝐛) ≥

𝟑

𝟐
(𝟏 + (𝟐𝛌 + 𝟏)𝒂𝐛𝐜) 

 
  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝒂

𝐛
(𝐛 + 𝛌𝐜) +

𝐛

𝐜
(𝐜 + 𝛌𝒂) +

𝐜

𝒂
(𝒂 + 𝛌𝐛) ≥

𝟑

𝟐
(𝟏 + (𝟐𝛌 + 𝟏)𝒂𝐛𝐜) 

⇔∑𝒂

𝐜𝐲𝐜

+ 𝛌∑
𝐜𝒂

𝐛
𝐜𝐲𝐜

≥
𝟑

𝟐
+
𝟑

𝟐
(𝟐𝛌 + 𝟏)𝒂𝐛𝐜 

⇔
𝒂+𝐛+𝐜 = 𝟑 (𝟑 −

𝟑
𝟐
)

𝟐𝟕
(∑𝒂

𝐜𝐲𝐜

)

𝟑

+
𝛌

𝟗𝒂𝐛𝐜
(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

≥ 𝟑𝛌𝒂𝐛𝐜+
𝟑

𝟐
𝒂𝐛𝐜 

⇔ (∑𝒂

𝐜𝐲𝐜

)

𝟑

+
𝟐𝛌

𝒂𝐛𝐜
(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

≥ 𝟓𝟒𝛌𝒂𝐛𝐜+ 𝟐𝟕𝒂𝐛𝐜 → 𝐭𝐫𝐮𝐞 

∵ (∑𝒂

𝐜𝐲𝐜

)

𝟑

≥
𝐀−𝐆

𝟐𝟕𝒂𝐛𝐜 𝒂𝐧𝐝 ∵ 𝟐𝛌(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

≥

𝐀−𝐆
𝒂𝐧𝐝
∵ 𝛌 ≥ 𝟎

 

𝟐𝛌 (𝟑√𝒂𝟒𝐛𝟒𝐜𝟒
𝟑

)(𝟑√𝒂𝐛𝐜
𝟑

)
𝟐
= 𝟓𝟒𝛌𝒂𝟐𝐛𝟐𝐜𝟐 ⇒

𝟐𝛌

𝒂𝐛𝐜
(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

≥ 𝟓𝟒𝛌𝒂𝐛𝐜 

∴
𝒂

𝐛
(𝐛 + 𝛌𝐜) +

𝐛

𝐜
(𝐜 + 𝛌𝒂) +

𝐜

𝒂
(𝒂 + 𝛌𝐛) ≥

𝟑

𝟐
(𝟏 + (𝟐𝛌 + 𝟏)𝒂𝐛𝐜)  

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂 + 𝐛 + 𝐜 = 𝟑,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1598. If 𝒙, 𝒚, 𝒛, 𝝀 > 0, 𝑥 + 𝑦 + 𝑧 = 3 then: 

𝟏)
𝟏

(𝒙 + 𝝀)𝟑
+

𝟏

(𝒚 + 𝝀)𝟑
+

𝟏

(𝒛 + 𝝀)𝟑
≥

𝟑

(𝝀 + 𝟏)𝟑
 

𝟐)
𝒙

(𝒚 + 𝝀)𝟑
+

𝒚

(𝒛 + 𝝀)𝟑
+

𝒛

(𝒙 + 𝝀)𝟑
≥

𝟑

(𝝀 + 𝟏)𝟑
 

Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 

1)
𝟏

(𝒙 + 𝝀)𝟑
+

𝟏

(𝒚 + 𝝀)𝟑
+

𝟏

(𝒛 + 𝝀)𝟑
≥

𝟑

(𝝀 + 𝟏)𝟑
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 𝑳𝒆𝒕 𝒇(𝒑) =
𝟏

(𝒑 + 𝝀)𝟑
 , 𝒑 ∈ (𝟎, 𝟑)𝒂𝒏𝒅 𝝀 ≥ 𝟎 , 𝒇′(𝒑) = −

𝟑

(𝒑 + 𝝀)𝟒
, 

𝒇′′(𝒑) =
𝟏𝟐

(𝒑 + 𝝀)𝟓
> 0 𝑠𝑜 𝑓 𝑖𝑠  𝑐𝑜𝑛𝑣𝑒𝑥 ∈ (𝟎, 𝟑). 𝑼𝒔𝒊𝒏𝒈 𝑱𝒆𝒏𝒔𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 

 𝒇(𝒙) + 𝒇(𝒚) + 𝒇(𝒛) ≥ 𝟑𝒇 (
𝒙 + 𝒚 + 𝒛

𝟑
) = 𝟑𝒇(𝟏) 𝒐𝒓 

 
𝟏

(𝒙 + 𝝀)𝟑
+

𝟏

(𝒚 + 𝝀)𝟑
+

𝟏

(𝒛 + 𝝀)𝟑
≥

𝟑

(𝟏 + 𝝀)𝟑
 , 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒂 = 𝒃 = 𝒄  

 

 𝟐)
𝒙

(𝒚 + 𝝀)𝟑
+

𝒚

(𝒛 + 𝝀)𝟑
+

𝒛

(𝒙 + 𝝀)𝟑
≥

𝟑

(𝝀 + 𝟏)𝟑
   

 

