ROMANIAN MATHEMATICAL MAGAZINE

If a,b,c € R and abc(a® + b3 + ¢3) > 3, then prove that :
a’+b*+c?>3

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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abc(a3 + b3 + ¢3) > 3 = a?b?c? z a3 =9

cyc

9
= Z a® + ZZ a’b’ > b2z (1)

cyc cyc

[Case 1] a?b?%c? > 1 and then : z a?

cyc

= Z a® + 3| 2a?b?c? + Z a*b? + Z a’b*

cyc cyc cyc

= Z a® + Z a*b? + Z a’b* + 6a’b?c? + 2 Z a'*b? + Z a’b*
cyc cyc
A—G via (1)
> Z a® +2 Z a’b3 + 6a?b?c? + 2(3a’b%c? + 3a’b?c?) >

cyc cyc cyc

cyc cyc

? ?

m+ 18a?b?c? > 27 © 2x* —3x?2 +1 > 0 (x = abc)

?

& (x?-1)2x*-1)=>0->true~ x> —-1>0and2x*>2>1>2x>2-1>0
3

Zaz >27=>a’+b%?+c*2>3

cyc

[Case 2] a?b%c? < 1 and then : z a’?

cyc

= Z a® + 3| 2a?b?c? + z a*b? + z a’b*

cyc cyc cyc

= Z a® + Z a*b? + z a’b* + 6a’b?c? + 2 z a*b? + Z a’b*

cyc cyc cyc cyc cyc
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A-G A—G
> Z a® + Zz a3b3 + 6a’b?c? + 22:((1‘%2 +a*c?) >
cyc cyc cyc
via (1)
and
+ abc(a3+b3+c3) 23
Z a® + 2 Z a3b3 + 6a®b?c? + 4abc(a® + b3 + ¢3) >
cyc cyc

Tz T 6a°b P +12227 & 2x - 522 4320 (F —1D(2x* -3) 20

Struevx2—1<0and2x?<2<3=22x2-3<0=(x%2-1)2x*-3)<0
3

Z a’ | =27 = a® +b? + ¢ > 3 . combining both cases,a? + b? +c¢? > 3
cyc
VYab,ceR | abc(a® + b3 +¢3) > 3,” =" iff a> = b? = c? and a?b?c? = 1 and

“abc(a® +b3+c3) >3
~ equalityiff @a=b=c=1)or(a=b=c=-1) (QED)



