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If ab,c>0and a+ b+ c =1, then prove that:

a’> b? ¢? ) ,
—+—+—2>3(a?+b%*+c?)
b C a

Proposed by Nguyen Hung Cuong-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,ct+a=ya+b=z=>x+y—-z2=2c>0,y+z—x
=2a>0andz+x-y=2b>0=>x+y>zy+z>x,z2+x>y=>xyzform
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say);

s022a=2x=25=>2a=s—>(1)=>a=s—x,b=s—y,c=s—z

cyc cyc cyc
~ abc = r?s - (2) and such substitutions = Z ab = z(s —-x)(s—vy)
cyc cyc
via (1),(3)
:Zab =4Rr+r? > (3),Z:a2 = Za —ZZab =
cyc cyc cyc cyc

s —2(4Rr +r?) :Zaz =s2—8Rr—2r% - (4)

cyc
2 2

Now%+b_+°_=z(b+b+2a) 3 a zm“’)z_sz

cyc cyc cyc cyc

2 ergstrom 2 z
:Z((a+b)(a+c)) —BZaB Bt (Zeyca? + 3 Teycab) —3261

b(c+a)? B zcycbc2 + chc a’b + 6abc
cyc cyc e
2 2
((Z"YC @) + Loy “b) 3 Z via (1),(2),(3) (s? + 4Rr + r2)*
= - a
(Zeyc @) (Teycab) — 3abe + 6abce s(4Rr +r?) 4 3r2s

cyc

2 2\2 _ a2 2) _ Qp2c2 2
:(s +4Rr+r?)" — 3s2(4Rr + r?) — 9r%s ;3(a2+b2 )a+b+:c=1 3 Yeyc@
s(4Rr + 4r?) Yeyc@
via (1),(4) 3(s% — 8Rr — 2r?)
- s

& (s +4Rr+ rz)Z — 3s?(4Rr + r?) — 9r%s?
é 3(s* — 8Rr — 2r?)(4Rr + 4r?)
& s* — (16Rr + 22r?)s? + r?(112R% + 128Rr + 25r2) 0

rretsen

Now, LHS of (*) > (16Rr —5r2)s? — (16Rr + 22r2)s

+rZ(112R? + 128Rr + 25r2) > 0 & 112R? + 128Rr + 2512 5 27s?

(**)
Gerretsen

?
Again,27s> < 108R?+ 108Rr + 81r? < 112R? + 128Rr + 25r?
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? ? Euler
© R?+5Rr—14r2 >0 < (R2 —4r?) +5r(R—2r) >0 > true~R > 2r
2 pz 2

a c
= (¥*) = (%) is true - Ttttz 3(a? + b? + c?)

1
Vabc>0|la+b+c=1"=" iffa=b=C=§(QED)

Solution 2 by Tapas Das-India
2 b2 2

a C
— 4 > 2 2 2
(a+b+c)<b +— +a)_3(a + b% + c?)or

al ab? 5 a* a’b? 5
z—+z—22 a 0r2—+ ZZZa or
b c ab ac

(Za?)’  (Xab)?
Y ab + > ab

at) —2 by @+ (Y ab) zoor(Y a* - ab) 20 true

a’ b? c_2>3(a2+b2+c2)

,Now —+ —+ =
b c a a+b+c

-2 z a? > 0(Bergstrom) or

=3(a?+b?+c?)(asa+b+c=1)