 𝑳𝑯𝑺 =∑
𝒙𝟒

(𝒙𝒚 + 𝝀𝒙)𝟑
≥

𝑹𝒂𝒅𝒐𝒏 (𝒙 + 𝒚 + 𝒛)𝟒

(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 + 𝝀(𝒙 + 𝒚 + 𝒛))
𝟑 

 

≥
(𝒙 + 𝒚 + 𝒛)𝟒

(
(∑𝒙)𝟐

𝟑 + 𝝀(𝒙 + 𝒚 + 𝒛))

𝟑 =
𝟑

(𝝀 + 𝟏)𝟑
(𝒂𝒔 𝒙 + 𝒚 + 𝒛 = 𝟑) 

 
1599. If 𝒂, 𝒃, 𝒄 > 0, 𝑎 + 𝑏 + 𝑐 = 1 then: 
 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
+
𝟐𝟕

𝟒
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥

𝟒𝟓

𝟒
 

 
Proposed by Marin Chirciu-Romania 

 
 
Solution by Tapas Das-India 
 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
+
𝟐𝟕

𝟒
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) = 

 

=
𝟑

𝟒
(
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) +

𝟏

𝟒
(
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) +

𝟐𝟕

𝟒
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 

 

≥
𝟑

𝟒

(𝟏 + 𝟏 + 𝟏)𝟐

𝒂 + 𝒃 + 𝒄
+
𝟏

𝟒

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝒃𝒄
+
𝟐𝟕

𝟒
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥

𝑨𝑴−𝑮𝑴
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≥
𝟑

𝟒
. 𝟗 + 𝟐√

𝟐𝟕

𝟒
.
𝟏

𝟒
.
𝟏

𝒂𝒃𝒄
. (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 (𝒔𝒊𝒏𝒄𝒆 𝒂 + 𝒃 + 𝒄 = 𝟏) ≥

(∑ 𝒙)𝟐≥𝟑∑𝒙𝒚

 

≥
𝟐𝟕

𝟒
+
𝟏

𝟐
√
𝟐𝟕

𝒂𝒃𝒄
. 𝟑𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) =

𝟐𝟕

𝟒
+
𝟗

𝟐
=
𝟒𝟓

𝟒
  

Equality holds for: 

𝒂 = 𝒃 = 𝒄 =
𝟏

𝟑
 

1600. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝐭 ∶ 𝒂𝐛𝐜 = 𝟏 𝒂𝐧𝐝 𝟎 < 𝝀 ≤ 𝟐𝟕𝒏, 𝒕𝒉𝒆𝒏 ∶ 
 

𝐧(𝒂 + 𝐛 + 𝐜)(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) +
𝛌

𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂
≥ 𝟗𝐧 +

𝛌

𝟑
 

 
  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 
 

∑𝒂

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑√𝒂𝐛𝐜
𝟑

= 𝟑 → (𝟏) 

 
∴ 𝐧(𝒂 + 𝐛 + 𝐜)(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) − 𝟗𝐧 ≥ 

 

≥ 𝟑𝐧∑𝒂𝐛

𝐜𝐲𝐜

− 𝟗𝐧 = 𝟑𝐧(∑𝒂𝐛

𝐜𝐲𝐜

− 𝟑) ≥
? 𝛌

𝟑
−

𝛌

𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂
 

 

⇔ 𝟑𝐧(∑𝒂𝐛

𝐜𝐲𝐜

− 𝟑) ≥
?
⏟
(∗)

𝛌 (
∑ 𝒂𝐛𝐜𝐲𝐜 − 𝟑

𝟑∑ 𝒂𝐛𝐜𝐲𝐜
) 

 

𝐍𝐨𝐰, 𝟎 < 𝜆 ≤ 27𝑛 ⇒ 𝑅𝐻𝑆 𝑜𝑓 (∗) ≤ 𝟐𝟕𝐧(
∑ 𝒂𝐛𝐜𝐲𝐜 − 𝟑

𝟑∑ 𝒂𝐛𝐜𝐲𝐜
)  

 

(∵∑𝒂𝐛

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑√𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

=
𝒂𝐛𝐜 = 𝟏

𝟑 ⇒∑𝒂𝐛

𝐜𝐲𝐜

− 𝟑 ≥ 𝟎) ≤
?
𝟑𝐧(∑𝒂𝐛

𝐜𝐲𝐜

− 𝟑) 

 

⇔∑𝒂𝐛

𝐜𝐲𝐜

− 𝟑 − 𝟑(
∑ 𝒂𝐛𝐜𝐲𝐜 − 𝟑

∑ 𝒂𝐛𝐜𝐲𝐜
) ≥

?
𝟎 (∵ 𝐧 > 0) ⇔

𝟏

∑ 𝒂𝐛𝐜𝐲𝐜

(∑𝒂𝐛

𝐜𝐲𝐜

− 𝟑)

𝟐

≥
?
𝟎 
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→ 𝐭𝐫𝐮𝐞 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐧(𝒂 + 𝐛 + 𝐜)(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) − 𝟗𝐧 ≥
𝛌

𝟑
−

𝛌

𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂
  

 

⇒ 𝐧(𝒂 + 𝐛 + 𝐜)(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) +
𝛌

𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂
≥ 𝟗𝐧 +

𝛌

𝟑
 

 

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝐛𝐜 = 𝟏 𝒂𝐧𝐝 𝟎 < 𝜆 ≤ 27𝑛,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 


